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SUMMARY

A description is gaven of wind tunnel experamental investigations
of rotational flows through diffusers and contractions. The purpose of the
investigations was to test the accuracy of a theory previously derived for
two-dimensional plane walled diverging or converging ducts and of actuator
daisc theory for conical annuli, Conical flow tests were made in one case
with a free vortex blade row of large deflection., OtHer tests were made
with an axial compressor inlet guide vane nozzle generating a small
swirling velocaity distribution close to solid rotation. Particular
attention is drawn to the separate influences exerted by two vorticity
components originating from gradients of siagnation pressure and of fluid
angular momentum,
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1. Introduction

The fluid dynemic design of an axazal turbo-machine requires the
solution of three main problems. In the first stege the energy transfer
process between the working fluid and the rotor is specified for each
streamline, Thas involves the apecification of staghation pressure or
enthalpy along esch streamline and in consequence the distribution of
fluid angular momentum. It 15 necessary here to assume a streamline
pattern., For example, the potential flow streamline distribution which
can be computed for the annulus with the blades removed is usually taken
as the starting point.

In the second design stage the centrifugal balance of the fluid
is calculated for the specified distrabutions of stagnation pressure and
fluid angular momentum. If gradients of these quantities exist normal to
the assumed axisymmetric potentiasl flow surfaces, the flow 1s in fact
rotational. The stream surfaces of revolution then depart slightly from
the potential flow surfaces computed in Stage No.1. The velocities thus
calculated are of second order of accuracy for first order rotational
perturbations which is quite good enough for practical purposes., If, on
the other hand, gradients of stagnation pressure and fluid angular
momentum are zero normal to the stream surfaces of revolution, the flow
is irrotationsl and design Stage No.2 is not required. Among the available
analyses the most successful for ax%al flow machines are radial equilibrium’,
actuator disc? and single parameter? theories. With these thesories it is
possible to estimate the axial velpcity profiles which for all cases except
the rotational or free vortex case, are non~uniform., With this information
it is then possible to construct the correct velocity triangles.

The thaird design stage consists of the selection of blade cascades
which are aerodynamically suitable for producing the correct velocity
triangles.

This paper is concerned mainly with experimental investigations
of the radial balance of swirling fluids in conical annuli, in connection
with the second degign stage. The development of actuator disc¢ theory for
¢ylindrical annuli? can be traced through Refs.3 to 7. A fair volume of
supporting experimental work has been undertaken in parallel which has shown
the accuracy of the theory, for example, Refs.8 and 9. The present project
has been concerned with the extension of actuator disc theory to
non~cylindrical ducts. 4s a first step the flow through two-dimensional
plane walled diverging ducts was considered’! and also the non-swirling flow
through conical annuli. These systems correspond to the flow from line and
point sources, respectively, with the introduction of rotational velocity
perturbations., The conical theory was then extended to inolude swirling
velocity components and a conical actuator disc theory was developed12.

In parallel with these theoretical studies the present paper sets out to
present an experimental investigation of both stages of development of the
theory. Section 3 describes the two~dimensional plane walled duct
experiments, Sections & and 5 describe various conical duct experiments
degignsed to bring out some of the more interesting results of the theory.
In particular, these experiments have been arranged to illustrate the two
types of vorticity which are found in incompressible flow arising from
gradients of stagnation pressure and fluid angular momentum normal to the
stream,

In the section which follows, some of the fundamental background
theory is given. Equations giving the actual theoretical predictions in
terms of the experimental duct geometries are included in each section for
reference as well as for illustrative purposes. The detailed derivation
of some of these equations is aincluded in Appendix II.

2. Fundamental Background

The fluid is assumed to be inviscid and incompressible, The
further assumption i1s made that the flow is axisymmetric, for which case the
continuity equation may be written in cylindrical co-crdinates 2, R, ©,
Fig.1 as follows: du
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From this equation Stokes' stream function V¥ may be defined
such that
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The tangential (0) component of vorticaty is defined as
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which, on substitution from (2), gives an equation relating § to 1
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Also since V¥ is a function of R and Z only
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or for steady flow using equations (2)
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V— 32— = 0. vee (5)
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In vector notation we have

tl
<

q .« grad ¥ eeo (5a)

which states that the gradient of ¢ 15 normal to the velocity in the Z, R
plane. In other words ¥ 1is constant along each streamline.

It 15 possible to deduce also»13 from the equations of motion and
easy to visualise that an the absence of blade forces the fluid total

pressure po and angular momentum sbout the axis (wR) will both be conserved
along streamlines,
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Ancther important equation, deraved by Bragg and Hawtho::‘nel’L relates m to
Po and (wR)

A e (7)

A1l of these derivations are dealt with in more detail in Ref.13.

Equation (7) states that graduents of (wR) and p, normal to
the streamlines correspond to the exastence of two components of the
tangential vorticity m. It has also been shown in Rel'.13 that these
components are quite distinct from one another. The first is known as
streamwise vorticity and originates from the shedding of blade bound
vorticity into the stream with the vector direction of the velocity. This
vorticity resolves anto axial, radial and tangential components. The
second component of m, due to gradients of p,, is known as smoke-ring
vorticity because 1t forms closed rings concentrac with the machine axis.
The streamwise and smoke~ring vorticities are 1llustrated ain Fig.2.

I deravatives of Py and (wR) normal to the streamlines are
zero, M 1s zero slsoc and the °flow 1s irrotational as mentioned in the
intreduction.

