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SUMMARY

A theory is presented for the interaction between a weak
normal shock in an initially uniform mainstream, and an idealised
boundary layer, with frictionless, one-dimensional, subsonic flow, on a
flat wall, Reasons are given for believing that, despite the drastic
simplifications of the model, it is not altogether unreal, Hence it is
hoped that the results will prove helpful in interpreting experimental
findings for real turbulent layers.

In the theory, the flow is assumed to take place in a
two-dimensional channel, For such flow, the final downstream pressure
depends on the ratio of the boundary layer thickness to the height of
the channel, and on the upstream Mach number My, which is assumed to
be in the range 1 to 1,1. Theoretical estimates are given for the
downstream pressure, and by a slight extension, they may be applied to
the case of flow through a circular pipe, The theory also predicts the
shape of the pressure distribution at the wall, and its mode of
variation with Mach number MO and with channel height or pipe
diameter,

1. Introduction

In, for example, transonic flow past aerofoils, nearly-normal
shock waves occur and interact with the boundary layer, When the loc
free-stream Mach number Jjust upstream of the shock exceeds about 1.2,
separation is provoked even when, as in most practical cases, the
boundary layer is turbulent, However, with the thin aerofoil sections
now coming into use, local supersonic Mach numbers between, say, 1 and
1,15 are quite commonly encountered Jjust ahead of the shock when the
angle of incidence is small, Shocks at such Mach numbers do not provoke
separation of the turbulent boundary layer, but even so it is usually
found! that the pressure rise experienced at the surface of the aerofoili
underneath the shock wave is appreciably less than what may be termed the
full theoretical normal-shock value. The latter is the pressure rise
which would occur for a normal shock in inviscid flow in a duct of
constant cross-sectional area with a uniform upstream Mach number equal
to the local Mach number at the edge of the boundary layer upstream of
the shock on the aerofoil, The theoretical pressure rise is not attained
partly because of the finite nature of the supersonic region and the
consequent decrease of Mach number with increasing distance from the
surface Jjust upstream of the shock?»3, Even, however, when the surface
is locally flat, so that the rate of change of upstream Mach number with
distance from the surface is zero at the wall, local pressure rises
considerably less than the theoretical normal-shock values are often
observedlt, The reason is that the boundary layer thickens under the
shock wave, so that just outside the boundary layer the stream-tube areas
are reduced downstream, with a consequent reduction in pressure.
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These effects of boundary-layer thickening, which will always
be present even when the effects of the finite nature of the supersonic
region are also important, could be studied in isolation in a suitable
experiment, Thus a pipe could be used, with air flowing through it at
a Mach number a little above 1 initially, and dropping to below 1 through
a normal shock, If the radius of the pipe were extremely large compared
with the thickness of the boundary layer, the theoretical normal-shock
pressure would be attained everywhere across the pipe sufficiently far
dovnstream, For more moderate ratios of pipe radius to boundary-layer
thickness, the asymptotic downstream pressure would be somewhat less
than the full theoretical value. In all cases, however, it is likely
that the pressure distribution at the wall would depart from the
theoretical discontinuous jump in pressure that would occur in the
absence of a boundary layer, and instead would exhibit a spreading out
proportional to boundary-layer thickness. Also, the pressure immediately
under the shock might possibly rise only to a value considerably lower
than the final value, which might not be reached until many boundary-layer
thicknesses downstream of the shock,

The present paper gives a very approximate theory for the
conditions of the above hypothetical experiment, except that, for
simplicity, the flow is considered as being in a straight two-dimensional
channel instead of the experimentally more convenient pipe. It is hoped
that the paper will throw light on the effects associated with
nearly-normal shock waves on aerofoils in transonic flow, insofar as these
effects are concerned with boundary-layer thickening rather than with the
curvature of the surface and the corresponding non-uniformity of the
upstream flow. Hence the slightly supersonic mainstream is assumed to be
initially uniform and the wall to be flat, The problem is simplified by
treating the boundary layer as if it were a uniform subsonic frictionless
layer of initial upstream Mach number Mgy and thickness tp, as in
Figs1s The initial free-stream Mach number is Mg, a little greater
than 1, This model of the flow is the same as that used by Tsien and
F:Lnston5, but the analysis is different because the equations of motion
in the external flow cannot be linearised in the same way for Mach numbers
near 1 as they can for larger Mach numbers, Furthermore, the external
flow is subsonic downstream of the shock in the present case.

It might be thought to be a retrogressive step to adopt the
inviscid model used by Tsien and Finston, in the light of more recent
tneories (eege, Refo6) which take account of viscosity. However in the
special case of a turbulent boundary layer with a free stream Mach number
near 1, the neglect of viscous and turbulent friction is probably not a
fatal defect, Fig.2 shows the shape of the real velocity profile both at
an upstream position and also downstream, after the boundary layer has met
with an adverse pressure gradient. The profile in the laminar sublayer
must distort as shown, so that the friction stress increases with distance
away from the wall, thus balancing the pressure gradient. Hence the
laminar sublayer will experience a large proportional increase in thickness.
Friction plays an essential part here, because in the absence of friction
the slowest-moving fluid would immediately be brought to rest by the
slightest pressure increase, However for the more rapidly moving fluid,
friction is not so important. All the subsonic stream tubes in the
boundary layer will expand on encountering increases of pressure, but
where the velocity is relatively high, this expansion will largely be due
to the inviscid "Bernouilli" effect. Since in a turbulent boundary layer
with a free-stream Mach number near 1 a large fraction of the boundary
layer is subsonic, and the laminar sublayer is very thin compared with
this subsonic region, the thickening of the sublayer will not be a
dominant factor, though :Lt may well be important., Also, although friction
may play a significant rOle in the more rapidly moving parts of the layer,
the frictionless "Bernouilli" effect here is likely to be the most important
one, and the present model which considers only this factor and ignores
effects of friction will not be completely unreal., It is not, of course,
to be expected that the results of the analysis will be quantitatively
exact for the real case, but it is hoped that they will give a useful
qualitative picture of what happens. I/
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In view of the crudity of the assumption that friction can be
neglected, it seems inappropriate to attempt a complicated analysis if
further simplifications can be made, This is the reason why the form
shown in Fig.1 has been chosen for the idealised boundary-layer profile,
since it is in any case necessary to assume that there is a non-zero slip
velocity at the wall., For otherwise, if a realistic boundary layer
velocity profile were assumed with the flow frictionless, the fluid
immediately adjacent to the wall would be unable to withstand any pressure
increase,

In the interests of simplicity again, the flow in the subsonic
layer is treated as one-dimensional, i,e., the pressure and velocity are
treated as constant across the layer, and dependent only on the distance
x along the wall, This probably introduces only small errors since the
inclination of the flow to the wall is everywhere small, and the solution
obtained involves no discontinuities of slope at the edge of the layer,

As mentioned above, the case considered in the analysis is that
of the flow in a two-dimensional channel, The overall flow pattern for
the interaction between the shock and the subsonic layers on the two
walls of the channel is as shown in Fig.3. The centre line is of course
a line of symmetry so that only one half of the channel need be considered.
In the external flow near the edge of the subsonic layer there will be a
band of compression waves which will be terminated downstream by the
shock wave, The solution for the compression-wave region upstream of the
shock is comparatively easy to obtain, but the flow downstream of the
shock presents a difficult problem., This is partly because the boundary
conditions at the edge of the subsonic layer and Jjust behind the shock
are complicated. The shock boundary conditions, in particular, depend on
the shape of the shock, which in turn is affected by the downstream flow,
When the height of the channel is limited, so that the final downstream
pregsure differs appreciably from the full normal-shock value, it turns
out to be easier to obtain a formal solution for the downstream flow than
when the channel is infinite, However the accurate evaluation of the
downstream solution for the finite channel is impracticably tedious, and
a crude approximation is accordingly made to it.

