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SUMVARY

A series of warped slender wings has previously been designed using the

subsonic flow, as a basis for a systematic experinental
The force

the

linearized theory of
investigation of the drag reduction obtainable by warp at |ow speeds.

neasurenents on these wngs have now been supplemented by measurenments of
pressure distribution over one of them and the pressure distribution on it has
al so been cal cul ated for inviscid inconpressible flow by a surface-singularity

nmethod.  This Report conpares the distribution of pressure used in the design

with those neasured and calculated for the design incidence, at which the flow

was attached; and assesses the validity of the linear theory. The chi ef
weaknesses are found to be on the thicker cross-sections near the apex, and
towards the trailing edge where boundary-layer effects become significant.

* Replaces RAE Technical Report 73159 =~ ARC 35314
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! | NTRODUCTI ON

Studies on the suitability of a slender all-wing type of aircraft for an
airbus to carry two or three hundred passengers over short distances at subsonic

speeds have included wind tunnel tests on a series of typical wng shapes 3
The principal aim of these tests was to investigate the increase in lift-to-drag
ratio obtainable at lift coefficients typical of take-off conditions by warping

(i.e. canbering and twisting) the wing.

In the design of the warped nodels, it was desired to keep the sane
orderly development of the flow as is obtained on a plane slender wing, in which
the flow separates along the whole length of the l|eading edge above a very
small angle of incidence, and fornms coiled vortex sheets above the wing,
maintaining this type of flow until some large incidence beyond the normal range
of operating conditions. The addition of warp to the wing wll generally
disrupt this pattern and the flow will separate towards the upper and [ ower
surfaces of the wing from different parts of the leading edge at low incidences,
unl ess the type of warp is such that the wi ng has an attachnment incidence. In
this case, the flow will be attached over the whole wing at the attachment
incidence, and wll form coiled vortex sheets above the wing at any higher
i nci dence.

As a general guideline, it has been found that lift is produced nost
efficiently at a lift coefficient about twice that at the attachment incidence.
Thus, since at present we only have nethods for designing wings at the attach-
ment incidence, the wings were designed for attached flow at |ift coefficients
up to about half that required at the crucial operating condition, i.e. take-
off, with properties at the design condition which would lead, it was hoped, to
performance benefits at this operating condition. These properties included the
avoi dance of flow separation forward of the trailing edge, leading to an orderly
devel opnent of the flow, a specified lift and centre of pressure; and a |ow
vortex drag. Such a design can be carried out by the use of linear theory,
which also has the inportant advantage as a design nethod of permtting the
superposition of solutions and allowing the separation of lifting and thickness
effects.

Linear theory was therefore used in the design of the series of nodels,
which is described fully in Ref.3. The experimental force measurenents on these
wings are described in Ref.1 for the transition-free tests, and Ref.2 for the

transition-fixed tests, from which the results in this paper have been taken.



In these experinents, flowvisualisation tests showed that the flow was

attached at the design incidence and the [lift coefficient obtained experinent-
ally was very close to the design value, although the neasured centre of
pressure position was about 3% further forward than expected theoretically. In
order to obtain a better assessment of the strengths and weaknesses of the

linear theory, a pressure-plotting nodel of the first wing in the series was
constructed and tested * in the No.2 11}ft wind-tunnel at RAE, Farnborough.

The pressure distribution on the same wing has also been calculated by
Roberts and Rundles. Their nethod constructs a solution of Laplace's equation,
governing three-dimensional inviscid inconpressible flow, by the use of singu-
larity distributions on the surface of the wing and in a mean plane represent-
ing the wake. The wing surface is divided into four-sided elenents, which
satisfy smoothness conditions along their conmmon sides,and a source distribution
is defined on each, again satisfying smothness conditions along the common
si des. Planar doublet elements are used to represent the wake. The strengths
of the source and doublet distributions are determined from conditions of zero
normal velocity at the centres of the surface elenents. The nmethod represents
an i nprovenent over the fully-linearized theory used in the design process3 in
taking proper account of the finite thickness and warp of the wing. It also
differs in being a direct calculation, producing the properties of a given
shape, rather than a design calculation. Unfortunately, it does not fully
represent the flow near a sharp leading edge: the strength of the source
distribution on an elenent adjoinin,o a sharp edge should vary in a way depending

on the edge angle, but this has only been inplenented for trailing-edge elenents.