Equations (65 and (7) may now be combined to give

F, (¥
1 = ——-)-+RF (¥) ven (8)
k

where E_ and F2 are functions of V¥ and are related to derivatives
of (wR) and Pge

It is evident from eguation (8) that for converging or diverging
flows in which R varies following each streamline, the streamwise and
smoke-ring tengential vorticities will vary differentially. One will
increase in strength in proportion to R while the other will decrease
inversely with R. In the case of cylindrical flow this result has no
significance. The conical theory and experiments have been conceived
for the purpose of illustrating this result for the simplest known
diverging flow namely that of a rotational source flow. The smoke-ring and
streamwise vortex filaments arc convected along surfaces which are almost
conical and produce a known variation of R. The detailed analytical
results are derived in Refs.?1 and 12 and summarised in Ref.13.

Smoke=ring vorticity has been introduced by using suitable gauzes
to generate variations of p_. Streamwise vorticily has been generated by
the aintroductioh of annular- casoades of blades. Experimental details are
included in each sectioms: & .. ~-

.,
,Ms. -

3. Two-Dimensional Experiments with Plane Walled Diffusers and Contractions

The experiments destribed in' this section were conducted with plane
walled daffusers and contractions 1llustrated in Fig.3. The purpose of the
tests was to investigate the effect of duct divergence or convergence upon
velocity profiles generated by gradients of stagnation pressure, In this

case/
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case & vorticity component i1s present normal to the two-dimensional plane
snd similar to the smoke-ring vorticity found in axisymmetrac flow. In the
presence of this vorfticity 2t has been shown!? that inlet and outlet axaal
veloclty perturbations wu', that as departures from the irrotetional
velocity U, for each streamline are related by the equation

u! u!

= 1
- = 7\2 - ven (9)
U, U,

ocutlet area
where A = eerr———,
inlet ares

3.1 Description of rig

A special working section, shown in Fig.3, was built into the
10 ins x 5 an. low speed wind turmel at the Cambridge University Engineering
Laboratory. The duct was in two sections of constant depth 10 in. The first
section was 12 1n. an length and had parallel side walls 5 an. apart. The
gside walls of the second section continued parallel for a further length of
16 in. and then merged through a short flexible length of perspex into
another plane walled section of variable divergence angle 0,, The duct

ejected into the room,

Patot traverses were made at entry into the diverging section,
Station 1, and at outlet, Statron 2. Two static pressure tappings were
provaded jgust upstream of Station 1, in the top wall. Another tapping was
provided in Section 1 which, in combination with a total pressurs probe
inserted in the same plane, gave a mass {low calibratron uninfluenced by
changes of gection 2 or by gauzes introduced between Sections 4 and 2,

Pitot static measurements were made at Station 2. 4%t Station 1
total pressure probe readings were combained with static pressure recorded
at the wall, in order to compute inlet velocity.

2.2 Prelimihary tests

An initial test was made with a narrow gauze strip generating a
strongly sheared profile and with parallel walls, in order to check
whether or not significant vascous diffuszon of the vorincity of fthe
sheared profile was likely to take place. Velocity profiles at Stations 1
and 2 are shown in Fag.ha. It is apparent that little change in the
velocity profile occurred between inlet and outlet.

The duct angle was then increased to 15° of diffusion. Resulting
inlet and outlet velocity profiles are shown in Fig.4b.

The dashed curve is the theoretical outlet velocity predicted from
the inlet velocity profile by equation (9). The area ratio was 1+47.

Further tests with this gauze were abandoned beocause of flow
separations in the low velocity regions at the centre of the top and bottom
wells, which distorted the two-dimensional pattern of the flow, OSmall
separation zones were present in the test described. Zven so, close agrcement
was obtained with the theoretical prediction., Maximum perturbations were as
great as LO%,

This preliminary test did indacate that a concave velocity
dastrabution inhibits flow scparation from the diverging walls of a plane
diffuser to a marked degree, The duct angle was increascd to 20° before any
large scale stalling occurred, except of course in the low velocity regions on
the top and bottom walls where rcasonably steady separation zones were Tound.

3.3/



3.3 Linear velocity profile

A lincar shear profile was generated by an array of-% in., diameter

steel rods set at a graded spacing. With this profile the flow separated from
the diverging wall on the low velocity side even for small angles of
davergence., One experiment was completed with 10° of convergence and with an
area ratio of O«7. Inlct and outlet velecity profiles arc compered in Fig.b
with a theoretical lanear shear profale ignoring boundary layers. Ixtremely
close agreement was obtained for the main stream velocity.

2.4 Concave velocity profiles

More detsiled tests were made using gauzes 1 and 2, Fig.3, which
were shaped to generate concave velocity profiles with small perturbations
to restract the separation zones on the top and bottom walls.

Detalled surveys of the inlet velocity profiles were made at
Station 1, Figs.6a and 6b. Similar traverses were made at various duct
depths which revealed that the inlet velocity variations were approximately
two damensional. Gauze No.2 had slightly better characteristics than
gauze No.1 in this respect. With gauze No.2, detailed traverscs were also
madeGat outlet revealing equally good two-~dimensional conditicns at outlet,
Fig.6e.

Gauze No.1

With this gauze measurements were made of the outlet
velocarty profile with 10° of divergence and an area
ratio of 1+3 and alsc with 10° of convergence and an
area ratio of 0+67. Results compared closely with
equation (9} for both tests, Pag.7. It can be seen
that perturbations are increased in magnitude by
diffuser and atbenuated by a contraction.

Gauze No.2

In Fig.8 one comparison only is given of the
theoretical and experamental outlet velocity
profiles with a davergence of 12+1°, Agreement was
very good, the worst errors occurring in the low
velocaty region., It 15 always the case that the
linearised theory over~predicts the perturbétion :
(compare Figs.y, 7 and 8).