Section 3 presents the somewhat lengthy analysis resulting in
what is, granted the basic assumptions, the almost exact solution for the
flow upstream of the shock, and the very rough solution for the downstream
flow, and the relevance of all this to the real case is discussed in
Sections 4 and 5,

2a List of Symbols

b'd distance measured parallel to the wall, measured from the point
at which the shock intersects the subsonic layer

y distance measured normal to the wall

s distance along a streamline

n distance normal to a streamline

s stream function defined by Equation (17), and the condition

¥ = 0O at the edge of the subsonic layer

x equal to Nx, where N is given by Equation (37)

3 equal to Ny, where N is given by Equation (37)

C value of § on the centre line of the channel
Yo distance of the centre line of the channel from the wall

t thickness of the subsonic layer
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suffix S
suffix O

suffix SO

suffix 1

suffix 2

- -

total thickness of the real turbulent boundary layer upstream
of the region of interaction

thickness of the subsonic part of the real turbulent boundary
layer upstream of the region of interaction

x of the shock

NX, where N is given by Equation (37)

angle between the shock and the normal to the flow Jjust
upstream of it, or between the shock and the normal to the
wall

deflection angle of the flow on passing through the shock
inclination of the flow to the wall

total velocity

velocity component in the x direction

velocity component in the y direction

pressure

density

enthalpy

Mach number

ratio of specific heats

related to pressure by Equation (8)

final downstream value of k

defined by Equation (21)

defined by Equation (22)

constant in the approximate relation (34) for the thickness
of the subsonic layer

defined by Equation (37)

defined by Equation (46)

ratio tO/Y

refers to conditions in the subsonic layer

refers to conditions upstream of the region of interaction

refers to conditions in the subsonic layer upstream of the
region of interaction

refers to conditions just upstream of the shock

refers to conditions just downstream of the shock
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e Analysis

31 Characteristics of the shock wave

Consider an oblique shock inclined at an angle © to the normal
to the flow just upstream of it, as in Fig.4. Let quantities just upstream
of the shock be distinguished by suffix 1. In the central part of the
channel these upstream quantities will take their undisturbed free-stream
values, denoted by suffix O, but near the walls the shock will occur as the
termination of a compression-wave region, as shown in Fig,3, and hence here
the flow conditions just upstream of the shock will differ from those in
the free stream, If quantities just downstream of the shock are
distinguished by suffix 2, we have:-

2 2
Y P q Y Py q

Energy: SR e o - oo (1)
y=1 P, 2 y-1 o, 2

Momentum parallel to bc in Fig.lh:

Pp =P = p:l.qi(q:. - g, cos €), eeo(2)

where € is the angle of deflection of the flow on passing through the
shock,

Momentum parallel to ac in Fig.l:

q, sin (6+¢€) = g, sinb,
q, sin €
or tan 0 = = mmmm—e————— . ... (3)
q, €OS €-q,
Continuity: p, q,cos (6+¢€) = p, q, cos O,
PpQy COS €-p,Q,
or tan 6 = eemmss s e S . o.n(Ll-)
pq,sin e
From (3) and (L),
piqi(qi"qg cos E)
p, = mmmmmmmmmmm—o——— .
q,(a, cos e-q,))
Pa=Pa
But from (2) qQ, = |q = =-=—=-- sec €, ees (5)
P9,
(p ~p.) cos®e
SO that Dz = 2 2:' --------------- . Y] (6)
Pz P1 . 3 ’! PQ—Pj,
----- - q, sinejfq, = ==-—-
P14, J Ps9y

Hence,/
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P,=P, Po-p, | sec®e
Hence, in (1) =~-~ pg |[-==-= - q, sin’e q, = ==--- ————
Y= r,Qq, ) P4, | PP,
2 2
1 P,=p, . Yy P, qQ
+ = (Q = =——— sec’e = -e- o= + --
2 p,4q, y-1 0, 2
. Y Py y+1 y(p,~p,) 2yp,
or s8ine { - + - - - -
_(v-1 J(py-p,)  2(v-1)  (»1)p, &% (yv=1)p,&
- (pympy) , P (v+1) (p,-p,) (2)
(y~1)p1q:. p:.qi 2 piqi
P 2y
Put - = 1 4 e—- (Mg ~1)(1 - k), .o (8)
po y+1

so that when k = O the pressure takes the value that it has just
behind a normal shock with upstream Mach number « Throughout the
external flow-field, the Mach number M is related to the enthalpy I

by the relation:
y=1 y=1
1(1 + ——- M’) = 10(1 + - Mg).
2 2

y+1 , 1 I
Hence M -1 = ---(-9..1).....9 (M8‘1)-
y=1 I I

Upstream of the shock the flow is isentropic and

- =)

()

I Py

I 2(y=1
Thus from (8) Lo 2r1) (1 - k)0 - 1)

I y+1
if Mo is close to 1, and

M -1 = (2k-1)(MB-1) eee(9)

in the external flow upstream of the shock*. From (8) it follows that

Z(M?)-'l)? 1
€ = mmmSemeo (k, + k; = 1)% (k, - k). ees (10)
(1) MY
This approximation is quite good even if My is not very close to 1,
Thus for exsmple if k, = 1, the errors in (10) arise mainly from

those terms in the bracketed expression on the left hand side of (7)
which are neglected in deriving (10). The omitted terms are equal to

y+1/

*Relation (9) is, in fact, approximately valid everywhere in the external
flow.




and partially cancel one another,

An expression for the angle O between the shock and the
normal to the flow just upstream of it can be obtained from Equations (3)
and (5). Approximately

o o Lo ke vmibe o Oeioe
q, COS €e=q,  D,=Dp, P,-P, 2(k,~k,) (~1)
1 1
Hence from (10) 6 = (M -1)% (k, +k,~ 1)2, eee(11)

This is approximately the angle between the shock and the normal to the
wall, since, as is shown later, the angle between the flow just upstream
of the shock and the wall is, like ¢ in Equation (10), of order

2 3

The configuration of the shock wave shown in Fige3 is in
accordance with relation (11), At the centre of the channel the shock
must be normal and © zero by symmetry. Provided the height of the
channel is sufficient, the flow upstream of the shock will be outside the
compression-wave region, so that k, = k, = 1. Hence k, = O,
i.e., the full normal-shock pressure is atgained Just downstream of the
shock on the centre line, However the final pressure far downstream will
be less than this, unless the height of the channel is infinite. At the
Junction with the subsonic layer there can be no abrupt change of flow
angle or discontinuity in pressure at the shock wave, and this condition
is satisfied if the compression-wave region extends as far as a local
external Mach number of 1 with k, = k, = . [See Equations (9) and
(10).] Hence the shock, which is here of zero strength, is again normal
to the wall, At points between the centre line and the junction with the
subsonic layer, k, will be between 1 and %, and k, between 3 and O.
Probably k1 + k2 will be greater than 1 - it cannot be less than 1 by
(10) - hencé the“shock will be inelined as shown in Fig, 3.

