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Summary. This report gives a survey of some of the methods currently used for evaluating the flutter
derivatives for three-dimensional wings oscillating in subsonic flow.

Introduction. In this report are given some of the methods used in three-dimensional subsonic
flutter-derivative theory. It is hoped that it will provide a basis for the reading of specific pdpers on
the subject.

Two proofs are given of the basic integral equation: the first proof uses co-ordinates fixed in space,
the second uses co-ordinates fixed in the wing. Analytical solutions of the integral equation can be
found for very few planforms and in these particular cases the problem is more easily solved by
starting from the differential equation. Nevertheless, for the sake of completeness, and to be consistent
with the rest of the report a method is given for obtaining an analytical solution of the integral
equation. The rest of the report deals with the numerical solution of the integral equation. Since
Gaussian integration is fundamental to the method of solution it is explained in some detail. T'wo
methods of chordwise integration and two methods of spanwise integration are applied to the
solution of the integral equation. Computational details are not given since they vary from author
to author and a reader interested in a particular variant of the general method of solution is referred
to the relevant papers. ‘ :

Several methods exist for evaluating incompressible derivatives but these have now been super-
seded by the methods used for compressible flow and so no account of them is given.

No attempt has been made to give an historical survey of the subject. The references give the places
where results may conveniently be found; they are not necessarily original papers. ‘

1. Basic Equations. In this Section we shall list the basic equations of hydrodynamics which we
shall need. The equations are derived in Garrick! and Temple2,
When the axes are fixed in space the perturbation velocity potential satisfies the differential

equation
) 20 2P 20 _ 1 320 ' , 1
ECRIE T~ Rty ()

where ¢ is the velocity of sound in the medium.

* Previously issued as R.A.E. Tech. Note Math. 75—A.R.C. 23,168.



When the equation is referred to a set of axes 0x'y’z’ moving with velocity V' along the negative
x~axis, then, since
x =x+ Vi, vy o=y, 2 ==z, P =1
the equation becomes ‘
2O 2o 20 2M 20 1 20
1oy O o e o S0 2
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In fixed co-ordinates the pressure p, the acceleration potential ¢ and the velocity potential © are
connected by the equations ‘

e e : ®)

where p, is the density of the undisturbed medium. In moving co-ordinates the equation is

p 0 30
— btV

The acceleration potential also satisfies equations (1) and (2).

2. The Derivation of the Basic Integral Equation. Proof A [Richardson®]. The source solution
of equation (1) is
by = — H(t;r/c)

where H is the Heaviside step function, # is the distance between the observation point and the
source, ¢ is the time measured from the instant of the disturbance and ¢ is the speed of sound in the
medium. The observation point is affected at time # if the disturbance moving with velocity ¢ can
traverse the distance » in that time; the strength of the disturbance is then — 1/4nr. Derivations of
this formula are given in Morse and Feshbach?.

Let 0 x v 2 be co-ordinate axes fixed in space and let 0 ¢ » { be axes fixed on a wing moving
with the velocity 7" along the negative x-axis. The time is chosen so that the axes coincide at time
t = 0. The co-ordinates of the point (¢, n, {:f) referred to the fixed axes are (§— Vi, 4, {:2).

A 1unit acceleration-potential source at the point (§ — V', %, 0) will induce an acceleration potential
at the point (¥, ¥, 2) after some time #’ and the magnitude of the potential will be — 1/4wr where

1?2 = (x— &+ V2 4+ (y—n)% + 22,

A doublet of strength Ad(&, n:f) will induce a potential ¢(x, v, z:f) of magnitude

- ke 0 = 5 ()

r
From equation (3) the velocity potential ® and the acceleration potential ¢ are connected by the
relation ' '

t
O(x, v, z:t) = f H(x, v, 2:8)dL
and so the velocity potential at (x, v, 2:0) due to the moving doublet at ( {”, 7) is
1 [l 9 /1
O, 3, 5:0) = — f AGE 1) o (;) dt
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where #, is the last instant of time for which the moving doublet can affect the observation point.
This time ¢, is easily obtained from the equation

v = ¢t,
ie.,
[x — &+ VE2 + (y— )2 + 22 = 2.

Hwewritex — ¢ = X,y —n =Y, 5 = Z this becomes
(X+TVt)2+ Y2+ 22 = .
If we put ¥ = Mc and rearrange we get

(1 =002 (cty)? — 2MX(cty) — (X24+ Y2+ 2% = 0
which gives
 MX + A MEXE - (1- M2 (X2+ V24 Z2))

z
o (1-M2)
_MX+R
1 - M
where R? = X2 4 (1—M?)Y2 Since £, must be negative we take the negative sign and obtain
 MX-R |
Lt(] = T_.Wé_ .
If we write X + Vi = 7 then
79 = X + Vi,
M(MX -~ R)
i 7o
_ X - MR
1= Me
'The velocity potential at (x, y, 2, 0) due to the moving doublet at (£, ) then becomes
11 7 r— X\ 9 1
S A : - .
ik (f’ K7 ) ENpy/ e ) bl

The total velocity potential at (x, y, 2:0) is then given by the equation

1 ™ - X\ 9 1
0) = - = A : —
47®(x, v, 2:0) fo,sdfdn f_oo ¢ (f: 7 78 ) 3z /(2 + Y2+ Z%) dr

where the double integral is taken over the wing area.

Since the downwash @(x, y) is given by

we get the integral equation

i) = —p [ [ e [ 24 (60757 [ vl

We now assume that the motion is periodic with frequency p and make all lengths non-dimensional
with respect to some length s. We shall use the same symbols for the dimensional and non-
dimensional lengths but this should cause no confusion. We shall also replace @ and A¢é by
non-dimensional equivalents. ' '

(85744) } A



We write
w(x, y:t) = VW(x, y) exp (¢pt)
Ad(x, y:1) = Ad(x, y) exp (ip?)