L, Annular Cascade Experiments for Conical Flow

The annular cascade experiments to be described now were modelled
on conical actuator disc theory. As already mentioned a point source flow
is taken as the basic irrotational flow system in the absence of blade rows,
When working in spherical co~ordinates it is convenient then to teke, as hub
and casing, cones with a common vertex located at the source. Inlet and
outlet areas are spheres of radius r, and r,, Fig.d. In the theoryl2 the
fluid is assumed to be in radial equilibrium, that is cylindrical flow,
at r, and r,, when swirling velocities are present, In the absence of
swirl, constant static pressure is assumed to exist at r, or r,. For

experimental purposes short cylindrical lengths were provided at inlet to
and outlet from the conical working section,

A detailed description of the annular cascade wind tunnel has been
given in Ref.15., The rig 1s shown in Fig.D and in cross section in Fig.10.
The main components are the Borda inlet contraction, working section, outlet
section and diffuser. The rig is located on the inlet orifice of a

centrifugal/
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centrifugal fan and operates as a suction tunnel receiving air from the
laboratory with constant stagnation pressure egual to room pressure,
Gradients of stagnation pressure were obtained by suspending suitably shaped
gauzes in the inlet ocontraction.

The working section consists of an accurately bored frame in
which components such as blade rings, traversing rings or shaped casings can
be housed, These are then free to rotate if circumfercntial traverses are
required, The conical duct assembly including a blade row is showmn
diagrammatically in Fig,.10.

The tests which are to be described may be summarised as follows:

(1) Flows without swirl, but with gradients of
stagnation pressure.

(ii) TFlows with small swirling components, with
and without gradients of stagnation
pressure,

(1ii) Flows with a free vortex cascade of large
deflection with and without gradients of
stagnation pressure.

(1v) Flows with a s0lad rotation cascade of small
deflection wath and without gradients of
stagnation pressure,

4.1 Conical flow without swirl

The duct used for the non-swirling test, Fig.1la, was contracted
in diameter from 14 i1n. to 1076 in. through a cone of total angle 20° 24°
and with an area ratioc of 0+59, This was preceded by a oylindrical section
5% ine long and followed by a cylindrical outlet section 15 in. long.
Traversing stations are also shown in Fig,11a. Total and static pressures
were measured by means of a wedge probe described in Ref.15. This probe was
found to be subject to smaller calibration errors near to the walls than the
cylindrical probe of more conventional usage.

Lels? Uniform total pressure

As previously mentioned, constant static pressure is assumed to
prevail at r, and r,. In these cxperiments 1t was not possible to arrange

these boundary condations exactly because the unperturbed irrotational flow
patbtern upstream of r, and downstream of 1x, was not that of a point source,

but of a source flow merged into a oylindrical flow. In consequence, slight
static pressure gradicnts were found at stations 1 and 2 1n the sense that one
would expect for the merging regions., A test was made with constant anlet
stagnation pressure to investigate these effects, Fig.12.

The plots of static pressure and velocity shown in Frg.12 are
slightly distorted by calibration errors near to the wall through which the
probe was inserted. The dashed curves show an estimate of the true statio

pressure.

This test suggested that the boundary condaitions were close to those
assumed theoretically.

L4e1.2 BStagnation pressure gradient

The experimental procedure was repeated with non-uniform stagnation
pressure generated by a conical shapcd gauze, wath a 60° vertex angle,
suspended in the inlet contraction in the manner illustrated in Fig.10, A
conecave axisymmetric velocity profile was generated with this arrangement,

Figs13./
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Pig.13. The dashed ourve shows the theoretical outlet profile according

to equation (9), compared with that recorded experimentally. Agreement was
very close indeed. The maximum perturbation was attenuated from about 2050
to 7% through thas contraction. Similar small variations of static
pressure across the duct were recorded as for the previous experiment.

For the purpose of computing velocity, recorded total pressure was combincd
with the mean value of static pressure.

4.2 Conical flow with small swarling velocities

For this experaiment the same casing was used, Fig.11b, but a
conical hub of common veortex was introduced, having a total angle of
9° 40', Swirling velocities were introduced by means of a row of compressor
inlet guide vanes designed to generate a vortex near to solid rotation, For
this experiment however the stagger was set 5° less than design to reduce
the magnitude of the swirling velocities. The hub was located centrally by
the blades at one end and by three struts, set mutually at 120°, downstream
of the working section., The traversing stations are also shown in Fig.11b.
Mean readangs over one circumferential blade pitch were taken of swarl
angle, static pressure andtotal pressure using the wedge probe.

A gradient of stagnation pressure at Station 1, Fag.il, was
generated by means of the conical gauze. In this way smoke=-ring vorticity
was introduced upstream of the inlet guide vanes. Streamwise vorticity of
similar magnitude was also shed from the blade trailing edges, sc that both
components were present in the duct.

The axial velocity profiles at Stations 1 and 2 are shown in
Fig.15a. The shear rate was almost linear and quite large. Since the
flow was almost axial, the tangential component of the streamwise vorticity
was very small compared with the smoke-ring vorticity., The theoretical
outlet profile shown in Fig.15 has therefore been computed from eguation (9)
neglecting the streamwise vorticity. The theory predicts the outlet profile
guite adequately.

The swirl velocity, shown ir Fig.15b, also compares well wath
the solution derived in Ref.12 which simply expresses that angular momentum
(wR) 1s conserved approximately along unperturbed strecam surfaces, that is
conical surfaces:

w'r = f(9) . ees (10)

Excellent agreement between theory and experiment has been
obtained for small swirling flows on this basis. The swirl angles here had
a maxaimum value of 22° at the casing, with the result that tangential
components of the streamwise vorticity were so small as hardly to affcct
the axial velocity profile.

4e3 Conical annular flows with large free vortex and perturbed frec
vortex awirl

The experiments described an this section werc conducted with the
annulus used for the small swirl experiments, Sectlon 4.2, but with a free
vortex blade row of large deflection introduced half-way along the annulus.
Experlments were made with and without gradients of inlet stagnation pressure.