3.2 The relation between pressure and flow angle in the
compression-wave region

It is assumed that the compression-wave region is of the
simple-~wave type. This means that Mach waves emanating from adjacent
points at the outer edge of the subsonic layer must, as shown in Fig. 3,
intersect and be terminated by the shock wave before they intersect each
other, This assumption cannot be conclusively checked without knowing
the complete solution to the problem, since the form of the shock wave is
affected by conditions downstream, However according to the solution
obtained in a later section for the flow upstream of x = O, (the line
defined, as in Fig, 3, by the points at which the shock intersects the
edges of the subsonic layers), the Mach waves are a long way from
intersecting each other on x = 0, and although the shock is some
distance to the right of this line, it seems likely that the waves will
still not have intersected each other before they reach it., This Jjustifies
the simple-wave assumption, according to which the angle between the flow
and the wall can be determined from the pressure, as follows:-

Pige5 shows a short length ac of a streamline in the
simple~wave region, The line ab 1is a Mach linel, so that k is constant
along ab, an? bc is normal to ,2Ce The ?ngle abc is

tan™ M - 1)2 =~ tem*[(2 - 1)? (MS - 1)2] by Equation (9). Hence

if n represents distance along the normal and s distance along the

streamline, y
ok,



ok kp~ke k. -k (k,~k,) 1 1
2l B L B (et )
an be be ac
i 1 9k
= =(2k-1)% (Mg~1)% --.
s

The pressure gradient normal to the streamlines balances the centrifugal
force associated with the streamline curvature. Thus if the angle of the
streamline to the wall is a,

op . da 2 oo
= = = pq° == & = YD -
on ds dMO Os
op 2yp dk
But = =2 (Mg - 1) == by (8).
on y+1 on
3
9 2(M2-1) a8k 2(M2-1)% 4 3k
Hence - = 2l = - --yé--- (2k-1)? --
ds (y41)M% on (y+1)M% ds
3
2(m-1)3 3
and & = —————— [1 - (2x=1)%], ... (12)
3(y+ )My
since « = O when k = 1, in the undisturbed free stream. In (12),

12k > % since the flow must be supersonic in the simple wave region.
[c.f.(9).j For this range of k there is not much difference between
(12) and relation (10) for e, the deflection angle through the shock,
if in (10) we put k, = 1 and k, = k, These values for k, and
k, would mean that %he flow reachea the pressure corresponding to k
abruptly through a shock, with no region of gradual compression; the
flow angle in these circumstances would, however, be little different at
the low Mach numbers considered here from the flow angle produced by a
continuous simple-wave compression to the same pressure,

3,3 The equation for the external flow downstream of the shock

The equations for the extermal flow are, in the usual notation,

du du ap
DU == + [V == = = ey ---(13)
ox oy ox
ov ov op
p‘u_ —en o p‘V‘ - = - ==y 000(1}4-)
ox oy oy
a(pu) 8(pv)
————— + ———— - O’ 000(15)
ox oy
y » (@®+?) Y Dy U
and R = 0 + 2, os (16)

where suffix O denotes initial upstream conditions.

Let/
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Let a stream function V¥ be defined by the relations

pPAU oy
P = —-g-g-% < - > P eee (17)
(Mo"1 ) x
PoYo o
and PV = = memwme—— T < —— > s
(Mg-‘l )2 \ ax

1l

and the condition that 0 at the Junction between the external
flow and the subsonic layer, Equations (13) to (15) can be written in
terms of x and ¥ as independent variables, as follows:-

du op i pv /9
pu<--> - -<_-> v (B1)? ----<-_> ot (18)
ox ¥ ox ¥ Poto oV <
av (M?—1)% op
(7Y -y e
ox " o) oy <
«5 9 0
and _Sfl_lﬂ, - (B)E - s I (8-1)% 22 ) 0. .. (20)
x|y Poug |3V 4 Poig | ¥ i«
P 2y
As before we put — = 1+ == (M% - 1)(1 = k). ..o (8)
Po y+1
u
We also put _— = 14 (M% -1)% eee(21)
u,
0
v 3
and -— = (M"(‘)—1)E m, ves (22)
Yo

since the proportional variation in u/uO will be of the same order as
that in p/bo, and v/u., which is approximately the angle between the

flow direction and the wall, must be of the same order as € and a in
Equations (10) and (12). Egquation (19) becomes

om 2 ok
SR
ox " (y+1)MO oy /.,
The equation, similar to (13) and (14), relating the total velocity
g = (u® + v?)2 +to the variation of pressure with distance s along
a streamline is
oq op
g == = = ==,
ds Os

and it follows from (16) that p/pY is constant along any streamline

downstream of the shock, Strictly speaking, p/py varies from
streamline to streamline since the shock is curved, but this variation

can be neglected since, at Mach numbers near to 1, p/py downstream
of a shock differs from its upstream value, po/poy, only by a term
of order (Mg—1)a. Hence from (8) of
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1
Lo <f- )y = 1+ = (M3-1) (1-k) - EEZ:B (=12 (1-k)* + ...,
Pg y+1 (y+1)?

.o (24)

Substituting (8), (21), (22), and (24) in (18) gives

1 : ( X [ ] .
2 4+ === (M2-1)(1-k) - ... 1 2.1V 2_1 —
PoYg ” 0 k) + (M0 1) (MO ) (a >

= P id (M2-1) ( i > - B, f?:a(M5-1)3 fa (M5=1) (1=k) = ... m<?§> :

y+1 ox ¥ y+1 y+1 oy x
2
Hence € & = cmemeee (1 - k),
(y+1)My
2
Bnd, in faC‘t, & S e mmemame. (1 - k) [1 + O(MS-JI)Q],
(y+1)Mg
ok
since, as can be verified from results obtained later, ( - ) and
( - > are of the seme order. Hence from (21) and (24)
oy /.
pu 2(M3-1)?
e = 1 4 emmZeeo- k(1 - k) +o(Mg-1)3, .o (25)
PoY (y+1 )M20

and Equation (20) becomes approximately

om 2 9
( - ) SR I oo e (26)
oy /., (y+1 )Mg ax ¥

It follows from (23) that

*k 9%k 3%x*?
= g + Aadal h=1 ——— . o ee (27)
W ax? ax?

