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The Three-dimensional Boundary'layer Equations 
and some Power Series Solutions 

L. C. SQUIRE, B.Sc., 

Depar tment  of Mathematics,  Universi ty  of Bristol 

COMMUNICATED BY PROFESSOR L.  HOWARTH 

R e p o r t s  a n d  M e m o r a n d a  N o .  3oo6 
O c t o b e r ,  1 9  5 5 

Summary.---The boundary-layer equations are derived for a very general co-ordinate system, and various theorems 
hitherto only proved in more restrictive systems are extended to this general system. The particular case of stream- 
lines of zero geodesic curvature is investigated in detail and a solution of such a flow found by a power series method. 
Finally Howarth's ~ stagnation-point solution is extended to second-order terms by numerical investigation. 

1. The Boundary-Layer Equations.---The derivation of the laminar boundary-layer equations 
in three dimensions has been carried out by various authors (Hayes 1, Howarth a and Timman6). In 
these derivations the differences which arise are due to the choice of different curvilinear co- 
ordinate systems, use of which are necessitated by the surface curvature. The simplest equations 
are obtained by Howarth a but  the co-ordinate system used is rather restricted. This system is 
first described, and it is then shown how these restrictions may be removed whilst retaining the 
simple equations. Howarth 's  equations are based on an orthogonal curvilinear co-ordinate 
system consisting of surfaces parallel to the body and two other families of surfaces to complete 
the tr iply orthogonal set. The advantage of this system lies in the use of parallel surfaces which 
allows the use of a metric in the form : 

ds ~ = h? dx ~ + h? dy ~ + dz ~ . . . . . . . . . .  ( ~ ) 

where x, y are curvilinear co-ordinates measured in the surface and z normal to the surface. 
The length elements h I and h~ within the boundary layer may be regarded as functions of x and 
y only. The resulting equations for steady flow are: 

u ~u v Ou Ou vu Oh, v ~ Oh2 ~ " @ +  ~,~Yu 
hZ D~ + h-~ ~-y + w g-  + . . . .  --  . . . . . . .  (2) z h~h2 Oy h~h2 Ox phi ~x ~ z 2 

av v ~v ~v u ~ ~h~ uv ~ h y _  1 ~p ~ v  
~ ~ + ~ oy~ + w a-~ - + + ~ " " (3) 

hlh~ hlh~ ~x ph2 ~y ~ z ~ 

1 Ou 1 Ov 3w u ~h2 v ~ h ~ _  0 . . . . . . . .  (4) 
-h-~ o--x + h-2 ~ + ~7 + hlh~ ~x + h~h~ Oy 

where u and v are the boundary-layer velocity components. The equations (2) to (4) are restricted 
in practice by  the use of the completely orthogonal system since this implies that  the lines 
x = constant and y = constant are lines of principal curvature of the surface and tha t  the length 
elements are connected by Lam6's relations for tr iply orthogonal systems (see Howarth 's  paper, 
pp. 240, 241).  These restrictions may be removed by the use of a curvilinear co-ordinate system 



which is only orthogonal on the body itself but which retains the parallel surfaces as one set of 
co-ordinate surfaces. The metric of such a system will be more complicated than equation (1) 
but will reduce to equation (1) on the body : it will be written 

ds '2 ~ hi '~ dx '~ + h~ '2 dy '2 + dz '2 

+ dx' dy' + dy' dz' + dz' dx' . . . . . . .  (S) 
Then, if the body surface is smooth and the co-ordinate system regular, within the boundary 
layer h~(, h~'  and h~3' are 0(~) and h~ '~, h~ '~ are functions of the surface co-ordinates (Xo', Yo') 
plus terms of order (~). The boundary-layer equations may now be obtained in exactly the 
same manner as in Ref. 3 except that  it is necessary to use vector expansions of curl v, grad vL 
in non-orthogonal co-ordinates. These expansions have been given fully by Weatherburn 8 
(pp. 62 to 72) and may be substituted into the vector form of the Navier-Stokes equations. The 
substitution is very long but straightforward and is not reproduced here. When boundary-layer 
approximations are carried out, and the relative order of the terms in (5) noted, Howarth's 
equations (2) to (4) are regained. These equations based on the unrestricted co-ordinate system 
outlined above will be used throughout this paper. 

Prandtl  stated that  the disappearance of the curvature terms in equations of type (2) to (4) 
implied that  the surface of the body was a developable surface but did not give a proof. This 
may be given as follows. 

The disappearance of the curvature terms implies that  ~hl/~y and ~h2/Sx can, by appropriate 
choice of co-ordinate system, be made identically zero over the whole surface. Substitution of 
these values into the Gaussian curvature of the surface: 

h~ ~h~ ~h~ hi ~h~ ~h~ h~ ~hl h~ ~h~ . . . .  (6)* 
K : h~ ~x ~--~ + h~ ~y ~y ~y~ ~x ~ "" 

shows that  K = 0 and this is the condition of a developable surface~+ +. 

It  should be noted that  this result does not imply that  the curvature terms always disappear 
'on a developable surface. For example, on a cone the metric may be written (Howarth, p. 242) 

ds ~ --_ y2 sin ~ c~ dx ~ + dy 2 + dz ~ . . . . . . . . . . . .  (7) 

(x - ~ the polar angle) so that  

1 ~ h l  1 1 ~h2 
- -  ; - -  0 . . . . . . . . . . . . .  ( 8 )  

hlh2 ~y y hlh2 ~x 

Substitution of these values in (6) shows, however, that  K ---- 0 .  

It should also be noted that  one of the curvature terms can be removed by choosing one set 
of the surface co-ordinates as geodesics. This follows from the fact that  the terms 

1 ~h2 . 1 ~hl 
hlh~ ~x ' hlh2 ~y 

are in fact the geodesic curvature of the lines x----constant and y = constant respectively§. 
Further one of the terms will be zero along any single co-ordinate line which is a geodesic (by the 
above value of the geodesic curvature). 

* Weatherburn 7, page 93. 
Weatherburn 7, page 76. 

++ Professor Howarth informs me that a similar derivation of the equations and a proof of the developable property 
are contained in an unpublished thesis by Mr. E. J. Watson written in 1950 (Liverpool University). 