In this Report, the pressures, loads, [lift and pitching nmonment given by
the fully linearized treatment used for the design of the wing are conpared
with those given by the nore nearly exact theory for inviscid flow and with
those neasured in the wind tunnel, at the design condition for which the flow
is attached. Section 2 describes the wing, the procedure used to interpolate
between the results of Roberts and Rundle to obtain values at the points on the
wing at which the neasurements were nmde, and the integration techniques used
to obtain the overall [lift and nonent. An attenpt toO calcuate the pressure
drag fromthe results of Roberts and Rundle is al so described. The results
are presented and discussed in section 3 and some conclusions are drawn in
section 4.



2 DETAILS OF CALCULATI ONS

2.1 Description of the w ng

The wing has a nild-gothic planform which resenbles a delta near the
apex but has streamwise tips, and is shown in Fig.l. Using a Cartesian
coordi nate system (x,y,z), nondinensionalised with respect to the root chord c,
with the x axis parallel to the undisturbed flow, the 2z axis passing through

the apex and the y axis to starboard, the equation for the starboard |eading

edge is
ST
Y = s(x) = "4 (5x-x5 )

wher e S is the semispan at the trailing edge. The semispan of this wing is

Sp = 0.40385 ,
giving an aspect ratio

A = 1.38 ,
planform paraneter ’

P = (wing area)/(span x length) = 7/12 ,

and |eading-edge sweep-back angle at the apex of 63°13",

The wing has sharp, drooped l|eading edges, and a sharp, straight trailing

edge given by x =1, z =0 . The volume distribution has a thickness to chord
ratio of 9% on the centre line and is illustrated in Fig.2, where the centre
section and several cross-sections of the wing are drawn. The wupper and | ower
surfaces are both continuously curved. The wing was designed by linear theory

to have a lift coefficient of 0.1, and a centre of pressure at X, . = 0.533 ,
at the attachment incidence of 5.32". This centre of pressure was chosen to
coincide with an estimted position of the aerodynamic centre of the unwarped

wi ng.



Full details of the design of the wing are given in Ref.3, where the wing
is referred to as wing |I. The three-conponent bal ance measurements are
described in Refs.1 and 2, where the wing is referred to as wing B, and the

pressure neasurements are described in Ref.4.

2.2 Oiginal format of the data

The static pressure holes in the wind tunnel nodel4 are located on cross-
sections at every 10% of the centre line chord and at x = 0.06 and 0.95. On
each cross-section there are holes at values of n at intervals of 0.1 from
0to 0.9 and at n = 0.95 , where n = y/s(x) is the local non-dinensional
spanwise coordinate. This grid of points is called the 'standard grid, and is
shown on the left of Fig.l. Pressure coefficients at the points of this grid

have also been calculated by linearized theory.

The conputer program of Roberts and Rundle5 also enployed a grid based on
constant values of x and n , but the grid lines were concentrated near the
apex, the trailing edge and the leading edges, as detailed in Appendix A
Interpolation was therefore required* in order to make effective conparisons
with the experimental values on the standard grid. The values of the pressure
coefficient calculated on the two grid lines nearest the leading edge were not
sufficiently consistent for meaningful interpolation (see section 2.3) and so
these two lines were ignored. The 17 lines of constant x and the renaining
11 lines of constant n on the half-wing are shown on the right of Fig.l. It

is convenient to refer to this as 'Roberts grid'.

The conputer output provided results at the design incidence of the wing

and at an angle of incidence one degree Ilarger.

2.3 The interpolation schene

The pressure coefficients on each surface and at both incidences, given
by the nethod of Ref.5 were interpolated to obtain values at the gridpoints of
both Roberts' and the standard grid. This interpolation was carried out in two
stages = first the interpolation to specified values of n at constant val ues
of X and then the interpolation to specified values of x at constant values
of n

* In fact, the conputer output quoted values of the velocity and pressure
coefficient at slightly different sets of points on the upper and |ower
surfaces, the values of X being the same on the two surfaces, but the
values of n being sonewhat different, particularly where the wng is thick.
Interpolation was therefore needed even to obtain values of the local |oad.



The cal cul ated variation of the pressure coefficients with n becones
inconsistent very near the leading edges. This is illustrated in Fig.3 for the
spanwise section x = 0.8536 . The two points nearest the |eading edge are not,
however , points where the boundary condition has been satisfied in the course of
the calculation, and it is not claimed that the pressure coefficients at these
points are accurate. These two points have therefore not been used in the
interpolation scheme. The pressure coefficients at the remaining Il spanwise

poi nts generally display a snmooth variation with n .