_ A=) 7) exp (ipt).
' P

and

If we write Ap = pV?I" where I is a non-dimensional pressure, we get

Ad = — V*T'(x, y) exp (ipt).

The integral equation then becomes

4aW(s,3) = [ [ 160 KLX, V1dean

‘Where
. (X-MBO-MP) 32 Fexp {jw(t—X)}
K[, Y] =tlim ) 5 L/(Tu Y2+zz)] ar
and w = ps/V.
When the differentiation is performed the kernel takes the form
M(MX+ R) J‘ exp (—iwT)
_— MQ - PN
KX, Y] = R(Xe+ 79 xp IMQ(MX — R)} + exp (—iwx) VRN o=y dr
where
Q = w/(1—-M?).

Proof B. 'The differential equation satisfied by the acceleration potential referred to co-ordinates
fixed in the wing is

0% ¢> 2 Bp 2M ¢ 1 2
1 2 —— e ——— ——_— = .
( M) ay i RS ¢ Oxdt c® ot 0
If we now assume that ¢ = ¢(x, v, 2) exp (ipf) and make all lengths non-dimensional with respect
to some length s then the equation becomes
3245 P*p 9
2 2 2.2, —
(1- M) ay2+82 ZMaJ“M‘“"S",O
where w = ps/V and the same symbols have been used for the dimensional and non-dimensional
co-ordinates.
If we now write
$ = exp ((MPQX)FHx, 3, 2)
where Q = w/(1— M?) the differential equation becomes
8295% 8295% a2¢>)(< M2CU2
+

_ 2 _ £
=M e+ 5 * 3 Y1287

= 0.

We now write
¥ =ux, ¥y =+/(1-M¥)y, 2 =+(1-M3)z
Rgr RgE Pt

w? t oy'2 T g

and the equation becomes

R =0 *
Where k= MQ. '
We now have to solve this equation for ¢* when (9¢*/92"),. is known over the transformed wing.

4



We shall here for the sake of convenience drop the asterisk and the dashes and replace them when
they are needed.
To solve the equation we use Green’s identity

I rs=sme - [, [2-+3]

We take ¢ to be the solution we are seeking and take for i the ‘elementary’ solution of equation (4)

b= exp (—zkr)

7‘ I
where
= (e o ()t o (3 D
We apply this identity to the region bounded by a sphere of large radius R and the surface formed by
the upper and lower surfaces of the wing.

Since

exp ( —tkr)

(VE+4%) = — 4md(x— )3y —m)d(z—-10),

¥

(Morse and Feshbach?®) the left-hand side of the identity becomes

— 4rd(x, y, 2).
The integral over the sphere of radius R is equal to

¥ _ %

R~ Yo%

7 27
f do R2sin 6

0 0

where 6, @ are the Euler angles. The potential ¢ behaves like {exp (—zkr)}/» for Iarge 7 and so its
value on the sphere can be given by a series of the form

b = M) {ay(6, @) + ay(, )R + O(1/R2)}.

Since ¢ = {exp (;—z'kr)}/r is approximately equal to {exp (—ZkR)}/R for large R it can easily be
seen that :

A

The integral is then 0(1/R) and so tends to zero as R — 0. :
If therefore we denote the values taken by ¢ on the upper and lower surfaces of the wing by
$, and ¢, respectively we get '

_ d (exp (—ikr)] exp (—tkr)) 0
— r(w,3,2) = [ [ [@am i) 5 |2 TR G (g | d .

Since ¢ is an odd function of = we have -

d

8—§ (bo—¢bs) = 0
and so sincei exp (—thr) = 2 {exp (~hr) we have

aL ¥ 0% ¥
d —ik
— b5, 9) = [ [ (o= 53 |72 g,
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If we revert to the original notation we get

- 47795%(”4") ¥, Z) = J‘fs(¢a% _(/Sb:),e) % exp (—1k1’)

- d¢ dn

where
r? = (w— &P+ (1-M))[(y—7)* + 27].

To obtain the velocity potential from the acceleration potential we use the relation

V exp (fwx)D(x, y, 2) = f , exp (fwx)d(x', v, &)dx’

or the equivalent relation

V exp (fwx)O(x, v; ) = f exp ((Qx"YP*(x', v, 2)dx’.

We then have o
x
— 4xV exp (lwx)D(x, y, 2) = f 2

exp (10%)dx f f A 5. oxp (k)

dédy

e r
where we have written
Ad* = % — ™.
Since the downwash is given by
oD
w(x, y) = [”a’z_ (xa ¥ "')}Z:O
the integral equation becomes, if we write w(x, v) = VW(x, y) and Ad* = — P2™*

b exp (i) Wi, ) = f " exp (iQu)dx f f THE L~ & — ldédy

If we replace I'* by {exp (—iM2Q£)T the integral equation becomes, after some rearrangement

where

2
K[x—f,y—ﬁ]=[i

0z2

exp (tkr)

3

4 Wi, ) = f f D6 Ky — 6.5 = ldédy

where
2 re exp (10x — ik
K = exp (—ieox —iDPQ) lim - f w dx’
z—>0 Y= —o
92 e exp {IQ(x'— &) — ik
. = exp {— iw(x— &)} lim ﬁf exp (U~ &) — thr dx’ .
>0 & -0 v

If in the integral we make the transformation
(1-M>»7 = (&' — &) — Mr
the integral takes the form given by Richardson?.

3. The Analytic Solution of the Integral Equation. 3.1. Before we discuss the numerical methods
of solving the integral equation we shall give a short discussion of an analytical method of solution.
The method will however only give solutions when the wing planform is simple, for example, an
elliptic wing or an infinite strip wing, but for these specific cases the problem is more easily solved
by starting with the differential equation because the special functions needed are usually defined
by means of differential equations and not by integral equations.