§ Weatherburn 7, page l l0; note that in our present notation 
~hj Ezh12andG=h#whi leE  2=2h 1 ~  . 
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This proper ty  will now be used to prove the following theorem, which states, t ha t  on a stream- 
line which is a geodesic of the  surface, the  boundary- layer  flow is in the direction of the  main  
stream. For simplicity let us choose a co-ordinate sys tem such tha t  y ---- constant  coincides wi th  
such a streamline, then  by  the result s ta ted  above 

1 Ohl__O 
hlh~ Oy 

along y ---- constant.  Then equat ion (3) m a y  be wri t ten  

u ~v v Ov ~v uv  ~h2 ~2v 
- - - - -  ( 9 )  

h~ ~x + ha ~2 + w Uz + hlh~ ~x ~P ' " . . . . . . .  

since by  the  i rrotat ional  condit ion 

1 o p _  1 
p h~ ~y 2h~ ~y 

(U ~ + V ~) 

U ~V V ~V V U  ~h~ U S ~h, _ 0 . . . . . . .  (10) 
- -  h~ ~x + h~-Oy + h~h2-Ox --  hlh2 ~y 

The boundary  conditions on v are v = 0 at the  wall and v --+ 0 as the  main  s t ream is approached. 
A solution of equat ion (9) wi th  these boundary  conditions is 

_ = o  . . . . . . . . . . . . . . . . . .  ( 1 1 )  

so tha t  on y = constant,  v and V are both  zero. 

I t  can also be seen tha t  if v and V are both  zero on any line, tha t  line is a geodesic. In  this 
case equat ion (3) m a y  be wri t ten  

1 ~hl _ 0 for all z . . . . . . . . . .  (12) ( u s - u s )  

but  U # u for all z, therefore 1 ~hl _ 0 and y = constant  is a geodesic. 
hlh2 ~y 

2. A n  Example of the Flow on Streamline Geodesics.--On such streamlines equat ions (2) and (4) 
reduce by  the  results of the last section to almost two-dimensional  form : 

u ~u ~u U OU ~2u 
h~0--x + w ~ z - h l  0x + V~z- ~ . . . . . . . . . .  (13) 

1 0u ~ w _  1 ~v u ~h2 (14) 
hi ~x + ~z h~ ~y hlh2 ~x . . . . . . . . .  

These equat ions are not  sufficient to de termine  the  flow on y = constant  since they  contain 
the  te rm Ov/ay. However,  on a body  in which U, V and the  length  elements are regular this 
solution m a y  be found quite easily. For example if the  geodesic is y = 0 the  boundary- layer  
velocities u, v, w ma y  be expanded  in power series in y wi th  coefficients which are functions of 
x and z. Subst i tu t ing these expansions in equat ions (2) to (4) and retaining lowest order terms 
in 3' will then  give a series of part ial  differential equations for u, v, w as function of x and z. These 
equat ions can be solved by  ordinary methods.  

3 
(4~s)  A 2 



To i l lustrate  this me thod  and to provide some data  for Ref. 5, the boundary  layer has been 
computed  for the velocity distribution 

U = x - -  ½x a - -  ~ x y  ~ + O(y~); V = ~y(1 - -  x 2) + O ( y a ) ,  

on a flat surface. (The restriction tha t  the surface should be flat is unnecessary if it is assumed 
tha t  the length elements are of the form 

2 z 2 h, = 1 + yV,(x); h~ ] + y~2(x). ) 

With a certain co-ordinate system these length elements  represent approximately  the  length 
elements on a line of symmet ry  of an ellipsoid. Similarly the velocity distr ibution used represents 
approximately  the shape of the  velocity distr ibution near  such a line. With this velocity the 
pressure gradients may  be wri t ten 

1 ap x - - ~  + q - O ( ~ ,  2) _ _  - ~x~ ~ x  .~ 
ph~ ~ x  

(15) 

To solve the boundary- layer  equations,  the velocities are wri t ten in the form u = Uo + yu~ ,  
273 v = y v ~ - k  Y 2, w = w o - k  w l y ,  which, subst i tu ted into the equations, result in the following 

three equations for u0, v~, wo" 

au,, au0___ (x--"~x '~ a2u° u , . - ~  + w,, ~ .~ + ~-x ~) + , . . . .  . . . . . . . .  (16) 
cgZ 2 

Or1 av~ ~x 2 ~ ~xq a2v~ . . . .  (17) U o ~ - + v ? + W o ~ = ( ~  . . . . .  + - ~  , + , ,  az ~ . . . .  

~Uo ~Wo __ 
ax + az v, . . . . . . . . . . . . . . .  (18) 

I t  should be no ted  tha t  (16) and (18) differ only by one te rm (-- v d from the corresponding 
two-dimensional  problem, the  solution of which has been given by Howar th  2 and is quoted  in 
M o d e r n  D e v e l @ m e n t s  i n  F l u i d  D y n a m i c s ,  Vol. 1, page 151. 

Equat ions  (16) to (18) ma y  be solved in the  usual manner  by put t ing  

uo = ~ f ~ ' -  ~-~,~' x % '  . .  (19) ~.~j~ + + x G '  . . . . . .  

1 ! v l  = ~go - }x~g2 ' + x % '  + x % '  . . . . . . . .  ( 20 )  

where f~, g~ are functions of ~7 = z l  ~112 and have boundary  conditions f~ = f ~ ' =  g~ = g , : ' - - 0  
a t , /  = 0 

A', A', go' g(- -*  1; f~', g / - -~  0 as ~ --+ oo . 
i > 3  j > 2  

Subst i tut ion into (16) to (18) results in the following pairs of differential equat ions" 

- -  , soJ~ = l q - j ~  

5 go '2 - -  4flgo" - -  gogo" = 1 -[- 4go" 

4 
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J ' '  " " "  ' " - -  4"] . - - 2 .  (J. + }go) - 4J~ 7~ + a(J~ + ±,, ~+" - 4 8 2 ] d j  

(7 Ill 5 ?  . . . . . .  ~ + g,,"(J; + ~-&) - 2&' ( f , '  + }go') + (G -4- k&)go" = - ~- 

e,,, + I~"(A + ~go) - ~I~'A' + (sf~ -t- g ~ ) A " =  *-* f '~ I - 2 ; ' ( 2 ;  + ~g~); da 8Ida --- 

g," + g~"(f~ q- kgo) --  g/(4f~'  + ½go') + (Sf~ + g,)~go" 
= ~ g , 2  ii it,., 

- ~ + ~,~ ~ - -~g="(f~ + kg~) 

fT" " ' ' = !~ L"rSf, 3# "1~ 8 ' '  q- f7 (k  q- 1go) - -  8f7 ~i q- (7f~ q- & ) f z "  ata: ,J ,  q- &) q- :~ wa q- ~g2) - -  ~f. ~/~ } 