This equation of motion is useful principally in the external flow
downstream of the shock, but it does in fact apply everywhere in the
external flow-field except, of course, actually at the shock, where the
derivatives are discontinuous, It is easily verified that the solution
in the compression-wave region, where k is constant along Mach lines,
satisfies (27). For by (9) the Mach lines are approximately at an angle

1 1 1
tan™* (M - 1)% = tan?[(2k - 1)2 (Mg -~ 1)2] to the normal to the wall,
and since from (17)
1
¥ =~ constant + (Mg -1)2y,

1
k must be a function of [(2k - 1)2 ¥ ~ x] in the simple~wave region.
Hence in this region

ok

1
——— = Ll (2k"'1)2 bt Q..(28)
o 9x
and (27) follows, Similarly (23) and (28) are equivalent to (12), since
v 3
& o - = (Mg ~1)2m, However the simple-wave solution is only valid

Yo when/
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A
when (2k -~ 1)2 is real, i.e., when k > 7 and the flow is supersonic;
downstream of the shock the solution takes a different form discussed in

a later section,

3,4 The conditions imposed by the shock

If conditions just upstream and downstream of the shock are
denoted by suffices 1 and 2 respectively, and a denotes the angle
between the flow direction and the wall, then a, = € + a , where ¢
is given by (10) and a, is given by (12) with k put equal to k. Thus

2 1 3 1
A ———— -1~ (2%, -1)% k, +k, - 1)° - k)5,
Mg (y+1)]\/]% 3[ (1 )]+(1+g ) (kﬂ. 2)

. (29)

3
since from (22), m is approximately (MB ~ 1) 2 times the flow angle,

If x at the shock is denoted by X, it follows from (11) and (17) that
approximately

ax 1
-~ = (k +k, - 1)% eve (30)
ay

This relation determines k;, the value of k immediately downstream

of the shock, in terms of the unknown, but in principle determinable,
relation between X and V. Thus, as has already been mentioned, (30)
implies that k, = O on the centre line of the channel, where k, = 1
and dX/ay = O. In general, k upstream of the shock can be determined
as a function of x and V, as will be shown in a later section. Hence
k, is given for a given form of shock, and (30) then gives k,.

Similarly (29) imposes conditions on k downstream of the shock, Thus
consider for example conditions near the centre of the channel, where

k, = 1. Relation (29) simplifies to
(1= k)i
M, = ——e———— 1-%k )k,
N C75D) ' :
am, 2 (1-3k,) dk,
Hence — = - 3 —
ay (y+1 )M“(’) 2k,2  ay

2 (1=3k,) ok 4 s 0k
5 ()
(v 2k,2 o 7, Ox /,

by (30). Similarly

dm om 1 , Oom
(3
ay oy ax

2 2
2 ok 1 s 0k
e s -(1-2k)<-->+k2<—->
(y+1)M3 ox /, oy /,

by (23) and (26), Hence

Ei:?ﬁl@f) . (3-71{2)(?{‘) - o o (31)

But/



a®x 1 dk,
But —ee = =m—z ——= by (30)
ay? 2k, 2 ay

fl
N
W=_L
[SE
VRN
_glcu
1w
”\/
+
NS
N
vl Q
W R
N
0

a*x ok

Hence (1 = 5k,) == + (1 = k) < —- > - o or (32)
ox

2

For any given form of the shock, relations (31) and (32) determine the
first derivatives of k Just behind the shock in the central part of

the chamnel, and similar, but more complicated, relations can be obtained
for the region nearer the wall where k # 1.

3,5 The conditions imposed by the subsonic layer and the solution
upstream of the shock

The pressure and other flow parameters in the subsonic layer
are assumed to be constant across the layer and to be functions only of
¥X» This assumption is probably fairly accurate since the streamline
forming the boundary with the external flow is continuous everywhere in
its slope, which is everywhere small, Denote by suffix S conditions
in the subsonic layer, the additional suffix O being added to distinguish
initial upstream values, Then

P P 2y
2o B o e - -k by (8),
Pgg Po y+1
2 X
Ug y=1 y=-1
= |1+ = R QR T
< u 2> 2 50
S0
by Bernouilli's equation, Also
1 1
p Pg \Y 2y Y
£.=<ﬁ> I PR A N ICIER S
P30 Po y+1
Hence if the thickness of the subsonic layer is t,
t P Ul
- = _S0_S0 by continuity
% Psls
A ¥l -t
Py \ Y 2 Pg \ Y
MY CHMED] R
po (y-1 )MSO PO

If M. is extremely close to 1, or if k is close to 1, (33)
approximates to

t 2(M2=1) (1-M2)
-— = 1+ IR I ;§9_ - kS)’
tg (y+1 )MSO

but this becomes very inaccurate for small values of k., at Mach numbers
M. above about 103, It is preferable, therefore, to lise an approximate
rélation of the form

2(M2-1) (1-M.2
AN 20071) (1 i) [1-kg+ A (1 =K1, ...(38)
tg (y+1 )Msg

where/
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where the constant A 1is chosen to give agreement with the more
complicated exact form (33) at k = 0, Values of A +thus determined
are given in the attached Table,

TABLE 1

M, 1 1,02 1.0k 1,06 1,08 1,10

| A for M

= 0,6 E 0 0.185MWW0.47 ~~o;73wv«1;92w~wd.45

H
i
PRI SR

so =

§ 0,7 . 0 0,160 0,36 0,62 0,98 1,56 i
0,8 0 0,170 0,3% 0,56 0,83 1,18
f 0.9 0 0,201 0,52 0,80 1,12 1,50 §

Prov1ded A is not too great the approx1mat10n (34) represents the
accurate form (33) quite well over the whole range 1 kS > 0, as can

be seen for the following calculated example, for MO = 1,10,

MSO = 0,8 and A = 1,18.

TABLE 2
b L s e e e e s i ;

4/t according to (33) | 1,215 1.146 1,093 1,054 1,023 1 |

0
%t/to accordlng to (3&)

g 1,215 1.153 1,101 1,058 1,024 1

at 2(B=-1) (1-M2)t dk
U e e B L)
ax (yw1)Még dx

This is equal to the angle between the wall and the streamline V¥ = O,
which forms the boundary between the external flow and the subsonic layer.
On this streamline k = k., and it follows from Equation (12) that

upstream of the shock s’
dks N 3
[1+ 2801 = k)] ===+ = [1 - (kg - 1)2] = © ... (36)
dx 3
M2 (ME-1)%
where N = -§9--9-;"-" . XX (37)
M5 (1-1g) v,

Equation (36) can easily be integrated numerically for k. in terms of
Nx, Values are given in the attached Table for various values of A,

TABLE 3
é M%W W“W&;“&?”W&?W“&ymwaym‘m%

e S NS RVU FEVI R ——— S—

:-Nx for A=0 : O 0312 0,675 1.143 1.893 2,614 |

Ol ; O O.43L 0,886 1,447 2,287  3.049
0.8 0 0,536 1.098 1.75h 2,678 3,482 |
1210 0,648 1,311 2,059 3.071 3,917 |

The/
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The solution for k equal to k along the streamline ¢ = O,

S’
determines k everywhere else in the external flow upstream of the shock.
This is because k is constant along the Mach llnes, which are inclined

at an angle ten™* [(2k - 1)2 (M - 1)2] to the normal to the wall.
(Compare section 3,2.