6



3.2. The integral equation which connects the downwash V' ¥(x, ¥) and the modified pressure
pV'(€, m) is of the form

exp (o) Wz, ) = — [ i exp (iQx)dx f J K[ £, 11T ) dn (5)

where the double integral is taken over the wing surface .S and the kernel® Kx, £:y, ] is such that
K[x, &y, n] = K[§, x:m, y].

We can split up the integral equation into two simpler equations

exp (fwx)W(x, y) = — J-i exp (¢Qx)G(x, y)dx . (6)

and

G, y) = f f Kl £, mT(E miédn. (7)

From equation (6) we get

exp (12x)G(x, )

l

- d_[jc [exp (iwx) W(x, y)]

— exp (lwx) Fd%/ + iw W]
= — exp (lwx)A(x, y) (8)

where A(x, y) is the normal acceleration.

3.3. To solve equation (6) we need to know the eigenvalues and eigenfunctions of the homo-
geneous equation, i.e., numbers A, and functions ¢,(x, ¥) for which

Cumy) = A, f f Kl &, 1106, ) dn.

Since the kernel is symmetric these eigenvalues and eigenfunctions will exist and the set of eigen-
functions will be complete. The functions are orthogonal, i.e.,

ff S?Sm(x, V)%, Y)dxdy = 0 m

and they can be chosen so that

J‘f q")nz(x: J’)dx dy = 1.
s
Let .
1
~where
Gu = [ [ G 3)putes s)asay
and let

T(& ) = 3 Tub(6, 7).

* The K here is different from the K of Para. 3, it is in fact a constant multiple of K. The precise form of
K is not needed in this Section and so this should cause no confusion.
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If we substitute these equations into equation (7) we get

anqsn % y) = f f K[ £, ]zwn(f, )€ d

2 Tugoulx, y)

= Z s
1 A?’L
i.e.,
I-‘n = /\nGn
and so
I'= 2 AnGn¢n(§! 77) .
1

We shall call this solution I';.

To obtain this function I';, we have used not the downwash W(x, y) but the acceleration A(x, v)
and, as we shall see below, this series when substituted into equation (5) gives not the original
downwash W(x, y) but a downwash W(x, ) + o(y) exp (—iwx) where « is a function of y. It is
obvious from equation (6) that any downwash of the form W(x, ¥) + «(y) exp (—iwx) will give the
same value of G(x, ). To remove this extra term we add to T', a singular solution Iy, a solution
which gives G to be zero over the wing. Since the choice of this singular solution presents some
difficulty we shall now discuss in general terms the choice of this singular function.

3.4. The Singular Solution. Since the set of functions {¢,(x, ¥)} is complete the equation

z Bals 9)bals ) = B(x— E)3(y—1) 9

is satisfied. By using this result we see that the series

r- %Anqbn(a Dal' 3') | (10)

is a singular solution for
[] 1 ks &9, e an = S0,y [ [ 806 DKL, g, ey
1 8

= ? 9671(‘”’! y,)‘/)n(x’ _')’)

S(x—2)3(y —5").
It is also easy to see that

r

® 0 :
Z AaPa(€5 1) 5 25 V') (11)

or any other function obtained by differentiating (10) with respect to the variables &' and y’ is a
singular solution. It is difficult to give precise mathematical reasons why one singular solution should
be chosen rather than another but we shall try to justify the choice of (11) on physical grounds by
considering the case of a control surface in two-dimensional steady flow.

Tf the leading edge of the control surface is at & = 0 and the wing profile is such that

Z = H(x)



where H(x) is the Heaviside step function, then the downwash is
W(x) = 8(x)

and the acceleration is :
A(x) = 8'(x).
_ The leading edge of a wing behaves locally in the same way as the leading edge of a control surface
with aerodynamic balance and so the acceleration must have a 8'(x) singularity at the leading edge
of the wing. ’

The singular solution

Ty = 5 A6 1) [ 8509

. z'=xr, gW?
will give zero acceleration over the wing and the correct singularity at one point of the leading edge.
The singular solution

!

dy

® 0
[ 20 |2 abute ) [ 6,60,
1 @' =uy, gly)

where the integration is taken from wing tip to wing tip and ofy’) is some function still to he
determined, will therefore give zero acceleration over the wing and the correct singularity at all
points of the leading edge.

3.5. The Determination of o(y). 'The complete solution is therefore
(& m) = f Lo(é 7y )dy" + Do, m).-
Let
69 = [ | Klov e | [Tute 59y + Dot | ddy

- f oy )Gol, iy )dy" + Gy, ).
When the point (x, ) is on the wing

- G(x: y) = G(x,).
The downwash W(x, y) induced by this pressure is then given by the equation

- f " exp (1Q%) Clx, y)dx

exp (fwx) W(x, )

T, EW) . z _
- - f M exp (1Q0) G, y)dx — f exp (10%) Gz, y)da.

. —w . HJLE(ZI]
When the point (x, y) is on the wing by using (6) we see that the equation can be written in the form

exp (i) (x, ) = Alx,3) + f o(y) Bz, y:y' )y’ +

+ exp (fwx) W(x, ) — [exp ({wx) W(#, ¥)]owy, o

where
Ty, W) .
Alx, y) = — f exp (1Qx)G(x, v)dx
and
Ty, mWY) R .
Bz, y:y') = — f exp (2Qx)Gy(x, y:v)dx.

—w

9



Therefore W = W if

A, y) + f oy B(%, y25/)dY = [exp (o0 W3, Dy, 10

which is an integral equation for the function o(y").
A detailed application of the method to an infinite-strip wing is given by Williams®. The
differential equation-for the two-dimensional case was used by Timman and van de Vooren’.

Kissner” has in addition given results for elliptic wings but his singular solution is believed to be
incorrect (van de Vooren®).