1 t gJ' q- go"(f~ + -~go) --  g.'(6f~' q- ~go ) + (7f~ -4- g~)kgo" 

kg~(Sd; + g~) + g~"(f~ + ~g=) ~l , ~ ,  ~ , ~ ,  ~ , , - -  - -  ,ag~ Y~ - -  ~g2 J5 - -  ~-g2 g~ 

. .  (22) 

(23) 

t . (24) 

J 

E q u a t i o n  (21) has  been  so lved  b y  H o w a r t h  * to  3 f igures ; for  t he  p r e s e n t  i n v e s t i g a t i o n  th is  so lu t i on  
has  b e e n  e x t e n d e d  to  4 f igures  b y  r e l a x a t i o n  a n d  e q u a t i o n s  (22), (23) a n d  (24) so lved  b y  n o r m a l  
cen t ra l -d i f f e rence  t e c h n i q u e s .  T h e  f u n c t i o n s  are t a b u l a t e d  in Tab l e  1 w h i c h  shows  c o r r e s p o n d i n g  
va lues  of fl"(O), fa'(O), fs"(O) a n d  fT"(O) for  t he  t w o - d i m e n s i o n a l  p rob l em.  T h e  sk in  f r ic t ion  is 
p l o t t e d  in Fig.  1 whe re  i t  is seen t h a t  t he  t h r e e - d i m e n s i o n a l  effect  is a l m o s t  negl igible .  

T A B L E  1 

z A' go' f../ " '  .,~_ A'  g,t' 

0 0'0000 0"0000 0"000 0'000 0"000 0"000 
0"2 0'2296 0'1560 0"513 0"387 0'009 0"011 
0"4 0"4203 0"3013 0'875 0-679 0 '007 0-014 
0"6 0"5745 0'4346 1'107 0-886 - -0 '003  0"011 
0"8 0"6959 0'5541 1"233 1"023 - -0 '016  0"004 
1"0 0'7887 0"6583 1"281 1"102 - -0 ' 028  --0-003 
1 '2 0'8575 0"7463 1"277 1"140 - -0 '036  --0-011 
1"4 0"9069 0"8178 1"244 1"147 - -0 '040  --0"016 
1"6 0'9412 0"8738 1"197 1"135 - -0 '040  --0"019 
1"8 0"9641 0'9158 1'149 1"114 --0"036 --0"020 
2"0 0"9788 0'9460 1'106 1"089 - -0 '030  --0"019 
2"2 0"9880 0"9667 1'071 1"065 - -0 '024  --0"016 
2"4 0-9934 0'9803 1'046 1"045 --0"018 --0"013 
2 ' 6  0"9966 0'9888 1'028 1"030 - -0 '012  --0"010 
2 ' 8  0"9983 0"9939 1'016 1"018 - -0 ' 008  - -0 '007  
3 '0  0"9992 0"9968 1'009 1"011 --0"005 - -0 '005  
3"2 0"9996 0"9984 1"004 1'006 --0"003 - -0 '003  
3"4 0"9998 0"9992 1-002 1"004 --0"002 --0"002 
3"6 0"9999 0"9996 1"001 1"002 --0"002 --0"002 
3"8 1'0000 0"9998 1"000 1'001 --0"001 --0"001 
4"0  0"9999 1'000 --0"001 --0"001 

--0.001 

derivative at r / =  0 
1.2476 0'8051 2"961 2" 183 0"078 0"077 

Two-dimensional value 
1.2326 2- 898 0.0801 

fT"(O) -"- - -  0 . 0 0 2  

&"(O) -"- 0 . 0 0 4  
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The results of this section show that  on a smooth body with an external flow free of singularities 
the :boundary-layer equations can be integrated along streamlines of zero geodesic curvature 
without influence from the rest of the boundary layer. A similar state is shown in the approximate 
method of solution developed in Ref. 5. 

3. Flow at the Stagnation Po in t . - -Howar th  4 has obtained a solution of the equations at a 
stagnation point. This solution is based on the fact that  at such a point the external-flow velocity 
components can, with a suitable rotation of axes, be expressed in the form 

u = a x ;  V = b y  . . . . . . . . . . . . .  (25) 

Then a solution of the boundary-layer equations can be found by writing 

= axfo'(V); v = bygo'(V) where,~ = z / -  ~. .. .. .. (26) U 
m Y  

The resulting non-linear equations depend on the ratio b/a which can be restricted to the range 
0 < b/a < 1 and solutions are given for b/a = 0, 4,1 2,1 4,3 1. However in approximate methods 
based on the momentum-integral  relations it has been found that  this solution, although giving 
boundary conditions, does not provide enough information for the integration of the approximate 
equations away from the point. This lack is due both to the difficulty of integrating partial 
differential equations away from a point and to the fact that  the velocity profiles as given by 
Howarth's solution are in general indeterminate at the origin. 

This indeterminacy appears when it is required to find the velocity profiles in directions not 
corresponding with Howarth's axes. For example to find the profile for the component of 
velocity in the direction making an angle ~ to the line x = 0 ; the boundary-layer velocity com- 
ponent in this direction is u'  = axfo'(~) cos ~ + bygo'(~) sin c~ and the mainstream component 
U' = ax cos ~ + by sin ~ so that  the profile is given by 

u'  fo' + axbflY go' tan 

U' --  by . . . . . . . . . . . .  (27) 
1 + - -  tan c~ 

a x  

17~ and this, for c~ ~ (0 or ~ ), depends on the ratio y / x  as the origin is approached. 

Thus for general use the next order terms of the boundary-layer velocities are needed so that  
it is not necessary to start at the origin. These are now found. 