' A cross sectional view of the conical duct assembly used for the
experiments is shown in Fig.10. The duot under consideration is bounded by
the conical hub and casing and by plancs perpendicular to the axis at
and 1, . The mathematical model requires spherical inlet and outlet

boundaries r, and r,. Planes were chosen to simplify the traversing

arrangements. In fact the traversing planes 1 and 4 were placed within the
cylindrical inlet and outlet lengths where radial equilibrium was assumed

to/
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to exist in accordance with the theoretical requirements for r, and r,.

In other words the fluid was sssumed to achieve radial equilibrium at
r, and r, and to continue in radial equilibraium to Stataons 1 and 4.,

Experiments were made with both converging and diverging ducts
although only the converging assembly is shown in Fig.10., For these
experiments a free vortex nozzle blade row was located half-way along the
conical section, The same conical section was used as for the small
swirling tests, with additional traversing Stations 2 and 3 located at
epproximately one quarter of a blade chord upstream and downstream of the
blades., It was also possible to make carcumferential traverses at other
positions by allowing the conical sections to rotate with the probe. At
Stations 1 to 4 special traversing rings were provided,

The two conical sections, separated by the blade raing, were made
of perspex to permit the use of flow visualisation techniques. Another
advantage was found ain the simplicity with which the probe could be set
visually o zero at the casing.

k.3.1 Test No.1 - Converging duct wath constant fotal
pressure inflow

In the farst test air entered the duct with constant total
pressure equal to atmospheric pressure. The hub and casing boundary layers
at Stations 1 and 2 are shown in Fig.ib., Although the main stream inflow
was 1rrotational, there was & considerable vardation of static pressure and
velocity at Station 1, from hub to casing, Fig.17. It was found to be
possible to modify the theory gaven in Ref.12 to take this static pressure
gradient inte consideration.

The traverse at Station 2 just upstream of the blades, Fig.17,
showed that static pressure and velocity were almost constant., This is
in gecordance with expectations for a point source free vortex flow, for
which the axial velocity U 1s constant at radaus r

C
U =2 =—
ra

The value of r would vary but little {or the actual plane of
traverse because of the narrow angle of the duct.

Conditions at the blade row were thus ideal for the generation
of a free vortex conical flow.

The swirl angles measured at Station 3 are compared in Fig.18
with the desaign angles for oylindrical flow at the same radii, It is of
partioulgr interest that blades designed from two~damensional cascade
data?9s 16 should produce the same swirl angles in a three-dimensional
conical flow in which the angle of intersection of the conical streanm
surfaces and the plane of the cascade varied from approximately 80° to 85°,

F1g.19 shows the axial and swirling velocity components U and
w at Stations 3 and 4 in comparison with predicted values assuming the
design potential conical free-vortex given by

c X

U = —'-'2" W = —-—— 'E X (11)
T r sin ©

WOl

where ( and K are oonstants.

it/
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It is much to the credit of the cascade data that the design
swirl velocity was obtained to within 1%%. Rather larger axial velocity
variations occurred due to secondary flow effects. The secondary
vorticity, however, exercised little influence upon the swirling velocity.

At Station 4 a very thick hub boundary layer had grown. This 1s
thought not to have been due to normal growth, but rather to the accumulation
of low energy air from the blade wakes centrifuged under the strong radial
pressure gradient imposed by the large swirling velocities., Outside the
boundary layer regions the flow compared well with the conical free vortex
at Station 4 also, Fige19. The axial velocity was almost uniform but
increased by the blockage resulting from the thick hub boundary layer.

The swirling velocity remained close to a free vortex swirl.

From this test with irrotaticnal inflow some idea has been
obtained of the possible extent to which vascous effects were likely to have
affected Test No.2 with rotational inflow conditions. Outside the boundary
layer regions good agreement with the inviscad theory is to be expected.

4e3.,2 Test No,2 = Converging duct with non-uniform inlet
stagnation pressure :

The experamental procedure of Test No.1 was repeated with the
conical gauze fixed 2n the inlet contraction to generaie s gradient of
stagnation pressure pg. The distributions of p, at Stations 1, 2, 3 and
4 are shown in Fig.20. The full curve {a) showing the distribution at
Station 1 has been superimposed upon the others for comparison. According
to approxamate conical actuator disc theoryl? Pp 1is a function of O only.
At Station 2 there was little change from the distrabution of py at
Stataon {1, Just downstream of the cascade at Station 3, the total pressure
was reduced by the blade wake losses, This reduction was greatest near to
the hub where the blade passages were long and narrow and the mass flow per
unit blade height was least, Also an ainward flow of the blade boundary
layer under the radial pressure gredient probably tended to increase the
losses near to the hub. At Station 4 the growth of a thick hub boundary
layer considerably modified the distribution of p, near to the hudb although
the distrabution was substantially the same over most of the duct area.

The mean static pressure was combined with measured total pressure
to compute the axial velocity at Station 1. A linear curve, Fig.21, has been
drawn through the experimental points to be used for making theoretical
predictions. Velocity components at the other stations have becn computed
for this inlet velocity profile, assuming the cascade to be replaced by an
equivalent actuator disc placed (a) at the mid-chord position, and (b) at
the blade trailing edges. In applying the theory the design cascade
deflection angles were assumed, Fig.18.

The experimental and theoretical velocity components at Stations 2,
3 and 4 are compared in Figs.21 and 22, Apart from the hub boundary layer
and the profile distortion introduced by secendary vorticity, excellent
predictions were obtained by the lineariscd conical actuator disc theory.