4. Methods of Integration and the Choice of Downwash Points. In solving the integral equation
Gaussian integration will be used. An account of this method will first be given: it follows very
closely the account given by Mineur®.

4.1. We wish to find an integration formula for the integral

. ‘
f w(x)f(x)dx (12)
in the form
b n ‘
| wwrwas = = B (13)
a 1
where w(x) is a weight function, so that the formula is exact for a polynomial f(x) of as high a
degree as possible. Since we have 2z unknowns xy, ..., &,, Hy, . . ., H,, the highest order is (2n—1).
We can calculate these constants by putting f(x) = &, r = 0, ..., (2n—1) and solving the

equations which result. There is however a simple method.

Let {G,(x)} be a set of polynomial functions which are orthogonal with respect to the weight
function w(x), L.e.,

th w(x)G{x)G(x)dx = 0 v -J',zis. (14)

We assume that the formula (13) is exact for a polynomial of order (Zr—1). Then if ®(x) is a
polynomial of order (z—1), G, (x)®(x) is a polynomial of order (2z—1) and we have

fb w(x)G () D(x)dx = ;ZL H,G (x,)0(x,).

a

But ®(x) can be expressed as a linear function of the polynomials Gy(x), . . ., G,_;(x) and so by the
orthogonality conditions (14) the integral is zero and we have

X H,Gy(x,)®(x,) = 0.
1
The polynomial ®(x) has been chosen arbitrarily and so we must have
Gulx,) =0 a=1,...,n.
The points to be chosen are then the zeros of G, (x) and we have

Gow) = A TT (x—1,)
=1

where A is some constant.

10



We now want to calculate H,,. The function

Ga(%)
x— X,
is a polynomial of order (r— 1) with zeros ®y, . . ., %1, Xp1, - - - » &, and so, using (13) we get

[ ) 2 s - 160,

1 o G,(x)
- \ T x .
Hlx G,(xa) J‘(L w(x/ X=X dx

ie.,

[«

4.2. From the zeros of G,(x) we can form Lagrangian interpolation polynomials {g,*(x)} of order
(r—1) with the property
&*(x;) = 0.
These polynomials are also orthogonal with respect to w(x), for if # & s we can write
8 ¥ (#)gs*(%) = Gu(¥)Ppso%)

where P,_, is a polynomial of order (z—2), and we have

| " (), (e () = | " 0(8)Go) Py o)

= 0,
It is convenient to construct the functions

w(x)

gr()_ ()

& (%)
These obviously have the property that

g"(xé') = 8)'8'
The orthogonality property then becomes

b
f g(0g*@dy =0 7+,

We shall use such functions later as interpolation functions.

4.3. Particular Weight Functions. We shall always transform our co-ordinates so that the range
of integration is (—1, 1). We shall consider three kinds of weight functions.

(4)

The orthogonal functions now satisfy the equation

0G0, ,
| iy =0

m £ n.

11



The functions are therefore the Chebyshev polynomials 7, (x). If we write x = cos 8, the integral
becomes

f "G, (6)G,(6)d8 = 0

and so we choose G,(#) to be a multiple of cosz8, since this function, unlike sinzf is a polynomial
in cos 0.
We then have

T,(x) = 2%—1 cos #(cos L)

where the factor 1/2%-1 has been chosen to make the coefficient of 4” unity.

We then have

‘ LV . =t
The first few polynomials are
Ty(x) = 2
Ty(x) = =

To(x) = $(2x%—1).

“The integration points are the roots of T (x), i.e., the points for which cos#8 = 0. These are
the points
aw

0 — (21’+1) g
T 2
Since
dT,(x) 1 dT,(0) =n sinnb
dc  sinf 48 = 27 siné.
we have
oo sinf, - ™  cosnf

o

nsinnb, ) ,cos 8 — cos b,

Y

The integration formula then becomes

A
- ®

w(x) = 4/(1- ).

The orthogonal functions {G, (x)} satisfy the equation

I
Sy

Zf(x) .
(B)

1
V(1 =23 G ()G, (x)dx = 0 m+n
-1
and so are the Chebyshev polynomials U, (x). If we write x = cos § the integral becomes
f " $in%0G,(8)G, (6)d6 = 0
0

12



and so U,() is taken to be a multiple of sin(z+ 1)0/sin 6. We take

1 sin(n+1)0
2% sinf

U, (6) =

the coefficient of x® will then be unity. The first few polynomials are

Uyx) =1
Ul(x) = x
Uyx) = x — £.

The integration points are the roots of U,(x) and so are the points

It can easily be shown that

The integration formula then becomes

V=) =  Bf(e)

where

B, = (_n_—l——ﬁ(lmx“z)'

We shall call the interpolation function associated with this weight function {g,(x)}. -

(€

« = J(53)

The polynomials satisfy the equation

f +i«/ (i‘i_z) G (%) Giy(x)dx = 0.

If we write x = — cos @ this becomes

f (1+cos )G, (6)G,(6)d6 = 0
0
or
” 9 6
f |:cos— Gm(e)} [cos— Gn((i)} 6 = 0.
L2 z
If we take
b G,(8 2n+1 b
cos 5 (8) = cos(2n+ )E
the integral becomes

T il 7
f cos(Z2n+1) 5 €08 (2m+ 1); =4 f cos(Zm+1)0cos(2n+1)0d0
0 0

= 0.
13



Therefore

cos (2 + 1) (0/2)
Gn(g) = W
or, since x = — cosf
1—-x
cos (2n+1) | cos™t
Gl) = = J)]

oo ()]

The integration points are the points for which

T
= + o,

g
(2n+1)§ =3

ie.,

(Z(x-%-l)

4 2+ 1)
The coefficient I, is given by

Jl =)=

~ 7 (1+cos8) cos(2n+1)(6/2)
-G, (x ) f cos f — cos 0, cos (8/2) 49

_ cos (r+ 1)8 + cosnf
TG, (oca) f cos  — cos 8,

sin(n+1)0, + sinnd,
Gn'(ﬁa) sin 8,
1 sin (2n+1)(8,/2)
GJ8)" T sin(@f2)

Now
dG,(x) B 1 d (cos(2n+1)(6/2)
[ dx L% - Lme@ cos (8]2) L__zga
_ @nt1)sin@n+1)(0,/2) '
2 sin 0, cos (6,/2) *
Therefore
Ho— 2 2eost(0.02) = » 2T (1-x)
“ 2n4+1 * 21+ 1 *

The integration formula then becomes

[ J (1o = "5 e

where C, = (1 x,) and x, = — cos <M) 7

2n 2n+1

We shall call the interpolation functions associated with this weight function, {f,(x)}.