The external flow at the origin is in the form : 

U = A x  + K y  + A ~ x  ~ + A ~ x y  + A ~ y  ~ . . . . . . . .  (28) 

B ~ . . . .  (29) V = K x  + B y  + B u x  ~ + Bl~xy + ~2Y . . . .  

and the length elements may be written" 

h i =  l + Cax + C~y ; h ~ =  1 +  D #  + D~y.  (30) 

The coefficients of y in U, and x in V, are equal by the irrotational condition and this will give 
two further conditions between the coefficients of (28), (29) and (30) if required*. Under Howarth's 
linear transformation 

(h~v)- ~ (hlv) = * I r r o t a t i o n a l  cond i t i on  i s :  ~-~ 0 

There fo re  2B n + 2D1K = AI~ + C1K + C~A 
a n d  2A~2 + 2C~K = Bxe -t- D1B -t- DiK.  
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x = x' cos ct -- y' sin e. 

y = x'  sin ~ + y '  cos o:; c~ = ½ tan  -~ ( 2 K / ( A  - -  B)} . .  (31) 

the  metr ic  ds '~ = h, ~ dx  ~ + h~ ~ d S becomes 

ds a = (h~ ~ cos a m q- ha 2 sin a c~) dx 'a q- (h~ '~ - -  h, a) cos c~ sin c~ dx'  dy '  

+ (h, ~ sin ~ o~ + h~ 2 cos a o~) dy '~ . . . . . . . .  (32) 

so t h a t  the  sys tem is no longer orthogonal ,  except at the  origin where  h, = ha = 1 and  the  cross- 
t e rm zero. This means  tha t  the  second-order terms cannot  be found direct ly  by  use of Howar th ' s  
t ransformat ion.  There  are now three  methods  of proceeding and  these will be discussed. 

The first is to solve the  boundary- laye r  equat ions in the original co-ordinates wi th  no t rans-  
format ion since the  first-order solution can be found from Howar th ' s  solution. This has been 
re jec ted  since it was found tha t  the  second-order flow depended  on the  solution of sets of four 
s imul taneous  differential equations.  The second m e t h o d  is to add quadra t ic  terms to the t rans-  
format ion (31) so t ha t  the  metr ic  (32) is or thogonal  to order x a n d y .  However ,  the t ransformat ion  
is no longer (1 : 1) and  the  reverse t ransformat ion  is difficult to find explicitly. The th i rd  
al ternat ive,  which  is the  one chosen, consists of using the  t ransformat ion  (31) and  solving the  
result ing non-or thogonal  equations.  

The  boundary- layer  equat ions in non-or thogonal  co-ordinates m a y  be found in the same w a y  
as described in section 1 ; wi th  the  general  metr ic  

ag Vafil ~g ~h~ g ~h21 

ghi 1 0 P  ~2u 
- - -  + p~ p ~ y +  ~ - f i "  

ds a = hd  dx ~ + hd dy a + 2g dx  dy + d,x ~:. ; 
(" 

the  equat ions are" 

h~ ax + ---ha ~y + w ~z + u2 ~ +~g3 ~x 

U ~V V ~V ~V Uaha pg ~h~ g 3h~ 1 vagha I1 ~ha g ~ha 

uv hlha 1 + --2g . . . . .  ~ - - .  

h22 

(33) 

(34) 

(3s) 

a x  ~ v + p a z  . . . . . . . . . . . . . .  

where  p2 = h~h2a --  g~, and  P is tile pressure. 
J 

The  main-s t r eam veloci ty  components  in the  new co-ordinate  sys tem are now required.  These 
m a y  be found b y  not ing tha t  if r is the  position vector  of a point  on a surface (1/h~) (ar/ax) is 
a uni t  vector  in the  direction x increasing. Using this fact and  the t ransformat ion  (31) the  new 
veloci ty  components  are:  

u '  = ( v - G - + v C ° S . ,  sin~hh2/(h? cos  a . + ha ~ s in  a . ) 1 .  . .  . . . .  (37) 

V' = ( - -  U sinhl c~ q- V COSha c~/(h2 sin ~ c~ + h2 a cos a ~)l/a . . .  . . .  (38) 
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where dashes denote  the new system. 

U = ax + a~x  ~ + a,~xy + a,,.~y '~ . .  

V = by + b~x ~ + b~xy  + b.~,~y ~ . .  

and  the length  d e m e n t s  become:  

h ~ =  1 + c~x + c2y ; h ~ =  1 + d~x + d~y ; 

Then the velocity components  m a y  be wri t ten" 

. . . . . . . . . .  (39) 

. . . . . . . . . . .  (40) 

g = e,x + e,.y . . . . . .  (41) 

where  dashes have  now been dropped and  where  the  relations between the coefficients of (28) 
to (30) and those of (37) to (41) are given in the Appendix.  Equa t ions  (34) to (36) are now solved 
by  pu t t ing  : 

V = 

w h e r e f '  and g' 
at  ~ = 0 and 
Subst i tu t ion  in (34) to (36) then  produces the following sets of differential equat ions : - -  

where • 

and  

where  

where  

a/o' + (<~£/ + ac~L~' + ad~L,; + b,~A,')x ~ 

bygo' + (bng~'  + a(c~ - -  e~)g~()x ~ + (b~g~'  + ac~gZ + ad~gZ + a n g ~ ' ) x y  

+ (b2~g3~' + ac2ga~' + ad~gaa' + a~2ga~')y 2 , . . . . . . . . . .  

are functions Of v = z~ / (a /v ) .  
f o ' , f , , ' , f Z ,  f a / , g o ' , g ~ , ' ,  

(42) 

(43) 

The b o u n d a r y  condit ions are all f = f '  = g = g' - -  0 
&4', & ~ ' =  1 as ~ - - > ~  while the remainder- -> 0. 

f l , "  + k / ' ( f o  + ;~go) - 3A¼,'  +/o"(2A,  + g.~,) = F~, 

g~," + g..,"(fo + ~go) - g.~,'(fo' + 2kgo') + kgo"(%, + g~,) = G~; 

? 

F . =  a - f o ' . + f o f o  " 

G22 ---- kfogo" 

FI~ = 0 

G,,------  (1 + 2 k )  

F i t  = - -  3 

G~ = 0 

F ~  = (kgo - -  fo)fo" 

G~ = kEfo' go' - -  1 + go"(fo - -  kgo) + k(l --  go'')] 

k = b/a . . . . . . . . . . .  

A # +  A,"(fo + k g o ) - A / ( % '  + k g o ' ) +  L"(A, + 2g~,)= F~, 
g if] It  I t I1 

a,. + ga, (fo q- kgo) - -  3kgo ga, q- kgo (f2, + 2gai) ----= Ga, 

F~  = fofo" --  kgofo" + 1 - - / o  ' S -  k(1 - -  go%') 

G~ = k(fo - -  ~go)go" 

F ~  = 0 

Ga~ - -  - -  3k  . . . . . . . . .  