At ¥ = 0 it follows from (22) that

dt

3
-~ = (8 -1)%m.
dx ° g
Hence at ¢ = 0,
s om 2(M-1)% 8k
O - 1)F = = O by (23)
9x (y+1 )Mg ay
2(M2-1)(1-M2)t a2k dk. \?
= - _5_9-_25__-§92-9 [1+28(1 = k)] 5. 2A< -8 >
(Y+1)MSB 1_ ax? ax

by (35). Hence

9%k 3k 9k
[1+2A(1—k)]---——2A<--> +#N-= = 0 at ¥ = 0, ..(38)
ax° ax oy

by (37). This relation applies both upstream and downstream of the shock,
but it is only required as a boundary condition for the downstream flow,

From (36) it can be seen that at ¢V = O

9 dk 3%k 9k
-— {1 + 201 = k)] -- = [1 + 2A(1 -k)]--—-2A<-->
ax ax x> ax

-+ 0 as k = %, i,e.,as x — O.

Thus from (38) dk/ay = O at x = ¥ = O, From the equation of

9%k ok
motion (27), - = 2 ( - > at x = ¥ = 0, where k = 3.
ox

Thus 8°k/3y® is non-zero and positive whilst 8k/3y = 0. However,
downstream of the shock k cannot become greaber than %, because it is
assumed that the flow is subsonic, Hence there is a singularity
immediately downstream of x = ¥ = 0, implying an infinite negative
value of 3°k/6y®. This singularity is, however, due only to the

o]
Y

approximations made in the analysis. Really at x = ¥ = O the gradient
of k is zero in a direction locally normal to the streamline ¢ = 0O,
rather than normal to t?ﬁ?wa%% Hence, since the streamline ¥ = 0 is
2 1)z
inclined at an angle ===se-—- to the wall at x = 0, [c.f. (12)],
3(y+1 M
ok 1 ok
-~ o ez == by (17)
oy (M3-1)% oy
2 2
2(MO-1) ak 2(MO—1)N ;
= mmmmeom= -- = - by (36).
3(y+1 )1 8x 9(y+1)My(1+4)
ak 2(M2-1)3M 2
Hence -— =-- 0 50 by (37).
dy 9(y+1)My (1-Mg8) (1+4) £

But/
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But from (27)3 (36), and (17)

9%k 2(M2-1)%M 2
s = et at x = ¥ = O
dy 9M0(1-MSO (1+4) ty

Thus there is no need for 8°k/8y® to be infinite. Nevertheless, it
remeins true that at x=y = 0, 08k/3(N{) is much smaller than at most
other points in the external flow (except where the flow is parallel to
the wall), and 9°k/0(Wy)® and higher derivatives with respect to N

are exceptionally large in magnitude; this choice of independent variable
is pertinent because according to the next section, 3.6, k is a function
only of A, Nx, Ny, and the height of the channel.,

The fact that the channel is assumed to be of constant height
imposes an integral condition, as follows, If the centre line of the

channel is the streamline ¥ = C, and its distance from the wall is
Yo» it follows from (17) that
(¢ pu
yc = %t +[ -._-Q_Q?_.. ay.
0 (M%—‘l YZpu

Hence from (34) and (25), approximately,

_ ik 0 . - 2
yC = t. + ——mme——— ;“—— [1 kS + A(1 ks) ]

ck(1 - k)ay. .. (39)

t e — g = mm=Sm———
2 0

C 2(Mg-1 )35 f

Hence since k = 1 far upstream,

2 [¢]
1 - kg + A1 - kS) = N jo k(1 - k)ay. o (4O)

Far downstream the pressure must be uniform across the channel, so that
k must asymptote to its final value kF everywhere, In other words,

kP - kF as X 2 oo ooo(hj)

and from (40), NC = memecemme . ees (42)

From the equation of motion (27) it can be seen that

a° %k
—— [k(1 = k)] = = —.
ox® ay?

Hence (40) can be written

92 [ ( 1 ak ok
~—— |1 -k, + A(1 -k +N<—-> —<--> = O.
S S
ax’ Wy N OV g0
This is equivalent to (38), since

dk
- = O at w = C, 00'(45)
oy

by/
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by symmetry. Thus provided the boundary conditions (38), (41), (42), and
(43) are satisfied, (40) will also be satisfied, so it need not be
separately considered, It is worth noting too that symmetry requires

Pk P a2n+1k
———— 2 e = evea = reesmmeesmes = sooe = 0
awa aWS 8¢2n*1

on the centre line, in addition to (43), but these additional conditions
are automatically met provided (43) is satisfied, when they follow from
successive differentiations of the equation of motion (27).

3.6 The form of the solution downstream of the shock, and its
rough evaluation

The equation of motion (27) has to be satisfied under the
conditions, described in section 3,4, imposed by the shock, and under the
further boundary conditions (38), (41), (42), and (43). Write Nx = x,
Ny = ¥, end NX = X. Equation (27) becomes

9%k 9%k 9% K?
——t m—— E —— e (271)

P ax° o

and the relations (23), (26), (29), (30), (38), (41), (42) and (43) can be
written as
(y+1)M2 om ok :

........ - = -, oo (23Y)
2 ox oY
1) o )
EZt_.)._Q oLl (k - 1), oo (261)
2 oy ax
(Y+1)M% 1 3 1
_______ mp = = [1=(2k, = 1)3] + (k, +k, = 1)% (k ~k.), ..(29")
2
ax 1
= = (ks + k, = 1)3, ... (30%)
ay
Pk ok \®* ok
[1+ 2001 = K)] -_-_-—2A<-:> b= = 0 at § = 0, ...(38")
% ax o
k = ky as X = oo, cee(B11)
1+4(1-k)
) o (42)
kp
ok
and -— = 0 at w = NC. -o-(li-jt)
oy

Clearly, therefore, k is a function only of x, ¥, A, and k_, whilst

X (defining the position of the shock) is a function only of ¥ , A,
and kF’

The upstream solution for k has already been given in
section 3,5. Consider conditions a long way downstream, and write

k = kF+k'.

Equation/
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Equation (27') becomes

*k 9%k ' 3%k ok \?
GE e = (z)
and far downstream it must approximate to
9%k *x
pe- + (1 - 2kp) el 0. oo (k)
3k \? %k
This is because ( 5}:{) must become very small compared with 5::{; H

if the two terms were of the same order, k' would need to be proportional
to log x, which is incompatible with (41'). Similarly the boundary
condition (38') approximates downstream to

] ®k ok (45)
+ - ———t = = O ¥ = o, ves (L
(1 + 2201 kF) - - at 5

The solution of (44), under the boundary conditions (45), (41'), (42),
and (43'), is
- h

“Bux x, cos(BS)e 2 + ....

k = kp+ o cos(B, S)e

~Byx
+ o, cos(BrS)e + eene

where s = (4~ .21cF)"z --------- -
and for integral positive values of r f eoo (46)
1 [1+a(1-kp) ] =
Br(1-2kF2-_—-i;; ----- =m’¢r30<¢r<"’
Br[1+2A(1-kF)]
and ten ¢, = s
(1-2k)2 3
T
If kE‘ is sufficiently small, B, & -, and even when kF is as
1+4

large as 0,25, B, is roughly equal to 2B,.