14



4.4. The Choice of the Downwash Points. The integral equation which connects the chordwise
pressure I'(y) and the downwash W(x) in two-dimensional steady incompressible flow is

I'(y)

20 W(x) = f_lv_y

The solution of this integral equation is

\/ J‘“\/l—kx W(x)
d.
1+y ]—x

We want to approximate to W(x) by a polynomial W(x) of order (n—1) which gives the correct
values at 7 points &y, . . . , x,. We want to choose these 7 points so that the corresponding approximate

pressure ['(y) will be as good an approximation to ['(y) as poss1ble
- The error {T'(y) — T'(y)} is given by the equation

se0-to = [(52) [ \/1i9“”2_y“”w

We shall try to choose the points so that

jwm—ﬂmw:o,

© s [ [(152) &

or since the value of the inner integral is =,

j «/(1 - f) [W(x) — W(x)]dx = 0. |

Now if W(x) is a polynomial of order (2n— 1) we can write

ie.,

W(x) = W(x) + H (2 = 2,)Pys(%)

where P,_,(x) is some polynomial of order (z—1). The condition then becomes

\/(1 —~ x) a” %,)Ppq(%)dx = 0.

By writing x = — x we see from (C) that the points (—x,) are the integration points for the weight
function 4/{(1—x)/(1+x)}.
The condition can be written

\/Hx I (wde =0 r=0,...,n-1.

1—x

1 A :
Since the value of the integral J' A/ ( t y) is a polynomial of degree s in x these same

conditions would be obtained if we wished to apprommate to a downwash polynomial of order
(2n—7) in terms of its values at # points subject to the conditions that

fj[F(y)—F(y)]ysdy= 0 s=0,...r—1.

15



In particular if we approx1mate to a polynomial of order # by the polynomial of order (z— 1) we
have

fl [[(y) = T(lydy =0  s=0, ,n— 1.

We find the best spanwise collocation points in a similar manner. The integral equation which
connects the two-dimensional steady incompressible spanwise downwash with the pressure is

Ty
2aW(x) = J. dy. :
W) 1 (=) 4
The solution of the integral equation is
%)
2
260(9) = V/(1-5") f = y)z W(w)ds.

As before we choose the approximate W so that for the corresponding I' we have

[ o) -Topa - o,

\/_(1 %) {W(x) — W(x)}dxf va y;;)dy— 0.

The value of the inner integral is — 7 and so we must have
41 _
V(1= a2 {W(x) — W(x)}dx = 0.
-1

If W{x) is a polynomial of order (2z—1) and W is a polynomial which gives the correct values at
n points xy, . . ., %,, then as before we must have

V=) T (= 5)Pas(s)s = 0

for any polynomial of order (r— 1) By referring to (B) we see that these points are the roots of

Un(%)-

The spanw1se integration points coincide W1th the downwash points given in (B).

5. The Numerical Solution of the Integral Equation. We are now in a position to solve the integral’
equation

Kl — 2,9 -]
bW,y =”rx, | ) dxd
(=, 5) ; (%, ) =yF ly
numerically.
We shall transfer the co-ordinates to new co-ordinates £, 1 defined by the equations
y =9
x = xgy + dsc(y)é

where s is the semi-span, %, is the co-ordinate of the centreline at spanwise position y, and sc(y)
is the chord at this section.

16



We shall denote the downwash points by the suffices 7, s and the integration points by the suffices
a, B. The ¥’ co-ordinate will only depend on s and will be written y,, the " co-ordinate will depend
on 7 and s and will be written x, .

The integral equation then becomes

+1 C(')’])d’?’] +1
(=) 4

8 W (5, o 35) = f

P('f’ n)K[xrs — % Vs "y] df

5.1. Chordwise Integration. We shall first consider the chordwise integral

+1 .
_1P(f’ n)K[xrs —%Ys— y] df

T =, /(g T

f j ,\/ (%ﬁ) (& m K, R y)dé

and using integration formula (C) its value is

If we write

the integral becomes

> Cal-‘*(gw MK [, 5 — %4 Y5 — V]
i
or

> Ca']._‘(fa, n)K[xrs — Xy Vs — vl
1

€= J(E2) B = g V=82,

We can also use an alternative method due to Multhopp?®.
The function

where

P o [(LE Tonis [\/(1%5)]
SR W)

has the property, that
+1
T (&)édé =0
—1

forr = 0,...,#— 1. We may consider I',, # + 0, to be a pressure function which gives the lift and
the first (z— 1) moments to be zero. We can expand the chordwise pressure in the form

1_‘(] =2 anFn
. 1

and so if we only require the lift and the first (#— 1) moments we need only calculate ay, . . ., @,.

17
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If as in (C) we write ¥ = — cos 0 the first two of these pressure functions are

Iy = coté
6 cos (30/2)
I, = t— — ~
17 0% Cos(0)2)

i

8
cot—2~ — 2sin 0.
We therefore take for I'(€, 7) a finite series
T(¢ m) = T ay(n)(§)
1
and we have to evaluate the integrals
+
G€5 & m) = | TWOKIE &, 7n']dé.
-1

These integrals can, if wished, be evaluated by using the Gaussian integration formula (C).