F~ = - (2 + ;~) 

GB1 = 0 

F~a =- g o ] o  

Gaa = k[1  - -  go '2 -t- gogo"] 

~3 lff It I l , + A, (fo + kgo) - A ,  (fo + 2kgo')' = F~, 

Fa2 ---= (1 --  go'2)k; Fat = --  (1 + 2 / ? ) . . .  

8 

(44) 

(45) 

(46) 



gl/'  + gl/'(/o + kg0) - (2/0' + kg9') = 
where 

Gn -- (2 + k ) ;  GI2 = 1 - -  fo '2  . . . . . . . . .  (47) 

These equations have been solved for k( = b/a) = 0, 1 1 and the results are tabulated in  Tables g, 
3 to 12. At /~ -- 0 some of the solutions are identically zero, while others have been solved in 
different problems or are equal to f0, go. The sources of these solutions are given in Table 2 where 
the wall derivative is tabulated. Similarly at k = 1 some of the equations are equal and these 
are also indicated in Table 2. For convenience in interpolation solutions of each function are 
given in Tables 3 to 12 for the three values of k, there is thus some duplication of results as 
indicated in Table 2. It  is hoped that  the solutions of this section will enable all boundary-layer 
solutions to be started from the stagnation point with accuracy. 

Finally it should be pointed out that  although equations (44) to (47) were obtained from the 
non-orthogonal boundary-layer equations, the same equations would have been obtained if an 
orthogonal transformation could have been found. This is best seen in equations (42) and (43), 
where the only point the non-orthogonal terms enter are in a(c2 - -  e l )g2 , 'x  2 and ab2(d,  - -  e 2 ) f a ( S .  
In the orthogonal case these terms would be ac=g2,'x 2 and ab2d,fa2'y ~ with the same equations for 
fa~' and g~'. 
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A P P E N D I X  

U s i n g  t h e  r e s u l t s  (37) a n d  ( 3 8 ) t o g e t h e r  w i t h  t h e  t r a n s f o r m a t i o n  (31) i t  c a n  b e  s h o w n  t h a t '  

a l = A c o s  2 z . +  B s i n  2 ~ + 2 K c o s ~ - s i n a -  

a l l =  cos c~. {A~I cos 2 c~. + A~2 cos ~. s in  z~ + Ao.~ s in  ~ ~ + (A cos c~ + K sin ~) × 

× (cl - -  C1 cos  ~ - -  C~ sin c~)} + sin ~ {B~I cos" ~ + B1, s in  c~ cos  

+ B,2 sin" ~. & (K  cos c~ + B s in  z.)(cl - -  D1 cos .a - -  D2 s in  ~)}.  

a~a = cos  ~ {AI~ cos 2~ + (A~a - -  A~I) sin 2c~ -~- (A cOS c~ + K sin ~) × 

× (c~ - -  C~ cos ~. + C1 s in  ~.) - -  (A sin c~ - -  K cos 0~)(c~ - -  C~ cos  

- -  Ca s in  c~)} + s in  z. { B ~  cos 2~ + (B2~ - -  BI~) s in  2c~ + (K  cos c~ 

+ B s i n ~ ) ( c ~ - -  D ~ c o s c ~ +  D l s i n ~ ) - -  ( K s i n c ~ - -  B c o s ~ )  × 

× (c~ - -  D~ cos  ~ - -  D~ s in  ~.)} . 

a~a - -  cos  ~ {A~ sin °" ~ - -  A~a cos ~. s in  c~ + A ~  cos  a ~ - -  (A sin ~ - -  K cos ~.) × 

X (C2 - -  C2 COS 0~ -{- C 1 s in  c~)} + s in  c,. {B~t s in  ~ c~ - -  B ~  cos c~ s in  c,. 

+ Baa cos  a ~- - -  (K  s in  ~ - -  B cos  0~)(ca - -  D~ cos ~ + D~ sin ~.)} . 

b l = A s i n  ~ . +  B c o s  ~ - 2 K ( s i n ~ c o s ~ ) .  

bl~ - -  s in ~ {A~ cos ~ ~ + Ala sin ~ cos c~ + A,~ s in  ~ ~ . +  (A cos 

+ K sin c~)(d~ - -  C1 cos c~ - -  C~ s in  c~)} + cos ~ { B ~  cos" z. 

+ B ~  s in  c~ cos ~. + B ~  s in  ~ z. + (K  cos ~. + B s in  z.)(dl - -  D~ cos c~ 

- -  D a s in  ~.)} . 

b~a = - -  s in  ~. {A~ cos 2c~ + (A2~ - -  Aal) s in  2~ + (A cos  ~ + K sin c~) × 

× (da - -  C~ cog c~ @ C~ sin c~) - -  (A sin ~ - -  K cos c~)(d 1 - -  C1 COS Of. 

- -  C~ s in  c~)} -t- cos  0~ { B ~  cos 2c~ -+- ( B ~  - -  BI~) s in  2~ -+- ( K  cos c~ 

-~- B sin ~)(d~ - -  D~ cos c~ + D~ sin ~v) - -  ( K  sin ~. - -  B cos ~.) × 

× ( d ~ - - D ~ c o s ~ - -  D ~ s i n e ) .  

baa - -  s in  c~ {AI~ s in  ~ c~ - -  A ~  sin c~ cos c~ -+- A ~  cos a v. - -  (A sin 

- -  K cos  c~)(d~ - -  C~ cos c~ + C~ s in  ~)} + cos  c~ { B n  s in  ~ 

- -  B~a sin c~ cos c~ + B2~ cos ~ c~ - -  ( K  s in  c~ - -  B cos  ~)(d~ - -  Da cos  

-t- D1 s in  g)} .  

c~ = 2E(C~ cos  ~ + C~ 

c, = 2E(C, cos  ~ - C~ 

d~ .= 2E(C~ cos c~ + C~ 

sin ~) cos  ~ ~ + (D~ cos ~ + D2 s in  c~) s in  ~ z.] . 

s in  ~) cos  ~ ~ +  (D~ cos  c,. - -  D~ sin ~) sin ~ ~] • 

s in  z.) s in  ~ o~ + (D~ cos o~ + D2 sin ~) cos  ~ ~] • 

d~ - -  2[(C~ cos ~ " C~ s in  0~) s in  ~ c,~ -t- (D~ cos ~ - -  D~ s in  ~) s in  ~ z.] . 

e~ - -  2[C1 cos z. ~- C2 s in  o~ - -  D1 cos ~ - -  D2 sin ~] s in  ~ cos  ~ . 

e2 = - -  2[C~ cos ~ - -  C~ s in  o~--  D~ cos  ~ + D~ sin ~] s in  ~ cos z~. 
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T A B L E  2 

Wall Derivative of Functions of Equations (44) to (47) 

Function 

f l l  tt 
g .  21 

12 u 

g 2 2 "  

13 a 
g23" 

14 It 
g ,, 

24 

f~J 
g31" 

f J  
g32" 

f=" 
g33" 

24 tt 

g J  
. .  