For the interpolation schene, the local variation of the pressure
coefficient with the coordinate x or n is assumed to be given by a cubic
pol ynomi al . Wierever possible, the pressure coefficient is taken as that given
by the cubic polynomal fitted through the values of the pressure coefficient at
the four neighbouring points, two on each side of the required point, at which
it was provided in the conputer output. However, where there are less than tw
points on one side of the required point, the cubic polynomal taken is that
through the four nearest points. This slightly less accurate procedure is only
necessary when the required point is near the leading edge. Extrapolation is
required for some points on the |ower surface, but here the variation of the
pressure coefficients is generally snooth. The greatest variation of the
pressure coefficients occurs near the leading edge on the upper surface, and
here the cubic interpolation scheme produces better results than any of the

other schemes tried.

CGenerally, the interpolation scheme produces results which appear to have
an accuracy consistent with the accuracy of the original results. As an exanple
the pressure coefficients interpolated at n=20.7 208 09 and 0.95 on the
cross-section x = 0.8536 are shown with flagged symbols in Fig.3.

The pressure distributions for the cross-sections at x = 0.1, 0.3, 0.5,
0.7 and 0.9 obtained by interpolating between the conputed values in this way
are shown in Fig.4 for the design incidence and for an incidence 1° | arger.

They are discussed in section 3.4.

2.4 Calculation of |oad

The load 2(x,y) at a point (x,y) on the planform is given by

L(x,y) = CP(X,Y)l|ower surface ’Cp(x’y)]upper surface



The load according to the nonlinear theory ° has been calculated at each point

on both Roberts and the standard grids, using the interpolated pressure
coefficients. The distribution of load on the cross-sections x = 0.1, 0.3,
0.5, 0.7, 0.8 and 0.9 is illustrated by broken lines in Fig.5 and along lines
of constant n at n =0, (the centre line), 0.5 and 0.8 by broken lines in

Fig.6. VW return to these results in section 3.2.

2.5 Calculation of lift, nonent and cross |oading

The overall lift coefficient ~C , pitching moment C ~and Iengthwise
distribution of cross Ioading 2(x) can be obtained by integrating the |oad

over the wing planform

The lengthwise distribution of cross loading £(x) is given by

s (x)
IS L(x,y)dy
-5 (x)
!
_— 2S§X) J 2(x,y)dn (2)
0

where S is the planform area of the wing.

The 1ift coefficient CL and pitching nonent coefficient Cn about the

apex are given by

Ios(x)
1
CL = 3 L (x,y)dydx
0 -s(x)
1 s (x)
¢ - 4 JXJ L0y dydx
m S
0 -5 (x)

where the pitching noment has been referred to the centre line chord, which is

of unit length. Substituting fromequation (2), we have



CL = Jl(x)dx (3)
0
!
Cm = Jxﬂ,(x)dx (4)
0
The centre of pressure position X e > is given by
C
X = =
c.p. . '

For each spanwise section, the integration of the load across the span
was done firstly using the trapezoidal rule, assuming the load at the |eading
edge to be zero. To obtain a nore accurate result, integration was performed
using Sinpson's Rule and assuming that the load near the leading edge tended to
zero like (1 = n2) . The difference in % obtained was |ess than 27, except
near the apex and trailing edge where L(x) is itself very small, so that the
absolute error was everywhere less than 0.0025.

As a check on the accuracy of the nethod of integration, the |oads
according to the linear theory were integrated to give values of E(x) whi ch
were conpared with the values of 2(x) cal cul at ed directly fromthe anal yti cal
expression given in equation (IV.4) of Ref.6. [t was found that the error in
the integration by Sinpson's Rule was less than 2.5% except close to the apex.

Values of 2(x) at the attachment condition were obtained for the |oad
distribution given by the nonlinear theory ° and the load distribution obtained
from the measured pressure distribution. These values and the analytical values

of E(x) for the linear theory are illustrated in Fig.7.

The lift and pitching nonment coefficients were obtained from equations (3)
and (4) by integrating the values of 2(x) and x2(x) with respect to x
along the length, using the trapezoidal rule and assumng that 2(x) is zero
at the apex and trailing edge.
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2.6 Calculation of drag

One design requirenent for the wing was that it should have low vortex
drag at the attachment condition. Accordingly during the design process a
spanwise distribution of chord |oading was chosen that was fairly close to the
elliptic distribution which is the optinum for inviscid attached flow

W discuss drag in terns of a lift-dependent drag factor K where

-, (5)

wher e CD is the drag coefficient of the wing at lift coefficient C and

L
C the drag coefficient of the unwarped wing of the same planform and thick-
Do
ness distribution at zero incidence. The lift distribution chosen for the

design corresponds to a |lift-dependent drag factor K of 1.099, which is
close to the theoretical mnimum of unity for planar wings in attached flow
However, the neasured drag factor at the attachment condition, based on the
bal ance measurements of Ref.2, was nuch higher, being 1.32. The value of K
given by the nonlinear theory® would therefore be of great interest, and an

attenpt was made to calculate this from the pressure distribution over the wng.