5.2. Spanwise Integration. With the first method of chordwise integration we are left with the
spanwise integral

fﬂﬂ F(fa: U)K[é:/a Eaimy 7] dn

-1 (7 —mns)?
and with the second method we are left with

f+1 Gn(gl’ KE 'rls)an('r]) )
o (=

All these integrals are of the form
f+1 V(1 =% G(n, ) d
-1 (m—n4)?

"The spanwise integration is more difficult than the chordwise integration because the integral to be
.evaluated is a principal-value integral. We shall now discuss some possible methods.

5.2.1. Multhopp’s method. The method of spanwise integration usually used is due to Multhopp.

“The function G(z, 7,) is expanded in terms of the interpolation functions {g,*(»)} given in Section
4.3. The series

N
p G(ﬁﬂ: "']s)gﬁ%(n)
1

‘is then an approximation to G(#, n;) which in addition to having the correct values at the points
71, - - - Ny has the property that the equation

+1 N +1
y V(1 =% G(n, ng)dn = % G(ng, 1) f_l V(1= gg*(m)dn

holds if G(7, 7,) is‘a polynomial in 7 of order less than (2N — 1).
18



If we use this approximation we get

i \/(1 - 772) G("}’ 773) y +1 ,\/(1 _ nz)gﬁ%(n)
—1 (7]_ 7)3)2 d % G(n/j‘a ’75) » W dn
. N
= 3 Gyplsp
1
where
‘ 1 «

G5 = G(ng ms) and J 5 = | %@ ;

It is more usual when approximating to a function by means of a polynomial to use as interpolation
points the roots of the Chebyshev polynomial 7, ,(x). The analysis would be very similar but the
integrals J; ; would be a little more difficult to evaluate. We shall now give an alternative method of
deriving the integration formula.

Since U, (f) is a multiple of sin (n+ 1)0/sin § it can easily be shown by integrating Glauerts integral

P 40 = g
pCcosd — cosp sing

J‘ cosnf 20 sinng

by parts, that

/(1= U, ,
[T 4y - a1y )
1 (=)
and using this result we get the formula
1 2 @) U0 .
o D D T

+1
where A, = /(1 —2?) U,2(n)dn. The series is divergent but it has a first Cesaro sum. We shall
~1

define an N'th convergent K, to the function K(n, ') by taking the first N terms of this series.
We then get the following approximation to the value of the spanwise integral

" V(1 =12 G(n, 1) Kn(n, n5)dn

) L)Vt

n

_ i?Vﬂ—n%G@ﬂm — 7 3 (1)

We can now evaluate the integral numerically by using the Gaussian integration formula (B). ’
The integral is then approximately equal to

N
gBﬁwwg—wzw+ul%Lﬁ@{
=1 =0 n
‘We shall show that this reduces to
N
Z ‘]sﬂGs
g=1
as in Multhopp’s method.
" We have
7o /(192 g*(n)dn
sf— Y '
-1 (77 773)
19
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We first want to expand g;¥() in a series of the form

N-—1

) = T U,

r=0

The coeflicients o, are given by
+1
Aoy = | V(L= gg () Up(m)d.

Now g;#(n) U(n) is a polynomial of order (2N —2) at most and so can be evaluated exactly by the
Gaussian formula (B). We then have

" .
)\7'057' = Z B/tg/i‘%(ny) U'r(n/z) = BﬂUr(n/J‘)'

p=1

Therefore

VT
T, = | METT g
0= | o 8D

% (?l—|— 1) Un(y]s) lvil Bﬂ

I

li,-.(nﬂ) f j V(=) U () U, (m)dn

n=1 )‘n r=1
Nt Un’c U’I’L
_ )5 Uim)Uitng)

n=1 n

Sivnce Un(ns) = Up(np) = 0

j\’ Un s Uﬁ(
Ly = =y 3 DnI0n)

=0 1
The Multhopp method is then equivalent to using a degenerate kernel to approximate to the kernel

1/(n — 1,)? and evaluating the integrals by Gaussian integration. This was recognised by K. Jaeckel
(Collatz)™.

5.2.2. There is however the difficulty that G(z, 1) is really of the form

Gy(m, m5) + (n—na)%log |1 — 15| Ga(n, my)

where G, and G, are well behaved functions. The logarithmic term is only significant near 7 = 7,
and so we shall take the function to be of the form

Gy(m, n) + Ang) (n—n,)% log |m — n,] .

The function Gy(7, 7,) has no singularities and so we can approximate to it by means of the
functions {g;*(n)}. We have

- ¥

Gy(ns 1) = ; Gi(mp> 185%(m)
=1

ﬂz (Gl ms) — Amg) (= my)?1og |ms — 14 | },Cn) -

20



Therefore

/(=G ) , _ (P v/ (L=7)G(n, ) ) log | —
- (n—m,)? dn = f_l (n—1)? | dn + Ans) J‘—1\/(1 7?)log l"] 76 |dn

+ \/(l—n V(1 —n")gs* (n)
CEEN

ﬁz (Gl m) — Nng) (mp—me)21og |mp — 7} f

At
+Ans) | V(A —n)log |n — 9, |dn.
—-1

Since

f V{1 =g¥)log | — ngldy = m{dn2 — 3 — §log2}

we get

A1 =92)G(, 7) z
dn = 3 Glng 1),
f—l (= 75)? K §1 (s 1Mo ‘

0 [tin— = 2183 -

— 3 (np—me2log |mp — me U, —|
f=1 |

This modification is due to Mangler and Spencer!? The evaluation of A(x,) is difficult, possibly the

best approximation is due to I. T. Minhinnick: it is derived in Appendix I.