3 4  v 

f 3~ tt 

gn. 
g 1 2 "  

k = O  

+2.395 
0.000 

--0.580 
0.0000 

+0.070 
0.000 

+0.070 
+1.233 

+1.853 
0.000 

--0.617 
0.000 

0.000 
0.000 

+0-096 
+0.570 

61.233 
0.000 

+ 1.747 
- -0 .515  

Remarks 
(k = O) 

(*) 
( -  o) 

(-- O) 

(=_ o) 

(= Aa) 
(--fo) 

(-- o) 

( -  O) 

( -  o) 
(=o) 

(**) 
(= go) 

(=/o) 
( - o )  

+2.394 
+ 0 .  131 

--0.565 
--0.069 

+0.044 
+0.105 

+0.090 
+ 1.847 

+2.000 
+0.073 

--0.282 
--0.035 

--0.060 
--0"343 

+0"177 
+ 1.684 

+1 "791 
--0" 134 

1" 994 
--0"479 

k = l  

+ 2 .  388 
+0.194 

--0" 536 
--0. 097 

O. 000 
0.000 

+0.099 
+2.287 

+2.287 
+0.099 

O. 000 
O. 000 

--0.097 
--0.536 

+0.194 
+2.385 

.+2.188 
--0.438 

+2.188 
--0.438 

I 

Remarks 
(k = 1) 

(-0) 
(-0) 

(=  g24) 
(=f~4) 

( -0 )  
(-- O) 

(= g22) 
(= k2) 

(= &l) 
(=L~) 

(=f,1) 
(=f=) 

N.B. Functions are equal at corresponding values of k only. 

* This function has been obtained by Howarth in a two-dimensional problem. I t  is given in Modern Developments in 
Fluid Dynamics, page 153, where it is denoted by J2'. 

** Since gat' = go' the equation for f24 is similar to an equation solved by ,Howarth as an investigation of equations 
fo', go' when k is small. The solution here is equal to 2fl where f l  is tabulated in Table 1 of Howarth's paper 4. 
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TABLE 3 

0-0 
0.2 
0.4 
0.6 
0.8 
1.0 
1.2 
1.4 
1.6 
1.8 
2.0 
2.2 
2.4 
2 .6  
2.8 
3.0 
3.2 
3-4 
3.6 

AI' (0)* 

0.000 
0.420 
0.726 
0.933 
1.059 
1.126 
1.152 
1.147 
1.131 
1.104 
1.083 
1.059 
1.038 
1.026 
1.014 
1.008 
1.003 
1.000 
1.000 

Al'(½ ) 

0"000 
0"419 
0"724 
0"930 
1"053 
1"113 
1"130 
1"120 
1"098 
1"073 
1"049 
1'030 
1'017 
1"007 
1"003 
1"001 
1"000 

f11' (1) 

0"000 
0"417 
0 '715 
0"920 
1"035 
1"087 
1"097 
1"084 
1"063 
1"041 
1"024 
1"012 

1"006  
1"002 
1"001 
1"000 
1"000 

g21' (0) 

0.000 
0.000 
0.000 
o.o0o 
0.000 
0.000 
0.000 
0-000 
0-000 
0.000 
0-000 
0.000 
0-000 
0.000 
0.000 
0-000 
0-000 

0-000 
0.026 
0-052 
0.073 
0.087 
0 -094 
0.091 
0.081 
0.067 
0"052 
0"037 
0.026 
0-015 
0"009 
0-004 
0.002 
0.000 

g2~' (1) 

0-000 
0.038 
0.073 
0.099 
0.111 
0.108 
0.094 
0.074 
0- 052 
0.033 
0.019 
0.009 
0.003 
0.000 
0.000 
0.000 
0.000 

TABLE 4 

',/ fz~' (0) f ~ '  (½) Lz '  (1) g2~' (0) g2((½) g~ '  (1) 

0.0 
0.2 
0.4 
0 .6  
0 .8  
1.0 
1.2 
1.4 
1.6 
1.8 
2.0 
2.2 
2.4 
2 .6  
2 .8  
3.0 
3.2 
3.4 
3.6 

O. 000 
- -0 .096 
--0" 155 
--0-182 
--0" 186 
--0" 173 
--0" 151 
--0" 124 
--0" 098 
--0.074 
--0" 053 
--0.037 
--0-024 
--0"016 
--0-010 
-'o.oo5 
--0"002 
--0.001 

0.000 

O. 000 
- -0 .093 
- -0 .149 
- -0 .173 
--0.172 
- -0 .  156 
--0.130 
--0.101 
- -0 .074 
--0.051 
- -0 .033  
--0.020 
--0.011 
- -0 .005 
--0"002 
--0"001 

0"000 
0"000 
0"000 

O. 000 
--0.087 
--0.137 
- -0 .  155 
--0.149 
--0-128 
--0.100 
--0.072 
--0- 0;i7 
--0.029 
--0.016 
--0-008 
--0.003 
--0.001 

0.000 
0.000 
0.000 
0.000 
O- 000 

O. 000 
O- 000 
O- 000 
O. 000 
0-000 
0.000 
O- 000 
0-000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
O. 000 

O. 000 
--0-014 
--0-026 
--0.037 
--0-044 
--0.047 
--0.045 
--0.040 
--0.033 
- -0 .026 
--0.018 
--0.012 
- - 0 . 0 0 9  
--0.004 
--0.002 
--0.001 

0-000 
O. 000 
0"000 

0- 000 
--0.019 
--0.037 
--0-050 
--0.056 
--0.055 
--0.048 
-- 0.037 
--0.026 
--0.017 
--0.012 
--0.005 
--0.002 
--0.001 

0.000 
0.000 
0.000 
0.000 
0.000 

* The bracket throughout these tables (3 to 12) gives the value of k. 
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TABLE 5 

A3'(O) A/(½} Aa'(1) g j ( O )  g j ( ½ )  g~'(1) 