The drag coefficient CD is given by

1
CD = g JJ deydz y (6)

wher e SU and Ssz denote the upper and lower surfaces of the wing, and for an

inviscid flow nodel, CD = 0. Therefore
0

J Cp %% dydx . N

=S

y const.

The pressure coefficient is a smoother function of x for fixed n than for

fixed y , so it is nore accurate to integrate over the surfaces with respect
to x and n . Since y = ns(x) and



1

a2 - 2z . 0ds 3z
3% |y const 3| const. 89X 3Ny (ot
we have
SCD ] l 02
—2— = J I S(X)C (X,y) _8— dx }» dn
o o P Xy const.

upper surface-lower surface

1 |

9
- J I nC (x ’y) _C(jji az' dn} dx . (8)
0 O P n X const .

upper surface-lower surface

The principle guiding the choice of the order of integration was that the
integrand should be integrated first in the direction in which it varies nost

rapidly. In the first integral above it is the behaviour of the integrand near
x= 1 for constant n that is critical, so the first integration is wth
respect to x . In the second integral of (8), the critical variation is near
n=1 and so the first integration is with respect ton. A conputer program

was witten to evaluate each of the double integrals in (8) over the two
surfaces by the trapezoidal rule. Values on Roberts' grid were used, and the

substitutions

x = (1 = cos ¥) , n = sin o

were introduced, so that the integration points were concentrated where the
integrand varied most rapidly, and the integrand was available at equal
intervals of ¢y and g over nost of the range. After the substitutions, the
integrand was assumed to tend to zero as the edges of the planform were
approached, since dx/dy = O for x = 0 and | and dn/d6 = 0 for n = 1

Unfortunately the points at which reliable values of the pressure

coefficient have been obtained are not close enough to the leading edge to
define the behaviour of the integrand accurately. This difficulty is

illustrated in Figs.8 and 9, In Fig.8 the integrand from equation (7), i.e.,
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e
y const. p ox

) 9z
J(x,n) _ {Cp =

L
y const, [

upper ower
surface surface
is plotted against n for three values of x . The behaviour of J(x,n) near
n=1 is not well defined and it will clearly have an appreciable effect on

the value of the integral of J , especially since J changes sign in the
range of integration. A similar difficulty is encountered near x = 1 for the

quantity Hx) , where
Hx) = sx) lJ(X,n)dy , (10)
and is shown in Fig.9. Si nce

CD = -28- JH(x)dx , (1
0
these wuncertainties make accurate evaluation of the drag very difficult.

The value of the lift-dependent drag-factor K at the attachment
incidence for the nonlinear theory was obtained as 0.99. However in view of
the uncertainties nentioned above this value could be 20% or nore in error,

and so no neaningful conmparison with linear theory or experiment is possible.
3 RESULTS

3.1 Lift coefficient, centre of pressure and cross-Ioading

The wing was designed by linear theory to have a lift coefficient of 0.1
and a centre of pressure at 0.533 of its length from the apex (x = 0.533) ,

at the angle of incidence for which the flow was attached.

Bal ance measurementsz in the 4ft x 3ft lowspeed wind tunnel showed a
lift coefficient at this attachment incidence of 0.101 and a centre of pressure
at  x = 0.502 . The Reynolds nunber of these tests was low and so transition
was fixed artificially to avoid the occurrence of flow separation from the rear

of the nodel. A larger nodel was used in the No.2 114ft tunnel for pressure
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measur enent s 4 Integration of the pressures measured at the attachnent
incidence gives a lift coefficient of 0.103 and a centre of pressure at
X = 0.528 . The agreenent in lift coefficient is very satisfactory, but the
discrepancy in centre of pressure position is still wunder investigation.

Further details are given in Refs.2 and 4.