2
The asymptotic solution (46) may be made the basis of a solution
of the full equation (27!'). Thus we may write

—

-B_x -B.x
2” + a, cos(BS)e 8" + ....

k = + ay cos(B S)e"B1x + a, cos(B.S)e
1 2 2
~2B, x

-(B,+B,)x -3B, x

+ g(l)e + h(P)e + i(V)e *eees oo (47)
where the equation (27') and the boundary conditions (38'), (41'), (42),
and (43') will determine the functions g, h, i, etc., in terms of the
arbitrary coefficients «,, a,, a,, etc, We thus obtain a solution with
an infinite number of arbitrary coefficients, which can be found from the
conditions imposed by the shock, (29!') and (30'), in conjunction with (23')
and (26'), The singularity at x = ¥ = O, mentioned in the preceding
section, might give rise to some difficulty, but, in principle at any rate,

s/
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a solution in the form (47) is clearly possible, The functions h, i, etc.,
are tedious to evaluate, but g can be obtained relatively easily as
follows, By substituting (47) in (27') and considering coefficients of
e-B1x ’ e—Bﬁx, and e-2B1x, we obtain, respectively, two relations which
are identically satisfied, and a third relation,

d?

LB (1 - ZkF)g + E\T}? = LB o cos®(B,9). oo (48)
The boundary conditions (42) and (L3') require
a 14A(1-k_)
-% = 0 at m = -‘t-f--ﬁ- * [ (49)
ay kq

The boundary condition (38!) yields equations, which are satisfied by
(46), for the coefficients of _ e BiX gna e Be¥ , and a third equation
-2B1x

for the coefficient of e » Viz,,

d
L;Bi[1 + 2A(4 - kF)]g + —§ = LAB} o cos®(B,S) at ¥ = 0. ..(50)
d

The solution of Equations (48) to (50) is 5
o? B,a? 1+A(1-kF) _
= m————— + B cos(2B,S) + =—-=-=mm r | ~m—————— - ¥ } sin(2B 8)
2(1-2kp) 2(1-2k,)? ke
B 1
where -- - 2 s8j + + - cos .
he ; f2(1 2kF) 1n(ZBisZ) 4B, [1 + 2a(1 gF)] os(2B sz)}
= 2AB, - 2B1[1+2A(1—kF)] + zm%_a-fa[1+A(1-kF)} cos(ZBisZ) ‘
12 e
, 1 .. 231[1+A(1—kF)][1+$A(1-kF)} sin(zB,s,)
2(1-2ky)? ko (1-21c,)2
and S, = 3 at ¥ = 0. Js1)
o (5

The attached Table gives some values computed from (46) and (51) for

fﬁé E%, \Tra.nd ﬁéai, and for cos(B;S), cos(B,S), and g/af at ¥ = O
= no,

_ TABIE L(a) A = O e
ky i 0,05 0,10  0.15 0,20 0,25 |
B, . 0,157 0,314 0471 0,635 0,810
By : 0. 314 0, 634 0,970 14352 14798
B/ L 187 -19,7 -6,29  =2,92  -1,62

_ cosEBisg - 0,987 - 0,944 =0.872 -0,77h =0.,657

T=0{cos(B,S) | 0,949 0,816 0,652 0,505 0,366
gley 1 =177 -15,9  =k17 1,76 -1,05
cos(Bisg o 1 1 1 1

T = nC<{cos(B,S) | 1 1 1 1

- s !
g/a? . =187 -19.1 -5.58  ~2,09  -0,62
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TABLE 4(b) kF = 0,15

A ? 0 O & "0.8 1.2 mwi
B, 0,471 0,301 0,267 0,217 |
B, . 0,970 0.713 0. 563 0. 465
B/ - =6.29  ~h36 =369 -3.18
_ coséBis) ; -0, 872 -0, 826 ~0, 800 -0, 782
¥ =0 {cos(Bs8) . 0,652 04 57k 0, 533 0, 509
L, g/o =17 2,57 =20k =1,70
: _ coséBisg é 1 1 1 1
¥ = nC { cos(BsS z 1 1 1 1
g/a | =5e58  =3.65 =298 =247

It will be noticed that g/a: becomes very large for small
values of kp. This is not surprising because the exponential terms in the
asymptotic solution (46) then decay very slowly, and (46) loses its
usefulness as the basis for a solution in the form (47).

A very rough estimate of the magnitude of the coefficients a,
and a_, and of the pressure distribution at the wall, can be made by
assuming that k can be represented by

X B x

k = ky+a cos(Bis)e-B:LX + a, cos(B,8)e 2 + g(l-ﬁ)e~2B1x

eee (52)

right up to the shock, Since B, is roughly equal to 2B,, it is
appropriate to neglect the terms in (47) involving @,, etc., if the terms
involving h, i, etc., are neglected also. Equation (52) involves two
unkmowns, ®, and &, since g can be found as above in terms of af.
The unknowns a«, and «, can be found by imposing the conditions that

k = - at x = ¥ = O, ee.(53)

and that k¥ = O on the centre line immediately behind the shock,
[cefo section 3.1.] The shock in the centre is some way to the right of
the line x = 0., [c.f, Fig,3,] From Bquation (30') we see that the
maximum possible value of dX/df would occur with the maximum possible
values of k, and k,, and since 1 >k, 2 z and % > k, > 0, the
maximum possible value of aX/afy is 1/¥2. Probably however the actual

maximum value of 4%X/df, which will occur somewhere between ¥ = O
and the centre line ¥_= nC, will be in the region of +. Since
aX/af = O both at § = O and ¥ = nC, it is reasonable to assume
that the average value of dX/d¥ dis in the region of 1/8, so that on the
_ nC 1+A(1—;F)
centre line X = }; = ——-é ————— by (42). Thus the condition that
KR
k = O dimmediately behind the shock on the centre line is roughly

equivalent to

1+A(1—kF) _ 1+A(1-3F)

k = 0 at X = eeece——ia s U = mmmmeemn . ...(511-)

Conditions (53) and (54) applied to (52) determine a very rough solution,
Computed values are giveén in the Table.

TABLE 5(a)/



TABLE 5(a A = O

1 4w s s s

|kp 0,05 00 0,15 0.20 0,25 |
Loy - 0.231 -0275  -0,343  -0,12  -0,632
L 10, 20 1,64 0, 830 0.555

0 1 2 3 4 5 6 7 8 9 10,

B I TRy Ty W W e

X
k at =0 for kF=O.05§O.50 Oe 41 0434 0,28 0,24 0,20 0,17 0,15 0,13 0,12 0,11
0,10: 0,50 0,36 0,28 0,22 0,18 0,16 0,14 0,13
0.15:0.50 0,35 0,27 0,22 0,20 0,18
0, 20: 0,50 0,36 0,29 0,25 0,22
O.25§O.50 0,39 0,32 0,28 0,27
TABLE 5(b kp = 0,15
| A 0 0.k 0.8 1.2
| Xq =0, 343 =0, 348 -0, 358 =0, 370
| @ 0, 830 0. 652 0, 609 0,578
x .0 1 2 3 4 5 6 7 8 9 10
k at =0 for A=0 20.50 0,35 0,27 0,22 0,20 0,18
0,4:0,50 0,38 0,31 0,26 0,23 0,20 0,19 0,18
048:0,50 0,40 0,33 0,29 0,25 0,23 0,21 0,19 0,18 0,18
102°0,50 0,42 0,35 0,31 0,28 0,25 0,23 0,21 0,20 0,19 0,18
These values for k at ¥ = O, together with the values for

the upstream solution given in Table 3 of section 3.5, are plotted against
X in Figs. 6 and 7, It cen be seen that in all cases the pressure
gradients tend to be a good deal less steep downstreeam of the shock, where
the external flow is subsonic, than they are just upstream of the shock.
It is, of course, not certain that the accurate solution for the flow
downstream of the shock would behave like this, The solution in the form
(52) is very crude, and it would be desirable to consider many more terms
of the complete solution (47). However, the practicel difficulty of
working out the terms h, i, etc,, would make this very laborious. The
expression (52) in effect extrapolates up to the shock a form of solution
which is valid at large values of x. This procedure is perhaps to some
extent justified by the fact that the terms in a, and g in (52) tend

to cancel one another, Hence the solution for k¥ at ¢ = O would not
be vastly different if it were simply assumed that a, = g = 0 in
(52), and the single condition (53§ were applied to find a,. Thus it is

at any rate plausible to suppose that the full solution of the problem
would agree qualitatively with Figs. 6 and 7.