0.0 
0.2 
0.4 
0.6 
0.8 
1.0 
1.2 
1.4 
1.6 
1.8 
2.0 
2 .2  
2.4 
2-6 
2-8 
3.0 
3.2 
3.4 
3.6 

0.000 
0.014 
0.027 
0.037 
0.045 
0.048 
0.047 
0.044 
0.038 
0.031 
0,024 
0.018 
0.013 
0.009 
0.006 
0.004 
0.002 
0.002 
0.001 

0.000 
0.009 
0.017 
0-023 
0.026 
0.029 
0.030 
0.022 
0.017 
0.013 
0-009 
0-006 
0.003 

0 .002  
0.001 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0-000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0-000 
0.000 
0.000 
0-000 
0.000 
0-000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0 '000 
0.000 
0.000 

0.000 
+0 . 016  

0.023 
0.023 
0.019 
0.014 
0.008 

+0 . 003  
0.000 

--0.001 
--0.002 
--0-002 
--0-001 
--0.001 
0"000 
0.000 
0.000 
0.000 
0-000 

0.000 
0.000 
0.000 
0.000 

• 0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
O" 000 
O. 000 
O' 000 
0.000 
0.000 
0.000 
0.000 

TABLE 6 

0.0 
0.2 
0.4 
0,6 
0.8 
1.0 
1.2 
1.4 
1.6 
1.8 
2.0 
2.2 
2.4 
2 .6  
2 .8  
3.0 
3.2 
3.4 
3.6 

Ai (o) A,' (½) fig (1) t 
0- 000 
0. 014 
0.027 
0.037 
0.045 
0-048 
0.047 
0.044 
0.038 
0.031 
0.024 
0.018 
0.013 
0.009 
0.006 
0.004 
0 '  002 
0" 002 
0.001 

O. 000 
0.018 
O. 034 
O. 048 
0.056 
0.057 
0-054 
O. 046 
O. 037 
O. 027 
0.019 
0"012 
0.007 
0.004 
O. 002 
O' 001 
0.000 
O. 000 
0.000 

0.000 
0-019 
O. 037 
0.050 
O. 056 
0.055 
0-048 
0 -038 
O. 027 
0.018 
0.010 
0.005 
0.003 
0.001 
0-000 
0.000 
O. 000 
O. 000 
O. 000 

gd (0) 

0.000 
0-227 
0.415 
O. 566 
O. 686 
0-778 
0"847 
0.897 
0 -980 
O" 957 
0.973 
O" 984 
0.990 
0.995 
0.997 
0.998 
0"999 
1.000 

0.000 
O. 330 
O. 583 
O. 766 
O. 890 
0-968 
1 . 0 1 1  

1.030 
1-034 
1" 031 
1"024 
1 . 0 1 7  

1.009 
1.005 
1-002 
1-001 
1"000 

£d (1) 

O. 000 
O. 398 
O. 683 
0.870 
O" 979 
t .032 
1.049 
1.047 
1.036 
1.024 
1.014 
1.008 
1.004 
1.002 
1.001 
1.000 
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TABLE 
. . . . . . . . . . . . .  2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

,/ 

0"0 
0 '2  
0 '4  
0 ' 6  
0 ' 8  
1"0 
1"2 
1"4 
1"6 
1"8 
2"0 
'2 '2  
2 '4  
2"6 
2 ' 8  
3"0 
3"2 
3-4 
3"6 

7 

A/(o) 

0.000 
0.331 
0"587 
0-771 
0-894 
0.976 
1.022 
1.044 
1.050 
1.047 
1,039 
1.030 
1.021 
1.014 
1.009 
1.005 
1.003 
1.001 
1.000 

A/(~) 

0,000 
0.370 
0.645 
0-836 
0.957 
1.025 
1.055 
1.061 
1.055 
1.042 
1.030 
1.019 
1.011 
1-006 
1.003 
1.001 
1'000 

AI '  (1) 

0.000 
0-398 
0.683 
0.870 
0.979 
1.032 
1.049 
1,047 
1.036 
1.024 
1.014 
1"008 
1-004 
1"002 
1'001 
1.000 

ga/(0) g~/(I) 

0-000 
0"000 
0.000 
0'000 
0'000 
0'000 
0"000 
0"000 
0"000 
0"000 
0.000 
0"000 
0'000 
0.000 
0.000 
0.000 
0"000 

O. 000 
0.014 
O. 028 
O. 040 
O. 048 
0-051 
0-050 
O. 045 
0.038 
O' 029 
0.021 
0.014 
O' 009 
O. 005 
O" 003 
0-001 
O. 000 

g J  a, (1) 

O. 000 
0 '019 
O" 037 
0-050 
0"056 
0'055 
O. 048 
0.038 
O' 027 
0.018 
0"010 
O. 005 
O- 003 
0.001 
0.000 
O. 000 
0"000 

" F A B L E  8 

f22' (0) f,,2' (1) f~2' (1) g a / ( 0 )  ga~' (½) ga2' (1) 

0-0 
0.2 
0.4 
0.6 
0.8 
1.0 
1-2 
1.4 
1.6 
1.8 
2.0 
2.2 
2.4 
2.6 
2-8 
3-0 
3-2 
3.4 
3.6 

0.000 
--0.  104 
--0.169 
--0.203 
--0.210 
--0.199 
--0-176 
--0.148 
--0.118 
--0.090 
--0- 066 
--0.046 
--0-031 
--0.020 
--0.012 
- -0 '007  
--0-004 
--0.002 
--0.001 

0.000 
--0.046 
--0. 074 
--0.086 
--0.086 
--0.078 
--0.065 
--0.051 
--0"037 
--0.026 
--0.017 
--0"010 
--0-006 
--0" 003 
--0.001 

0.000 
0.000 
O. 000 
O. 000 

O. 000 
0.000 
O. 000 
O. 000 
0.000 
0.000 
0.000 
0.000 
O. 000 
0.000 
O. 000 
O- 000 
0-000 
0.000 
0.000 
0.000 
O. 000 
O. 000 
O. 000 

O, 000 
O. 000 
O. 000 
0-000 
0.000 
0.000 
0.000 
O. 000 
O. 000 
0.000 
0.000 
0-000 
0.000 
0.000 
O. 000 
0.000 
0.000 
O. 000 
O. 000 

O. 000 
--0.007 
--0-014 
--0.019 
- - 0 . 0 2 3  
--0.024 
--0.  023 
--0.021 
--0"017 
--0.014 
--0-010 
--0"007 
--0.004 
--0.002 
--0.001 