The nonlinear theory of Roberts and Rundle could be expected to give nore
accurate results than the linear theory, especially near the apex, where the
cross-sections are thicker. Integration of the pressures due to the nonlinear
theory over the wing gives a CL of 0.109 and an xc_p of 0.556. The results

for the lift coefficient and xc D can be summarised in a table:

Roberts' Experiment- | Experinent, by
Li near theory nonl i near bal ance integration of
theory measur enent pressures
‘L 0. 1 0.109 0. 101 0.103
X P 0.533 0. 556 0.502 0.528

The differences in the values of CL and XC-P- obtained from the three
sources can be clarified by consideration of the lengthwise distribution of
cross-loading illustrated in Fig.7. This shows that the nonlinear theory is in
very good agreement with the experimental values from the apex back to

X = 0.75. However, it predicts much nore load near the trailing edge than is
present according to the experiment, thus giving larger values for both C

L
and X This effect is presumably largely due to the fact that the

calculation is for a potential flow and no account has been taken of viscous
effects.

The linear theory values for the cross-loading are in reasonable agree-
ment with the experinental values until X = 0.7, although as expected, they
underestimate the experimental values near the apex. The linear theory also
appears to give reasonabl e agreenent with the experinental values for Xx
greater than 0.85, but exam nation of the spanwise |oad distributions (Fig.5b)
in this region shows that this agreement is probably fortuitous (see also
section 3.2).

Results from slender-body theory and its fully-linearized form slender

thin-wing theory, are presented in Appendix B in order to confirm the source
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of the extra lift acting near the wing apex. This is shown to arise, within the
sl ender approximtion, from the association of appreciable thickness and

appreci able cross-sectional canber.

3.2 The load distribution

A conparison of the loads according to the two theories and the experiment
is given in Figs.5 and 6. Figs.5a and b show t he spanwise variation of the |oad
for the spanwise sections x = 0.1, 0.3, 0.5, 0.7 and 0.9 , and Fig.6 shows the
variation of load with x for n = 0 (i.e. along the root-chord), n=0.5
and n = 0.8,

This conparison shows that the loads predicted by the nonlinear theory
agree closely with those neasured in the experiment, except at cross-sections
behind x = 0.8 , where the experimental values are likely to be affected by

the presence of the boundary |Iayer.

The loads predicted by the linear theory agree less closely with the
other two load distributions. The underestimtion of the load near the apex by
the linear theory is marked, and again the loads do not agree near the trailing
edge. At other spanwise sections, the linear theory gives less load at the
m d-sem -span than nmeasured by experinent, but predicts the peak load to be
further outboard than either the nonlinear theory or the experinent. In the
integration of the local load to give the cross |oad %(x) , these effects
tend to cancel, thus producing a somewhat fortuitously good agreenent
between the values of E(x) calculated fromlinear theory and neasured in

the experinent.

3.3 The pressure distribution

The spanwise pressure distributions on sections x = 0.2, 0.5 and 0.8
are shown for both theories and the experiment in Figs.10a and b. Fig.!lOa
confirms the close agreement between the nonlinear theory and the experinment
near the apex. El sewhere (Fig.10b) the detailed agreenent between the pressure
distributions is poorer than that between the |oad distributions. On the upper
surface of the wing, the pressures given by the nonlinear theory are generally
much closer to the experimental values on the outer part cf the wing than the
pressures given by the linear theory, which agree better wth the experinental

val ues near the root.

On the lower surface of the wing, the variation of the pressures neasured

experinmentaliy across the span is predicted better by the nonlinear theory than
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by the linear theory, but towards the rear of the wing the values of the
pressure coefficient given by linear theory are in closer agreenent with
experiment than those given by the nonlinear theory over nost of the section,
except near the leading edge.  This lack of agreement near the leading edge is
to be expected since, as the leading edge is approached, the behaviour of the
linear theory pressure is domnated by the logarithmc singularity in the
pressure due to thickness.

An investigation was carried out to see whether the addition of second-
order terms in the pressure coefficient determned by linear theory would
produce results in closer agreement with the nonlinear results and the
experiment. The pressure coefficient was calculated using Bernoulli's equation
for zero Mach nunber, so that

Cp . - 2u- w? + v2 + w9 (12)
where u, v and w are the disturbance velocities according to Iinear theory
inthe x, y and zdirections, non-dinensionalised with respect to the free-
stream velocity, whereas the usual linear theory expression for the pressure
coefficient is

CP _ -2u . (13)
The pressure distributions so obtained at two typical cross-sections are shown
I nFig.11.  These show that the inclusion of the second-order terms in
equation (12) does not give any consistent inprovement. It is presumbly
necessary to include also the second-order terms introduced through the
boundary conditions, as proposed by Weber7, to obtain a consistent inprovenent
over the wholly linear theory.