5.3. An alternative method is due to Hsu'®. We can remove the singularity from the integrand by

writing it in the form

Gl m) = Glra 1) = (=) (32
(n—ms? (n—75)?

Clryn) | 1 [BG] _
17=%s

G(WS) 77) _

.+.

(n—15% " (n—ny? L3,
Since
/(1 —7?) dy = —
—1 (n—mny)* °
and
/(1-79) iy = — =
~1 (n—7g)?
we get .
+H /(1= 42G(n., oG
f V=) (27] ) dn = — aG(ng n5) — 715 (a_) +
-1 (7]'—773) . Ui =g

+1 Gy 1) — G(ne 19 — (01— 775) <2—G)
+J_1\/(1—n2) (n—ms)?
21

s dn

(15)



The integrand of the integral on the right-hand side has no singularity at » = 5, we can apply
integration formula (B) to the integral. We get

/(1= )G(n, ) (aG)
v Ns 1
= — 7G(ng 1) — s | - +
|y e =5
T G("']e’ 77,8) G(ns’ 7]5) . 1 (@) %
N+1,s =% (s—m9)% (=) \ 39/,
N G,y

) 1om2y  sb
N+1 ( 17ﬁ)(n,e—m)z

LY (=)
G, 11+ s g_
3 V12
(ac)
_ . (%C
an —

1 ¥ (-9
TNFLZ %

The formula as it stands is of little use because it involves the derivative of G(%,, 77) If however the

points 7, could be chosen to be the roots of the equation

1 y (1—77/32)
N+1ﬁ 1(77/? 7]6)

then this difficulty would be removed. These points can easily be calculated and the equation
(16) becomes

[ PR Y T ¥
-1 ("] 7]3)2 N+1 8=1 (ns_nﬂ)z

(16)

=90

— 7A Gy,
where
N — 2
A= 1+ L (L=, )2.
N+ 1525 (=)
The points 7, are not related to the downwash points obtained in Section 4.4. If however we
write the integral in equation (15) as

' ' 3G
G s - G sy s s, ( )
P [ (75 1) ‘(7) %) = (1= | 5, WJ
<V ({1=77) (=)
and use integration formula (A) for the weight function 1/4/(1 — »?) we obtain equation (16) with the

factor 1/(N + 1) replaced by 1/N. The derivative (9G/0d7),., will be removed if we choose the down-
wash points 7, to satisfy the equation

1 ¥ 2
Ns + EY, E ’(_l)z = 0.

ﬁ 1 (nﬂ 775)

It is shown in Appendix IT that these points are the roots of Uy_,(x). With this choice of downwash

points the expression

dn

L LY A=
N 21 (ms— )
is equal to IN. The value of the integral is then
A=) Glnn) , 7 Y (A=A o
A (1=n9)? N2 (=) °
22




With this method we have one more integration point than downwash point, and so with the
chordwise integration we must choose more downwash points than integration points. If we choose
N spanwise integration points and / chordwise integration points then the number of chordwise
points .S must be chosen so that

MN = (N-1)S
i.e., M must be a multiple of (N —1).

5.4. We have now two possible methods of chordwise integration and two methods of spanwise
integration. Acum®1516 and Garner'” have used Multhopp pressure functions for the chordwise
integration and Multhopp’s method for spanwise integration, Richardson® has used Gaussian
integration for chordwise integration and Multhopp’s method for spanwise integration, and Hsu!?
has used Gaussian integration for chordwise integration and method of his own for spanwise
integration. These methods are given in detail in the references quoted.

We shall give details of a method similar to that used by Richardson. If we neglect the logarithmic
correction the integral equation is easily solved. The integral equation is

*te(m)dn f i

w5 | T(E K x, — %, v, — y]dE.
-1 (77 - 773)

SaW,, = f

-1
If we apply integration formula (C) to the inner integral
+1
= I'¢, K%, — %, ¥, — yldé

-1
we get

I=3 sz,r(‘fw' 77)I<[xrs — % Ys _.y] .

a=1

If we now integrate spanwise we get

Sﬂwrrs =2 X Coclr(gon nﬁ)c('ﬂﬁ)K[‘xrs —Xup Vs — yﬁ]‘]sﬁ

a=1 =1
m n
= Z Z Ca,CﬁKrs’ a/f‘]sﬁPocﬁ
where e
s = C(”’lﬂ), Poaﬂ = I'(§,, ’7,6‘)
and :

Krs,aﬂ = K[xrs — Xap Vs _yﬁ] .

These equations can easily be solved for I, 4.
If we are to include the logarithmic correction the integral of .

c(n)K[xrs — X% Y — y]F(g.zn)
becomes
Z CﬁKrs,uﬁJsﬂFaﬂ + A7'sPLs
. 1
where
s = 77[%7732 - % - %IOgZ] - Z (nﬁ_ns)zlog |77/9 — s |Jsﬁ'
1
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It is shown in Appendix II that

o= (2) [ 009 ) 4 (1 pamicre my + o [ 1 mexp (it~ e

s

where
w = (we,f2).
We then have for A, ,

2\2 m ( , .
b= (7)) 2 Tupde | = (=ML + (L i (&) +
5 =1
1
v |7 exp (- in(é, - g)}dfé
—1
= % SsﬁL)'s,araﬂ
=1
where

252 ' &r
Ly = (=) [-0-3076) + Qe dicsie) 4 o |7 1 exp (= il - )¢

8
The complete equation is then

m m
8alW,,= ¥ ¥ C/ C/j"]s ﬂICT‘ 80 ﬁr‘a gt s 2 S, ﬂLr sl '
a=1

e=1 =1

This set of equations can also be put in matrix form and solved for I', 5, details are given by
Williams and Birchall8. )

These interpolation functions have already been used implicitly; the original equations for I can
" be obtained by expanding I' in terms of these functions.