An interesting feature of this experiment was ihe inversion of
the axial velocity profilc beiween inlet and outlet. For example, in the
absence of swirl the predicted outlet profile, as shown in Fig.21, would have
vorticity of the same sign but reduced in magnitude. Thus the law for ,
smoke=ring vorticity would apply

2
o= *a "
+ a2 - — ni * se0 (12)

Double and treble primes dcnote smoke-ring and streamwisc
vorticities respectively.

With/
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With free-vortex blades present, however, the theoretical outlet
velocity distribution as deraved in Appendix IT is

3 b

rm
. ('““') tar® a .
gu! T u r u
_a_z(_&)__t_< et 2 (13)
r, 36 144 tan2a | 2O

Since the fluid is in redial equilibrium the vorticities at inlet
and outlet are then related as follows

()
1 —— tan” o
2 ' r,

i ' (14)
—— 'r]i- — T]i e f-
Ty 1 + % tar® «

m, has two components of opposite sign. One of these 1s the smoke-ring

vorticity admitted at inlet which obeys equation (9) above, gJust as it

would 1n the absence of +the cascade. The other component is the tangentially
resolved compenent of the streamwise vorticity shed from the cascade because
of the initial presence of smoke-rang vorticity. The streamwise component

r a ™
r

(.Jﬂ) tan® «
r

-nlall = - ﬁ_,___i__....._,._._-.__. ‘T]i 'R (15)

1+ % tan®«
L J

1s opposite in sign to 7" . TPurthermore, while smolke-ring vorticity is
attenuated by a contraction, streamwise vorticity is increased in strength,.
Consequently, as the fluid proceeds along the duct the weak streamwise
vorticity introduced at the cascade grows unlil finally it dominates the
smoke-ring vorticity, causing the inversion of the axial velocity profile
at outlets, It is an interesting fact that the streamwise vorticity, while
owing 1ts origan to the smoke-ring vorticaity, finally dominates at outlet.

It may also be seen from the equations above that the axial
position of the actuator disc 2s a controlling parameter for determining
the relative magnitudes of the vorticity components. As the cascade is
moved towards inlet (increasing rn/Ty), the streamwise vorticity has
increasing predominance. It would be possible to find a position such that
the two components almost cancel one another at outlet resulting in almost
zero tangential vorticlty and umiform axial velocity. Predictions with the

actuator disc at the mid=chord or trailing edge positaions, however, were
almost identical.

The swirling velocity agrecd quate well with the perturbed frec
vortex predacted.

The greater curvature of the experimental profile at Station 2
than the predicted profile may indicate that the equivalent actuator dise was
an fact not parallel to the iraversing plane.

The swirl angles at Station 3 have beea compared in Fig,18 with
those recorded in Test No.1. There was negligible dxfference between the two,

demonstrating/
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demonstrating that secondary flows, duc to the deflection of the main stream
vorticity, were negligable.

Similar tests were made with the duct reversed. The resulting
diffusion gave rise to severe boundary layer growth, although flow
separations were restricted to a thin layer on the hub downstream of the
blades. Poor agreement with inviscid theory was obtained, although the
trends were observed. These experiments are reported in detail in Ref.1i.
Space does not permit their inclusion here.

5. Conical Annular Flows with Swirling Velocities Close to Solid Rotation

The experiments just described were concerned wrth flows wath
large swirling velocities close to a free vortex. The actuator disc theory
used for comparison 1s equally valid for arbitrary swirl distributions
provided the induced axial velocity perturbations do not exceed the magnitude
permitted by the linearising assumptions.

With 2rrotational inflow, the flow remains arrotaticnal downsitream
of the free-vortex cascade because of the constancy of bound circulation
along the blade length., The introduction of smoke-ring vorticity at inlet
to the duct in the previous experiment caused a change in bound carculation
and, 1n consequence, the shedding of trailing vortex sheets from the blade
trailing edges, treated analytically as distributed streamwise voriicity.

With other types of cascade, the blade circulation 1s intentionally
chosen to vary along the blade length., The streamwise vorticity then shed
into the stream determines the type of vortex swirl which 1s generatled. For
a solid rotation swirl, only restricted deflection angles arc permissible
to avoid large axial velocity perturbations., For the experiments described
here the compressor inlet guide vane row was used, which has swirl angles,
measured from the axial dircctaion which ranged from about 10° at the hub to
24° at the casing. The presence of smoke-rang vorticity in the stream, as
for the free vortex blade row, causcs the shedding of additionul streamwise
vorticity at the cascade. For these small deflections, however, the
tangentral component of this small addational streamwisc vorticity i1s quite
negligible. It 13 then sufficienlly accuratc to superimpose the individual
effects of the smoke-ring vorticity with the coscade removed and the
gtreamwisc vorticity which would appear in the abscnce of the smoke-ring
vorticity at anlet.

The duct geometry was identrcal to that for ihe free vortex tests,
Tests were conducted wath uniform and non-uniform inlet stagnation pressurc
as before,

5.1 Uniform inlet stagnation pressure

The swirl angles measured at Station 3, Fig.10, are showvm in
Fig.23a. By applying the corrcction for conical flow described in Appendix IIT
it was possible to estimate the swirl angles at the plane of thie actuator disc.
The tangent of this angle also 1s shown in Faig.2)b with a theoretical curve
which represents tan a, quatc closely, given by

tan @, = 3438 ~ 0128,

The actuatpr disc was placed at a distance of one third of the
blade chord from the!leading edge.”