3.4 FEffect of incidence

The results of the calculation of Roberts and Rundle are available for an
incidence of one degree above the attachment incidence, as well as at the
attachment incidence, and so the effects of an increase in incidence according
to the nonlinear theory can be exan ned. No reliable nunerical method for
solving the integral equation of linear theory for the effect of incidence on a
slender wing in subsonic flow exists so far, though one is being developed by
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Hewitt and Kellaway8. In the real flow, separation from the |eading edge was
found at a small incidence above the attachment condition, and is not
represented in these theoretical nmodels. For the present, attention is confined

to the results of Roberts and Rundle.

Fig.4a shows that, near the apex, the increment in pressure coefficient
due to an increase in incidence is alnmost uniform across the |ower surface.
The increment in suction on the upper surface is on average of the same size,
but increases fromthe centre line to the leading edge. Further aft, Fig.4b,
the increment in lower-surface pressure also rises towards the |eading edge.
OQver the rear part of the wing, Fig.4c, the increment in pressure on the |ower
surface falls close to the leading edge, actually becoming negative at x = 0.9,
presumably reflecting the existence of flow round the | eadi ng edge. At
successive rearward sections, the increment in suction on the upper surface is
concentrated more and nore on the outboard part of the wing. Surprisingly there
is even a loss in upper-surface suction near the centre line at x = 0.9 due

to an increase in incidence.

The increase in the local load due to a one degree increase in incidence,
Ag , according to Roberts and Rundle, is given in Fig.12 for several cross-
sections. Also shown for conparison is the increase in load according to the
slender thin-wing theory of RT. Jones', which is the same as the load on a

plane wing, i.e.

d |
2(x,n) = 4o f{-— , (14)

where o is the increment in incidence (in radians).

Near the apex, the increnental load according to the nonlinear theory is
nearly constant across the span, but further aft it increases nmarkedly outboard
from the centre line, finally falling as the leading edge is approached on the
more rearward sections. The slender thin-wing theory also predicts the outboard
rise in load on the thinner cross-sections, but near the leading edge its
predictions are domi nated by the singul ar behaviour of (14). Because the wing
has a streamwise tip, with ds/dx = 0 at x =1, the predictions of the

slender theory do not deteriorate appreciably as the trailing edge is approached.
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The lift, monment and cross loading for the theory of Roberts and Rundle
at one degree above attachnent have been cal cul ated as described in section 25,
and the lengthwise distribution of cross-loading is shown in Fig,13. The I[ift
coefficient has increased to 0.139 (ef. section 3.1) and the position of the
centre of pressure has moved only slightly to X = 0558 Thus the |ift slope
aCLlaa is 1.736 conpared with the experinental valuez of 1.574 and the slender
thin-wing theoretical value of 4mA = 2.175 .  The nonlinear theory gives the
position of the aerodynamic centre at x = 0.568 compared with the experinental
val ue2 of x = 0.543 and the slender thin-wing theory value of 0.563, obtained
from (14). Since the slender theory is substantially in error in its predic-
tion of Ilift-slope, its agreement with the nonlinear theory for aerodynanic
centre nust be regarded as accidental. As was found for the attached flow
condition, section 3.1, the nonlinear inviscid flow calculation predicts rather
too nmuch lift, occurring rather too far aft, as would be expected from its
neglect of boundary-layer effects.

The real flow separates from the leading edges of the wing at angles of
incidence different from the attachment incidence, giving rise to further non-
linearities in the aerodynanm c |oading. This separation is not represented in
the theoretical models applied in the present conparisons, which are therefore

confined to the immediate neighbourhood of the attachment incidence.

4 CONCLUSI ONS

At the design incidence, at which experinent 12 confirmed that attached

flow was obtained, the linear theory design nethod® gives:

(a) Practically the same value for the lift coefficient as that measured in
t he experimentz, but a significantly lower value than that given by the
nonl i near inviscid calculation™ This is apparently because viscous
effects in the real flow reduce the |ift below the 1inviscid value, which

is underestimated by the linear theory.

(b) An inadequate estimate of centre of pressure. The linear theory predicts
the centre of pressure to lie 2% of the centre-line chord further forward
than the nonlinear theory. However, losses of |ift at the rear of the
wing due to viscous effects cause the experinental position to be ahead

of both theoretical predictions.

(c) A fair approximation to the lengthwi se distribution of cross-Ioading.