L The Application of the Solution to the Problem cf the Interaction of
of a Weak Normal Shock with a Turbulent Boundary Layer

As was pointed out in the Introduction, it is not to be expected
that the simple model studied above should give results in close
quantitative agreement with experiment. The most important factor
neglected by the theory is turbulent friction. Even apart from this,
however, there is no clear-cut relationship between the model shown in
Fig,1 of a uniform subsonic layer, and the real turbulent boundary layer
profile, The initial Mach number M 0 and thickness t, of the subsonic
layer must be chosen so as to give wﬁat may be regarded as the best
representation of the real profile, but such a choice is, within limits,
arbitrary. Since the solution depends on Mgy and t; insofar as it
depends on

it/
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it is plausible to choose MSO and to such that

(1-MS’o)Y Y (1-M3)
00 S A S - f O vy e s dy and to = EY,
Msg 0 M2

where M(y) dis the Mach number in the undisturbed turbulent layer upstream
of the region of interaction at a distance y from the wall, Y is the
thickness of the subsonic part of the layer, so that M(Y) = 1, and
F is some fraction of order 1. If we assume that the velocity distribution
in the undisturbed turbulent boundary layer can be represented by

1

u ¥\’
=- ()
U )
where u. is the velocity outside the boundary layer and 0 1is its total

thickness, we have for the case of zero heat transfer, where it can be
assumed that the total temperature is constant across the layer,

2
(= )2 P G )
U, 15d (1+}-"§'1M2) 8
It follows that for y = 1.4
2

12 1,5 y\7 6

F G G)

M 5\ M3 5 5

Thus the thickness ¥ of the subsonic part of the layer is given by
7

Y 1 5 z t
- = —<—-+1> = "9,

2
e} 6 Mb 78
1—MSQO 1Y (1) 12
and el I dy = ==
Maq Y Jo M 25
Hence Mgg = 0,822, The constant A can thus be determined as a

function of My by interpolation from Table 1 of section 3.5, and it is
given together with to/F8 in Table 6 below, Values of 1/FNS are also
included in this Teble, enabling the independent variable x of the

solution to be converted to a physical distance, Thus x = Nx so that
x Fx

- = ===, Finally the ratio of the half-height Yo of the channel to

o FNO

the boundary-layer thickness & has been computed from Equations (39),
(40), end (42) and presented in Table 6 as a function of the final
downstream value of k, kF: the relation for yC/FS is

y t NC t 12[1+A(1 -k ) ]M2
c Oly 4 il I R k) Mg
S 25kF(Mg-1)

Fo e

TABLE 6/
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TABLE 6

Mo 1 .02 1.0k 1,06 1.08 1,10
A 0 0.8 0,35 0.5 0,85 1.2
to/Fé = /8 1 0,89 0,79 0.72 0.6L 0,58
1/FN8 o 2,49 1.k 1,11 0,88 0,74 |
¥o/FS for kg=0,05 | o 259 134 97 77 70 |
0,10 © o 130 67 48 38 LR

0.15 i o 85 Ly 32 25 22
0,20 | o 6k 33 2l 19 16
0,25 | o 51 26 19 15 13

For a section of the channel of width w, the cross-sectional
area of the boundary layers on both walls is 2wd, whilst the cross
section of the channel is 2y,w, so that the ratio is G/yc. If we
consider the flow in a circular pipe of radius r, the cross-sectional
area of the boundary layer round the pipe circumference is 27rd, whilst
the area of the pipe is ﬂra, so that the ratio is 28/r. Hence for a
weak normal shock in a circular pipe r/® needs to be twice as large as
yc/S as given in Table 6 to give the same final downstream pressure.

The ratio of the overall increase of pressure through the shock
to the increase of pressure that would in theory occur in the absence of
a boundary layer is equal to 1 - kp. Hence it is evident from Table 6
that in any experiment with normal shocks in a channel or pipe the
boundary layer must be very thin compared with the channel height or pipe
diameter if a large fraction of the theoretical inviscid pressure rise is
to be achieved with an initial Mach number Mgy near 1. This makes the
experiment a rather difficult one because it is desirable to have as thick
a boundary layer as possible for the measurement of pressure distributions,
velocity profiles, etc. It is probably partly because of this difficulty
that no such experiment has been performed to date, The results of the
theory can in certain respects be compared with experimental results
obtained in transonic flow past, for example, an aerofoil, However the
surface is usually curved in such a case, and the upstream supersonic
flow is certainly not uniform, so that there are important differences
from the case of a shock in a_straight channel or pipe. Thus, as Ackeret,
Feldman, and Rott2 and Emmons> have shown, surface curvature would, even
in the absence of a boundary layer, be expected to give rise to a
singularity at the shock with a reduced downstream pressure. Probably,
however, in the presence of a boundary layer, the relatively steep pressure
gradients that occur where the external flow is supersonic would be little
affected by surface curvature or by lack of uniformity in the upstream flow,
Thus the maximum pressure gradient under the shock should depend only on
the external~flow Mach number M, Jjust upstream of the shock near the wall
and on the thickness of the boundary layer.

According to our solution, the pressure gradient at the wall

at x = 0, where the supersonic region terminates, is close to the
maximum gradient, [See Figs, 6 and 7.] At x = ¥ = O, where
k = kg = 7, Equation %36) shows that

dkg _ N

dx 3(1+4)

This means that the maximum pressure gradient at the wall is given by

da , p 2y (M20-1 NS (Mg-1 NS
& — ( - > CA S e = 0, 39 -------- ’
dx \ p, y+1  3(1+4) 1+A
if vy = 1.4, In terms of the stagnation pressure H

&/
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5 _d <€> ) O.é9(Mg~121-\_16
b \ H (1+4) (14802

Values have been computed from Table 6 as functions of MO’ and are as
follows:

TABLE 7
M, Y11,02 1,04 1,06 1,08 1,10

d ,p\ . ;
Maximum values of FO -- <-->§ 0 0,005 0.016 0,028 0,040 0,050
dx Pg '