In evaluating the test results an estimate has been made in thesc
experiments of the €ffects of inlet static pressure gradients. With consiant
inlet stagnation pressure the inlet static pressure and velocity
distributions are shown in Fig.24. Thec velocity prefile was almost linecar
and of the same order of magnitude as the rotational perturbations induced
withan the duct, Fag.25. The theoretical outlet velocity profile u.;/[U:3
as deraved in Appendix II is as follows: \

u
2

Uy



v 1 ,r 2[ K,
— - —-—(——2-)‘{1.‘——-—-— "'1» 200 (16)
U, K, 'y 2 —a
i — 4 tan®uo
K1
J
ut 5, n=1
where K, = [1-&-2-—-—- (-——) :I .
u! Ty
2

In Test No.1 K; had a value of 1:054 compared with unity for
the case of constant inlet static pressure. The resulting theoretical

velocity profile at outlet is compared in Table I with that for constant
inlet static pressure.

Table 1
6 - 61
B ——— o} 02 Ol 046 0-8 1+0
62 - 0,

4t | Theory A | 0-05137 | 0:03799 | 0:02075 | 000000 | =0+02337 | -0+04923
2
UZ

e L o T - .

Theory B | 0-05141 | 003798 | 002072 | 0+CO000 | -0-02328 | -0:04892

The similarity between these two predictions shows that the iniet
pressure variations decayed to suffaciently small proportions to ensure that
the change in streamwise vorticity shed from the sctuator dasc was negligible.
The axial velocaty within the duct may then be adequately predicted by

guperamposing the effect of the inlet pressure gradient upon the solution
calculated for constant inlet static pressure.

Thus we have, upstream of the actuator disc

‘ " n-1 1 ry n+2
u' = ui(-——-) +—(—-> u; cee (178.)
r, 2\ r
and downstream of the disc
r n-1 _ 4 r n+2
u' = u;<-——-> +L1 -~(--> :]u; vee (17b)
r, 2 rm
u; r, 3 K
where —_— = — -
3 (r ) 1 . eeo (18)
3 m

2 2
[ 2 + 4an eyl
A

To 11llustrate the influence of the ainlet statio pressure gradient,

the mean shear rate of the axial velocity perturbation profile has been shown
in Fig.25 as a function of position along the duct. The full curve shows that

according/
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according to Theory A the perturbations at the aotuator disec reach half of
their final value at outlet. The dashed curve, Theory B, on the other

hand 11lustrates the manner in which the inlet static pressure perturbation
attenuates rapidly, almost vanishing at the cascads, while the rotational
velocity profile produced by the actuator disc develops rapidly over the last
two thirds of the duct.

As before, Fig.16, hub and casing boundary layers were desirably
thin at inlet, The mainstream inlet velocity prolile was represented
closely by

uy
= = 149288 4+ 02792 ,
Ui

Axial velocity profiles at Stations {1 to 5 are compared in Fig.26
with Theories A and B respectively.

Theory A predicted the outlet velocity at Station 4 to within 1%
over most of the duct, As mentioned above there was negligible dafference
between Theories A and B at Station 4. At Stations 2, 3 and 5, however,
Theory B showed a great amprovement over Theory A. Close agreement with
experiment was obtained at all stations. Slight secondary flow effects can
be observed at Stations 3 and 5 bui these did not persist as far as Station 4.

The measured shear rates of the profiles are compared with the
predicted shear rate in Fig.25. This suggests that the position of the
actuator disc was well chogsen at one third of the blade chord from the
leading edge. Fig.25 elso shows that the theoretical rate of development
of the perturbations exceeded the experimental.

Fig.27 shows the swirling compenents of velocity at Stations 3,
5 and & compared with the assumption that (wR) remains constant along
conical surfaces. Agreement was excellent on this basis,

The total blade circulation I' at a radius R 1s also equal to
the circulation around a circular path concentric with the axas and lying
on a cone.

' = 27w .,

The constancy of eirculation along the cone 1s also illustrated
in Fig.27, which shows the radial variation of ecirculation and gives some
idea of the streamwise vorticity shed from the cascode,

5.2 Non-uniform inlet stagnation pressure

The experiment was repeated with the conical gauze suspended in
the inlet contraction., The inlet velocity perturbation, Fig.28, consisits
now of two components. The component, due to the inlet static pressure
variation, was approximately given by

uf
— = ~0+9668 + 0*1364
U1 ' <

whereas that due to the smoke-ring vorticity was closcl§ fitted b& the curve

~- = =LeQ2728 + 005673,

The/
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The points plotted in Fig.28 were computed from readings of' p,
combined with the mean inlet static pressure.

The measured swirl angles, Fig.23a, compared well with those for
irrotational inflow.

5.2.1 Theoretical prediction of axial velocity profilc

There werc three axial velocity perturbations to be considered.

The perturbation u' resulting from the varistion of anlet statioc
pressure may be treated as before by superimposing 1t upon the prediction
obtained with the assumption of constant inlet static pressure

n-"

u' = u,!(i> .
Ly

The velocity component u" induced by the smoke-ring vorticity
develops throughout the entire duct as before according to the law,

1 4
S (SN
U U& r,

Finally, we havc to consider also the streamwise vorticity u"!
ghed from the cascade, which depends upon the sum of 2ll three components
et the cascade. I'rom the cvidence of the previous test, however, u' may
be neglected at the cascade. The outlet velocity at Station 4, as derived
in Appendix 1I, 1s then given by

== lmq_
1
TN
3 |51
S——y
Y
—
1
[yW]
Pl
1
H }EH
M -
(N
= |Hc

r 4
Ay 1
-{ -B 1 a
L N - ( - ) ten o {2 + S tan a,] + K
(e
“m (2 + tan?am)a
see (19}
u“
where S = A8 4+ B
U
1
and tana; = ab+ b .

The axial veloclty perturbations within the duct are
r B r? 1, n2

() (T3 e
ry r 2 r

upstream/

)
1
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upstream of the actuator dise, end

n=1

downstream of the actuator disc.