O. 000 
O. 000 
O. 000 
O. 000 

0.000 
0-000 
O. 000 
0.000 
O. 000 
O, 000 
O. 000 
O. 000 
0-000 
0-000 
0-000 
0.000 
0.000 
O. 000 
0-000 
O. 000 
O. 000 
O. 000 

' O. 000 
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T A B L E  9 

~I f~a'(O) fz~' (½) f~' (1) g3a' (0) g38' (1) g j  (1) 

0.0 
0.2 
0.4 
0.6 
0 . 8  
1.0 
1.2 
1.4 
1 .6  
1.8 
2.0 
2-2 
2.4 
2.6 
2-8 
3-0 

0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 

0.000 
--0.012 
- 0 . 0 2 3  
--0.031 
--0.037 
--0.038 
--0-035 
--0-030 
--0.024 
--0.018 
--0.012 
--0.008 
- -0 '004 
--0.002 
--0.001 

0.000 

0.000 
--0.019 
--0.037 
--0.050 
--0.056 
--0.055 
--0.048 
--0.037 
--0.026 
--0.017 
--0.012 
--0.005 
--0.002 
--0.001 

0.000 
0.000 

0.000 
0.0O0 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0-000 
0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
- 0 .  059 
--0.098 
- -0 .119 
--0" 125 
--0.119 
--0.104 
--0.085 
--0.065 
--0.047 
--0-032 
--0-020 
--0.012 
--0.007 
--0.003 
--0.001 

0.000 
--0.087 
--0.137 
--0.155 
--0.149 
--0.128 
--0.100 
--0.072 
--0.047 
--0,029 
--0.016 
--0"008 
--0.003 
--0.001 

0"000 
0.000 

T A B L E  10 

A ;  (o) 

0.0 0"000 
0.2 0"020 
0.4 0.038 
0.6 0.054 
0.8 0.066 
1-0 0.072 
1-2 0.074 
1:4 0.070 
1-6 0.062 
1.8 0.052 
2.0 0.042 
2.2 0.032 
2.4 0.024 
2.6 0.016 
2.8 0.010 
3.0 0.006 
3.2 0-004 

(½) 

0 " 0 0 0  
0"035 
0"067 
0"093 
0"109 
0"113 
0"107 
0"093 
0"075 
0"056 
0"038 
0-024 
0"014 
0"007 
0"003 
0"000 
0"000 

A~' (1) 

0.000 
0.038 
0.073 
0.099 
0.111 
0.108 
0.094 
0.074 
0.052 
0-033 
0.019 
0.009 
0.003 
0.001 
0.000 
0.000 
0.000 

g3 ' (o) g3; (½) 

0.000 
0.114 
0.228 
0-339 
0.446 
0.547 
O. 639 
0.720 
O. 789 
0.846 
O. 891 
O. 926 
0.951 
0.969 
0.981 
0.988 
0.996 

0-000 
0-307 
0.554 
0.744 
0.880 
0.973 
1.025 
1.049 
1.054 
1.048 
1.037 
1.026 
1.017 
1.009 
1.005 
1.003 
1.001 

g34' (1) 

0.000 
0.417 
0.715 
0.920 
1.035 
1.087 
1-097 
1.084 
1.063 
1.041 
1.024 
1.012 
1.006 
1,002 
1.001 
1.000 
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T A B L E  11 

fax' (0) fax' (½) A*' (1) A2' (0) J f32" (½) f .32 '  (1) 

0.0 
0.2 
0.4 
0 .6  
0.8 
1.0 
1.2 
1.4 
1.6 
1.8 
2.0 
2.2 
2.4 
2 .6  
2 .8  
3.0 
3.2 

0.000 
0.227 
0.415 
0.566 
O.686 
0.778 
0.847 
0.897 
0.932 
0.957 
0.973 
0.984 
0.991 
0.995 
0.997 
0.998 
0.999 

0.000 
0.318 
0.561 
0.735 
0.855 
0.930 
0.975 
0.989 
1.000 
1.004 
1.005 
1-004 
1.003 
1.002 
I'000 

0,000 
0-378 
0.646 
0.819 
0.922 
0.976 
1.000 
1.008 
1.008 
1-006 
1.003 
1.001 
1.000 

0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0-000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
:--0-022 
- -0 .034  
--0-039 
--0"038 
--0"033 
- -0 .027  
- - 0 ' 0 2 0  
--0"014 
- -0 .009  
--0.005 
--0.003 
--0.001 

0"000 
0"000 

0.000 
--0.068 
--0.100 
--0.105 
--0.093 
- -0 .074 
--0.053 
--0.034 
--0.021 
- -0 .012 
- -0 .006  
- -0 '003  
:--0.001 

0"000 
0.000 

T A B L E  12 

0.0 
0.2 
0-4 
0.6 
0.8 
1.0 
1.2 
1.4 
1.6 
1-8 
2.0 
2.2 
2.4 
2-6 
2-8 
3.0 
3.2 

gxx' (o) 

0.000 
0.310 
0.545 
0.715 
0.831 
0.908 
0.955 
0.982 
0-996 
3.002 
1.005 
1.005 
1.004 
1"003 
1.002 
1.001 
1.001 

g,x' 

0.000 
0.349 
0,605 
0.780 
0.892 
0.957 
0.992 
1.007 
1.010 
1.010 
1.008 
1.005 
1"003 
1.002 
1.001 
1"000 

gx,' (1) 

0.000 
0.378 
0.646 
0.819 
0.922 
0.976 
1.000 
1.008 
1.008 
1.006 
1.003 
1.001 
1.000 

gx¢ (o) 

0.000 
--0.083 
--0.131 
--0.148 
--0:146 
--0.130 
--0.108 
--0.085 
--0.063 
--0.045 
--0"031 
--0.013 
--0"008 
--0.004 
--0.002 
--0.001 

0.000 

gx2' (½) 

0.000 
--0.076 
--0.115 
--0.126 
--0.118 
--0.100 
--0.077 
--0.056 
--0.038 
--0.024 
--0.015 
--0.008 
--0.004 
--0.002 
--0.001 
--0-000 
0.000 

g12' (1) 

0.000 
--0.068 
--0. I00 
--0.105 
--0.093 
--0.074 
--0.053 
--0.034 
--0.021 
--0.012 
--0.006 
--0.003 
--0.001 
0.000 
0"000 
0.000 
0.000 
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