)

d /PN |
Maximum values of F§ —- ( - ) 0 0,005 0,008 0,014 0,019 0,023

dx \ H

A OB 110 1 0 UL 1 418 10 0

Experimental results’' obtained from a two-dimensional curved
surface attached to the wall of a subsonic wind tunnel are shown in
Fig.8, The figure shows a family of pressure distributions in the
neighbourhood of the nearly-normal shock for various free-stream Mach
numbers, The thickness & of the turbulent boundary layer was about
0.35", so that for the weakest shock, for which M, = Tell,

d ,p
S =m < -> o 0,08, The values of Table 7, extrapolated to MO = 1,14,
dx \ H a P
suggest that at that Mach number, FO -- <-— > ~ 0,028, Thus to obtain
dx \H
agreement with experiment we need to assume F = 0,35, This seems at
first sight rather small, since the most obvious assumption is that tg,
the thickness of the subsonic layer in the model of Fig.1, is equal to
Y, the thickness of the subsonic part of the real layer, Thus one might
reasonably suppose that a value of F quite near 1 would take care of
any errors arising from the somewhat arbitrary choice of Mgp and tQ.
The smaller value of F, however, probably compensates in a rough and
ready way for the neglect of turbulent friction effects in the theory.
Equation (34) for the thickness t of the subsonic layer may be written

2 2
2(Mo-11) (1-Mso)to

£ = by = e tmmmmm———— [1 - kg + A0 = k)], ...(34Y)

and the left hand side of this equation is equated with the amount by
which the innermost streamline of the external flow is displaced outwards
from its original distance from the wall, This displacement is probably
overestimated by (34') if ty is put equal to Y on the right hand side,
because (34') is based on the assumption of frictionless flow. In reality,
because of friction, the subsonic flow is not slowed down by increasing
pressure as much as is assumed, and hence the stream-tube areas do not
increase as much., This makes it understandsble that the best agreement
with experiment should apparently be obtained with F = 0,35, However
more detailed comparison with experiment is desirable to determine
whether or not the value F = 0,35 brings roughly into line with
experiment the other predictions of the theory, such as the relationship
given in Table 6 between y,, the half-height of the channel, and My
and k.

The distributions of Fig.,8 show that the pressure gradient
under the shock increases at first with increasing Mach number My for
values of My near 1, where My corresponds to the minimum pressure
at the surface of the aerofoil just upstream of the shock, However the
gradient tends to an approximately constant limit for rather higher
values of Mgy, The results of Table 7 appear to be consistent with this,
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It is interesting to note that the solution indicates that as
the Mach number Mgy approaches 1, the region of upstream influence of
the shock increases, despite the fact that the pressure rise through the
shock decreases, This apparently paradoxical result is due to the fact
that the thickening of the subsonic layer tends to be proportional to the
pressure rise, and hence to (M} - 1), whilst the maximum deflection of
the extegnal flow from its free stream direction is proportional to

(M2 - 1)%. To accommodate the increase in boundary layer thickness, 1
thérefore, the region of upstream influence tends to vary as (M% -1)72,
This effect is, however, only operative at Mach numbers close to~ 1,
because of the non-linear relation between pressure and the thickness of
the subsonic layer,

It may be desired to obtain a rough estimate of the overall
increase AS* in boundary-layer displacement thickness through the
shock wave., The left hand side of Equation (34!'), (t - tg), may be put

equal to A8%, and assuming Mgy = 0,822, y = 1.4, end, tentatively,
tg = 0,35Y, we obtain
Ad* . Y
- - - - - 2
6- = 0,14 (MO 1) : [1 kp + ING kF) 1,

where kp, the final downstream value of Kk, depends on the dimensions
of the channel, as in Table 6, For an infinite channel or pipe

};F= 0 and
£5* Y
—== = 01k (M3 - 1)(1 + A) -
8 8

Values of this expression computed from Table 6 are given in Table 8.

The upstream value of the displacement thickness &* is approximately

equal to 0,168 for My in the range 1 to 1.1, [c.f, Ref,8], and
AS*

values of the proportional increase in 0%, ---, have also been included

. &%
in the Table,
TABLE 8
L Mo 1 1402 (A 1,06 1,08 1.10
| s I
e 0 0, 006 0,012 0,019 0.027 0,038 :
8 ;
L oAS*
| e 0 0 0 O 0.08 0,12 0,17 0. 24
O*

The results of Table 8 are of course only tentative since it
is only a possibility that by putting tn = 0.35Y and Mgp = 0,822,
as above, the behaviour of a real turbulent bouandary layer can in all
respects be approximately represented by the theoretical results for a
uniform frictionless layer.

Be Conclusions

The solution obtained suggests that Figs., 6 and 7 represent
the general shape of the pressure distributions at the wall for
interactions between a weak normal shock wave in a straight channel and
a turbulent boundary layer., However the following points must be borne
in mind:-

(i) The model of a frictionless subsonic layer shown in Fig.1 is
an artificial one, (a) because it ignores friction, and (b) because even

if/
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if friction played a negligible rdle in the real case, (except very near
the wall where it is essential if flow reversal is to be avoided), the
real profile is not the same shape as Fig,1. )

(ii) Downstream of x = O the accurate solution has not been
found even for the simplified model of Fig,1.

With regard to this last point, there are reasonable grounds
for believing that the accurate solution would be of the same general
shape as shown in Figs, 6 and 7, at least to the extent that %k - kF)
would be appreciable over about the same range of x for both the
accurate and approximate solutions, Point (i)(b) is also probably of
fairly minor importance; if friction only played a negligible part in the
real layer, except very near the wall, the solution for the model of
Fig.1 would probably represent the behaviour of the real liyer quite well
with Mgg put equal to 0,822 and t5 put equal to FY with F not far
from 1. In reality, however, the eff'ects of friction will not be confined
to the laminar sublayer, If F is put equal to 0,35, the theoretical
prediction for the maximum pressure gradient with Mg = 1.14 can be
made to agree with experiment, This somewhat low value of the factor T
serves partly to account in a rough and ready way for friction effects,
and it may be that, very crudely, putting P = 0,35 suffices to bring
all the theoretical results quantitatively into line with experiment.
Even if this does not prove to be the case, however, it seems quite possible
that the results will still resemble qualitatively those that would be
obtained with real turbulent layers.

Although the theoretical results have been obtained for the case
of a straight two-dimensional channel, it is likely on physical grounds
that there would be little difference with a pipe of circular cross section,
provided that the radius of the pipe were related to the height of the
corresponding channel as discussed in the preceding section, Hence the
above remarks can be taken to apply to the flow in a pipe as well, Pipe
flow is of course easier to achieve experimentally than two-dimensional
channel flow,

To sum up: The theoretical results suggest that in experiments
with upstream Mach numbers M, in the range 1 to 1.1, and with the
dimensions of the pipe or chamnel adjusted so as to make the overall
pressure rise a given fraction of the theoretical normal-shock value, the
pressure distributions at the wall should not be too sgnsitive to My

P-Pg (M3-1)2 x
when plotted in the form of RN against VI 3 s where A
(MO-1 )po MO(1+A)5 )

and Y/8 are given as functions of My in Table 6, p is pressure,

p, the upstream pressure, and & the boundary-layer total thickness,

If this method of correlating experimental results should prove fruitful,
and the results resemble qualitatively those shown in Figs. 6 and 7, it
would be reasonable to conclude that friction is not of dominant
importance in the interaction, but that the frictionless "Bernouilli"
thickening of the subsonic boundary=-layer flow with increase of pressure
is at least a very significant factor also,
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