5.2,2 Comparison with experiment

The measured axial velocity componcents are compared with thls.
enalysis in Fig.2%a. As before corrections were applied %o the predictions
at Stations 2, 3 and 5 to account for the varlati9n of the unperturbed
velocity across the duct at these traversing stations, Exccllent agrcement
was obtained throughout the duct. The profilc shear compares very well,
confirming again that the actuator disc was well positioncd,

As in the previous experiment the axial velocity porturb?.tlons
decreascd in magnitude betwcen Stations 1 and 2, Both the 1rrotgt10nal and
the smoke=-ring perturbations are attenuated throug@ the contrac?1ng gnnulus.
Approaching the blade row, however, tho actuator disc perturbations increasod
rapidly. In this case tho streamwise vorireity was o? the same.6031gn'as tho
smokc-ring vorticity, seo that the profile sheer ra?e inercased in passing
through the cascadc to & value just less than the inlet shear rate. The
shed streoamwise vorticity was considerably stronger at outlet than the

smokeow-ring vorticity.

The swirling veloecity at Stations 3, 5 and 4 again comparecd well
with theory, Fig.2%b.

&. Conclusions

A veriety of experiments have been described in which plane
source and conical actuator disec theories have been investigated. These
experiments have verified interesiing analytical conclusions about the
daffering laws governing therotational flows asscciated wath two types of
vorticity, These vorticity components, known as smoke-ring and strcamwise
vorticity, exist as a result of gradienls, normal to the streamlines, of
stagnation pressure or angular momentum, The experiments have confirmed
that in diverging flows these components must be considered separately.
In cylindrical flow this necessity does not arise because vorticity
flowing along the oylindrical flow surfaces remains constant in strength,
In conical flow or any other type of diverging flow the vortex {'ilaments
are stretched sufficiently to change the two vorticities dafferentially.
One ancreases in magnitude while the other decreases,

The convergang conical flow experaiments have confarmed that the
smoke=ring vorticity is attenuated by the contraction while the strcamwise
vorticity is accentuated. The zero swirl experament, Section 4.1, illustrated
the attenuation of smoke=-rang vorticity. The introduction of a streamvise
component similar in magnitude, but wath only a small tangential component,
caused little modification of the axaal velecity profile which was still
dominated by the smoke-ring vorticity and attenuated acoording to the law

! '
u2 u

u, U

where A is the ratio of outlet to inlet area.

Studies with free-vortex blades of large deflection 11lustrated
that with irrotational inflow a conical free-vericx flow could be generated

The,/
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The introduction of smoke~rang vorticity into the duct at inlet, however,
resulted in the shedding of streamwise vorticity from the blade row.

At outlet from the duct this streamwise vorticity increased an strength
to such an extent that 1ts influence dominated that of the attenuated
smoke-ring vorticity. In this case the two vorticities were of opposite
sign, In consequence a reversal of shear rate of the profile occurred
between inlet and outlet.

Similar studies with a blade row producing a smaller swirl close
to solid rotation further illustrated these effects. With arrotationsl
inflow streamwise vorticity was generated at the blade row. The
antroduction of smoke-ring vorticity gave rise to a slight modificataon
of the streamwise vorticity appearing at the cascade, In this case the
vorticities were of the same sign so that reversal of the profile shear
rate did not occur. Equally good agreement with theory was obtained.
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APPENDIX T

—ras

Notation

Pt

cylindrical co-ordinates

Stokes! stream function

velocity zn 2 darection

velocity in R direction

velocaty in € darection
velocity vector
filuid density

static pressure

stagnation pressure

vorticity an 0 dirceotion

spherical co~ordinates
velocity an r darection
velocity in 6 dairection

velocity in ¢ direction

irrotational source velocity (C = constant)

free vortex swirl velocity (K = constant)
ratic of outlet to inlet area of diffuser
or contraction

rotational velocity perturbations

perturbation due to static pressure gradient
perturbation due to smoke-ring vorticity

perturbation duve to streamwise vorticity

——— - ——,
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APPENDIX 11

Application of Conical Actuator Disc Theory
to Flow through Blade Rows

- —

BEquations are derived in this Appendax for flow through free
vortex and near solid rotation blade rows situated in a conical amnulus.

The theoretical model i1s shown in Fig.1. Ialet and outlet
planes are represeniled by spherical surfaces n and ry; at which the
fluid is assumed to be in radial equilibrium, Ref.12,

Radial Equilibraum

The condition of radial equilabrium or cylindrical flow cah be
expressed an spherical co~ordinates as follows:

1 6p0 w 3 du
—_—— 2 e — (w10 8) + u-—— eos (2.1)
p 06 sin O a0 00

If Py is assumed to be a function of & only we have

i ) S O

ad a8

where suffices ; and , refer to Stations {1 and 2., Suffix m will
refer fo the actuator dise.

If second order products of the perturbations are neglected
equation (2.1) yields

au; r, aui' v, d
—3 = <__> - _ (Wa sin 8) . aee (2.2)

o8 ™ a0 Ué sin B 00

Conical Actuator Disec Solution

The conical actuator disc sclution, Ref.q2, for the axizl
velocity perturbation within the duct is as follows:

*

- (FGEDE) )
? o2\ B/ \r

4

r
"t O SUNTY B T
+ [ui + z(ul ui)<—-> :}
PR ‘f a y
i3

upstream of T ees (2.3a)



ut 1 u" u" r -n=-2
at = [.ME - _.<._3 _._i‘) ('—-> ] r?
2 3 2
r, 2 r, r, Ty
downstream of r_ eee{2.3D)
r N2
T

In the plane of the actuator disc we have

1 u" u
- 1 2 a2 Af.om 1"
uI;] - -(HE + _2:’> I‘m + g(ui + u2 ) [ LN ] (201"')
2 r, T,

Double and treble primes refer to the contributions of smoke-rang
and streamwise vorticity components respectively.
Anoth. 7 result given in Ref.12 as

wr sin 6 = f£(8) , ere (2.5)

General Equation for Co'rLical Duct containing Actuator Disc

If there 1s zero swirl upstream of T

u™ = 0
1

and if there is no change in p, at the actuator disc

¥, ‘ PF::
=

|
NN | mC‘:

this follows from equation (9).