The linear theory underestimates the cross-loading near the apex, where



the sections are thick and canbered. Further aft the situation is less
clear, but near the rear the linear theory is predicting much less lift
than the nonlinear inviscid theory, which itself substantially over-

estimates the nmeasured |[oadi nglﬁ

(d) Local loads and pressures to fair accuracy. Inclusion of second-order
terns, calculated by linear theory, in the relation for the pressure

coefficient fails to give any consistent inprovenent.

The nonlinear calculation of Roberts and Runclle5 predicts the Ilocal
pressures nmeasured experinentally at the design incidence very closely over
most Of the w ng, except near the trailing edge, where substantial differences
are introduced, apparently by viscous effects. Values for the overall
characteristics of the wing - lift, centre of pressure, lift-slope and aero-
dynamc centre - are therefore not given correctly. The information obtained
from the calculation was not sufficient to provide a useful estimate of the

[ift-dependent drag at the design incidence.

The next step would be to see whether a calculation of the growh of a
t hree-di mensional boundary layer would resolve the differences between the

inviscid theory and the experinent.
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Appendi x A
DETAILS OF ROBERTS ®&RID

Roberts' grid consists of 17 lines of constant x and 11 lines of
constant n , and is shown on the right-hand side of Fig.l. The val ues of x
are 0.00541, 0.01498, 0.03806, 0.08427, 0.14644, 0.22222, 0.30866, 0.40246, 0.5,
0.59754, 0.69134, 0.77778, 0.85356, 0.91574, 0.96194, 0.98502 and 0.99459.
The val ues of x between 0.03806 and 0.96194 are given by the fornul ae

X = 15(1-—003%) for n=2to 15 . (15)

The values of n are 0.0, 0.1305 0.2588 0.3827, 0.5 0.6088 0.7071, 0.7933,
0.8660, 0.9239 and 0.9659. These values of n are given by

n = sin(ﬁ'zﬂ;:) for m=0 to 10 . (16)
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Appendix B
LIFTING EFFICIENCY OF TH CK, CAMBERED SLENDER W NGS

A feature of the results reported here is that the apex region of the
wing produces nmore |ift, both in the wind tunnel and in the nonlinear inviscid
calculation, than was expected on thebasis of the fully linearized design
met hod. This Appendix shows that this result is consistent with the available
anal ytical solutions based on the slender body approxination. The relation
between the various theoretical nodels involved, all of which treat an inviscid,

attached flow, 1is conveniently represented in a table:

) ) . ~ _ 2 ~
Differential  equation: ¢)YY +¢,,=0 (1=-M )¢xx + ¢yy +¢ =0

Boundary condition:

in a mean plane slender thin-wing theory | subsonic linear theory
(e.g. Ref.3)
on the body surface sl ender body theory surface singularity nethods
(e.g. Ref.10) (e.g. Ref.b)

The design process used® for the wing tested proceeded from a warp
surface designed by subsonic linear theory to have a certain lift coefficient
with attached flow at the leading edges and added a volume distribution in a
direction normal to the local cross-section of the warp surface. To use the
analytic results of Portnoy 10 or a slender hal f-cone, we have to invert the
process, obtaining a warp surface by proceeding equal distances along inward
normals from the upper and lower surfaces of the half-cone. By a famliar
result in the theory of conic sections, the cross-sections of the warp surface
obtained in this way are parabolic arcs. The forward and inverse processes are
not exactly equivalent, in the sense that applying them successively does not
regenerate the original surface, but it is proved in Appendix B of Ref.3 that
they are equivalent to second order in the wng thickness. In this Appendix it
is shown that the use of slender-body theory for the half-cone 10 predicts nore
lift than the use of slender thin-wing theory for the parabolic-arc warp
surface, just as the surface-singularity method of Roberts and Rundle5 predicts
more lift on the thick canbered apex of the wing than the subsonic |inear
theory design method3.

The results for the half-cone are obtained by taking the limt of
Portnoy's equation (28) as the thin wing of his configuration di sappears into
the body. Then
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CL = KZMl +okM,
where K is the tangent of half the apex angle of the cone and a s the
angle of incidence of the wupper, plane, surface. M, and M, are given by the

! 2
appropriate limt (Portnoy's paraneter e > 1) of equation (22) of Ref.10 as

M, = 4(n/V3 - 1) M, = 1971/9

To convert to a half-cone with its |ower surface plane and at incidence a, we

need to change the signs of C and a , giving

L
L A L
CL = 9 Ko 4K (/5 ) . an
W can see at once that the lift-curve slope, BCL/M’ is slightly greater

according to slender-body theory, since in the slender thin-wing theory it

depends only on the planform and CL = 2nKa for a plane delta wing. However,
we are nmore concerned with what happens at the incidence for which the flow at
the leading edge of the warp surface is predicted to be attached, according to

the slender thin-wing theory.

The warp surface wth parabolic-arc cross-sections is equivalent to the

sinplest of the wings for which solutions by slender -thin-wing theory are

quoted in Appendix Ill of Ref.11. The first solution, with suffix 2, refers to
a wi ng whose surface ordinate is given by z, wher e

Z

2 2

—_— = - + -

c]s 41 5|n] 2
where ¢, is a constant of proportionality. The same solution applies for a

1

wing whose ordinates differ from z, by a function of y only, since such a

term cannot affect 3z/3x. Hence the termin |4 in this equation can be

omtted to give a wing with parabolic  cross-sections:

z - 2c]s(1 + 2n2)

2 =

For the warp surface derived from the half-cone, it is clear that
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22(0) - 22(1) = s/2 |,

so that this particular surface is given by

Cl = —8_ . (18)
The incidence of the plane containing the leading edge is —22(1)/x and so
o = 6cls/x = 6Ke, = 3K/4 . (19)

The lift at this attached flow condition is given by (19) of Ref.11 as

2
CL = 2nc]K . (20)
The relevant conparison is between the lift coefficient of the warp
surface according to slender thin-wing theory, at the incidence for which the

flow is attached, given by introducing (18) into (20) as

¢, - 0.257K> @)
and the 1ifc coefficient of the half-cone at the same incidence, according to
sl ender-body theory, given by introducing (19) into (17) as

2 {19 4 4 2
= -~ - -—+ =] = 0.547%K" .
C K (]2 7 n) T (22)
The slender-body estimate (22) is over twice the slender thin-wing estimte
(21), which is a larger difference than that found between the two estimates in
Fig.7 near the wing apex. This is partly because the forward part of the wing
is not as extreme in shape as the half-cone. It is also likely that the

sl enderness assunption over-enphasises the difference.

It should be pointed out that slender-body theory and slender thin-w ng
theory give the sane value for the overall lift of the wing, since, according
to both, this only depends on conditions in the plane of the trailing edge,

where the cross-section of the wing is just the straight segment assumed in the
thin-wing theory.
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The increase in lift near the apex depends on a conbination of thickness
and canber. In general, thick uncanbered cross-sections do not produce nore
[ift than thin ones (see e.g. Ref.12 for rhonbic sections, unpublished work by
E.C. Mskell for biconvex sections and the well-known results for elliptic
sections). H ghly canbered, thin cross-sections do produce more lift 13 at the
attachment condition than the thin-wing approximation would suggest, but this
does not account for the present result. Taking a conically canbered wing wth
a cross-section in the form of a thin circular arc of height equal to a half of
its senmispan, to conpare with the parabolic arc described above, we find the
[ift according to slender-body theory is given by equation (22) of Ref.13,

with g =4, i.e.

c, = m(9aK/4 = 23k%/16) | (23)
where a is the incidence of the plane containing the |eading edges. Since

the difference between circular-arc and parabolic-arc canber does not affect

the theory to the first order in the canber paraneter, g, this wing has
attached flow according to slender thin-wing theory at the incidence given by
(19), and the lift is then given by (23) as

_ 2
CL = 0.257K ,

which is actually identical with the slender thin-wing value (21).
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SYMBOLS
A aspect ratio
CD drag coefficient
CDO drag coefficient of symetrical wing at zero Iift
C lift coefficient
Cm pi tching monent coefficient, based on centre line chord
C pressure coefficient
c centre line chord, taken as unit of length
H(x) see equations (10 and (11)
J(x,n) see equation (9)
K lift-dependent drag factor
L overall lift
L(x,y) local |oad
2 (x) lengthwise distribution of cross-loading (equation (2))
AL(X,Y) increase in local load due to 1° increase in incidence
P planform paraneter: (wing area)/(span x length)
S planform area
su,Sz upper and lower surfaces of wing
s (x) non-di mensional local seni-span
Sy non-di mensional seni-span at trailing edge
u,v,w conponents of disturbance velocity in x,y,z directions, referred to
free stream velocity
X,Vs52 non- di nensi onal Cartesian coordinates, O parallel to free stream
Oy to starboard, Qz  upwards
Xc.p. x coordinate of centre of pressure
a angle of incidence
n y/s (x)
sin'!

Y cos~! (1 « 2x)
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Fig.4c Pressure distribution given by the nonlinear theory3(ctd)
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