Bquation (2.4) then becomes

sul aun'] r ? r 2 du,
o G )E e
00 96 r, r, 00

Also equation (2.5) yields

r .
W = (Jﬂ) (U, + ) tan o (2.7)
rﬂ

where a 1is the outlet angle from the actuator dise.

Equations/
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Equations (2.6) and (2.7) may be introduced into the radial
equilibrium equation (2.2). If seoond order products of perturbations
are again neglected the following first order differentaal equation for
u'm is obtained.

a 1 ué 1 uﬁ 4 u;
——(-—+‘—->+F1(—+——> = FQ"""(""“\ s 8 (208)
do 2 U 2 U daoe

m m i

2 cot 8 tan®a +.§% (tan®a)

where F o= -- ; cee (2.9)
i 2 + tan®a
4
(=)
T
and Fom sl oo (2.10)
3 2 + tan®a

Solutions of equation (2.8), which is general, can be found for
cascade outlet angles which are simple functions of 8. The general

golution 18 as follows:
d ui
[ = ()
ae \ U,

1 1 T
e SN (.E) vee (2411)
Um 2 rﬂ. F3
IF, a0
where Foo= (e . oee {2413)

Solution for Free Vortex Cascade

The cascade outlet angle distribution required for the generation
of a free vortex conical swirl 1s

tan a, sin ©
tan a =

sin 61 i

suffix ;5 referring to the hub.

With constant static pressure at inlet and a velocity variation
given by :

1]
u"' . %
= asin & +b
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2

u| r 4 I‘m
2 . ( _3.> { sin 8 = V2 tan a, sin 6y ( "-)
T,

V2 sin 6
- 'tanﬂi ]} a + ¢ e (2'111')

tan a, sin 81

where ¢ 25 chosen graphically such that

a u2'
[ — sn 638 = 0O eer (2415)
a Us

1

which satisfies the condition of continuity of mass flow through the
annulus,

Solution for Near Solid Rotation Cascade

If tan a = a® + b

and © is small, equation (2.9) approxamates to

= tan®n + 2 (tan®a)
a0

2 + tan®a

With constant inlet static pressure and a velocity distribution
given by

tﬁl
Ui

= A% + B,

The outlet velocity, by equation (2.11) becomes

[ ] 4 2 t AT
- (2) () I (3)
U r r Ui T

3 1 !

3

A 2 :
Ta "
L,.—(_._> (—-) tana(2+§tan2a)+K1

(2 + tan’a)?

where K; is a oonstant determined by equation (2.15).

If, on the other hand the inlet velooity perturbation is an
irrotational one, and the stagnation pressure is constant, equations (2.3)
and (2.4) have an additional term u™

u""/
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r
u"™ = ul (_)
ry

both upstream and downstream of the actuator disc., In other words, the
inlet pressure or velocity perturbation decays progressively through the
duct. At the cascade the velocity perturbation is

w' = K.,
m Y
u ,or n-1
where XK = 4 +2— ( —*-> .
t
Uy N T

u! 1 ,r 3
-—2 -—(—-2;—> L ""1 . e (2&16)
UQ
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APPENDIX I1I

Corrections %o Probe Readings

1. Correction for the Angle of Inclanation of & Probe to the Flow

The relation of the probe to the velocity vector g 1in conical
flow 1s shown an Fig.30. The velecity may be resolved in two ways. It
may be regarded as the vector sum of axial and tangentlal components u and
we Alternatively q may be resolved intoc a component g, normal to the

probe and a component ¢_ parallel with the probe axis, If the probe were
infinitely thin the readings would be unaffected by q, and the dynamic head
registered would be

v S

bk = Fpd® cos®p

I

Measurements made by Winternitz17 with a cylandrical patot probe
showed a fair measure of agreement with the cosine squared law, Applying
this result to coniczal flow with a swarl angle @, the measured and actual
velocities are related as follows:

¢ = (1 - cos’a sir®e)
True dynamic head 1
and also - = - .
Recorded dynamic head 1 - cos®a sin®6

The recorded swirl angle «' is related to the actual swirl angle
on a conical surface by

tan «
— = 8ec O ,
tan a!

2. Varistion of the Irrotational Source Velooity at a Plane Traversing
Station

In the conical duct experaments traversing stations were plane
rather than spherical surfaces. The theoretical predzctions were based on
the model shovm in Faig.1. A%t Station m within the duct the irrotational
velocity U varies from hub to casing because of the variation of r the
radial distance from the point source to the traversing plare, If thas
distance is equal to r =~ at the centre of the annulus 8, then

r o00s o
n Bm r cos 6

2
cos O
m [ ]
cos 8
fir}

it/
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If & and Om are expanded as a series, then for small values

of © we have approxaimately

For the duct used 1n the experiments this ratio 18 as follows:

8 - 0, U

0, -8, U
0 1.01492
G2 1+00%138
Ol 1200496
06 1+00000
0+3 0+ 99436
1.0 0+96307
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at equivalent radial position In cylindrical flow
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A description is given of wind-tunnel experimental investigations of
rotational flows through diffusers and contractions, The purpose of the
investigations was to test the accuracy of a theory previously derived for
two-dimensional plane Walled diverging or converging ducts and of actuator
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