Conclusions. The methods used for incompressible flow and some of the methods for compressible
flow were devised so as to reduce the amount of computation at the expense of complicating the
method. With automatic digital computers, however, it is not so necessary to restrict the amount
of computation but it is an advantage to have a simple method. The methods given here are suitable
for digital computers and would be of little use without them. The few published results available
show that they are capable of giving the derivatives needed for flutter calculations.

Acknowledgement. My thanks are due to Dr. G. Z. Harris for his valuable criticism and advice.
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APPENDIX I
The Evaluation of the Coefficient of y? log |y |

When x and y are small the kernel K(x, y) can be expanded in the series
T x Towy® wiy?
2K(x, y) = - -
Y2 K(x, y) e}fP( fwx) Ll + V(&2 + 5 \/(x2+,82y2) T 4+

B/ (o +W>E "

waZ x+,\/x2+ﬁ2 2)
+— log {w 21— 30)

or alternatively

) T X e tw(x®+ %) w2y2 _ (I-20MP)
K9) = [+ S =~ ngn T3 (A Byors e
2 L O i o Y24 By?) —
| 3 o (o jo S

YA 9) + 30y eXP<—zwx)log§ Wzﬁf—i%f—x

where
: M i
A=y—-%- 3 T3
and y is Euler’s constant (Watkins ez al1?).

‘We want to find the coefficient of 2 log y in the expansion of the integral
’ TR ’
F,9) = [ SR = )

TR
= F@)2 Ky (" — &, y)dx +
LR

OV exp {— dwo(sf — 2)}f(x)log oV ”);(j_ﬁ;w;} &%) 4. (17)

2 Japp
If we write &' — x = X then the first 1ntegra1 becomes

- . f (' — X)K((X, y)dX

<1
where . i
X, = &' — Xy, X, =ux —x5.
Now we can write

a ’ o A*? # ’
S = X) = f&) = XP) + 5y X
and if we substitute this into the integral we get, with an obvious notation,

Xq Xy
F#3) = =) | KX )X+ () | XK, ppax -
1

J ”(x) f XK (X, y)dX.

The only terms in K1 Wh1ch can give rise to terms in log y are those which give rise to integfals

of the form
I = f oA
»= ) Ve
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Now

r x
Iy = |log {x + Vl(xz’l‘ﬁzyz)}:' e A(Xy, Xy)

_ X,
L= |V gy
and :
n + 2 20,2 i x”"l'l 22 24,2 XZ
w1 Do+ L = [y V)|
and so if we only retain the logarithmic terms and ignore the algebraic terms we have
Io = A(Xb Xz)
;=0
Iy = — § ByPA(X,y, X))
I =0

gl
I

_ = § BYyA(X,, X).
Therefore if we single out the terms which can contribute to the term in y? log y we have
Fy(', y) = f(«)o(y® - $B2HAMX,, Xo) +
+ () (= 38MAX,, X5).
Now for small y, X; = & — «; is positive and X, = &’ — xp is negative. The term

log [ X, + 4/(X,2+p%?)] has no singularity at ¥ = 0. The term log [X, + /(X2 +B%?)] can be
written as

~log [~ X, -+ /(X3 +8%%)] | + log B%°.
The first term has no singularity at y = 0 and so then we have
AX,, X,y) = 21og |y].
Therefore
Fy', y) = y*log |y {+ w(l+ M) f(') — (1= MEF ()} + . ..
Similarly in the integrand of the second integral of (17), log |[X — 4/(X?+B%?)]| can only have a

logarithmic singularity at y = 0 if X is positive and the value of the singularity is then log f%2.
The logarithmic term in the second integral is then

— wiytlog|y| f " exp (—iwX)f(x' — X)dX .

‘The coefficient of the term in 32 log |y | is then

+ w(1+ M3 f(x) — (L =M f'(x) + o? f exp [ —iw(® — “c)}f(“c)d"c .
. TLE
‘When referred to the ¢ co-ordinate this result becomes

+1 R . _ g 2 B B , g _
f_lf(é‘)yK(f e,y>ds—...(c)[ ( M)(%)g:gﬁ
+ k(1 -+ MEBF(E) +
;
e f exp{— iw<5'~f>}f<§>df} y2log ||

-1
where £ = we/2, and ¢ is the chord at the integration section.
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APPENDIX II
Some Relations between the Zeros of Chebyshev Polynomials

Let yy, . .. v, be the zeros of T,,(y), then

: Tuy) = Xy ~y1) - - - (¥ =n)-
By logarithmic differentiation we get

. 5L 1 T/
Ely — 3. T.»)

© 1 O L)

2o [Tn@)} T,0)

and differentiating again

If we choose y to be a zero of T,/(v), i.e., a root of U,_,(¥) equation (19) becomes

° 1

> = 0
=1 Y= Va
and equation (20) becomes 7
e L __ T)"()
=1 (y—yoc)2 Tn(y)

Since T, (y) satisfies the differential equation
A=T"() — 3T,/ (9) + 2T (y) = 0

eqhation (22) reduces to

% 1 _ n?
a1 (=3, 1=
We need the sums of the series
n (1 —yu)z % (1 —yaz)
2’ o —
a=1 (y_yac) e=1 Y — Ya

If we write (1—2y,2) as

(L= + 29(y—,) — (¥ =3.)°
the first series becomes

n 1 n
1=y 2 —— + % X

—n
am1 (¥ =a) am1Y ~ Y
and so its sum is 72 — # = n(n—1),
ie.,
: (1 ‘_yzx)z
3 = n(n—1).
Z =y =
The second series becomes
n n
1-y%) % +2ny — 3 (V—3a)-
( ) a=1Y — Yo =1 (
Since 3, y, = 0 we have therefore
a=1
n . 2
(-9 _
a=1 Y~ Va
or
1z (1 _yacz)
yr-3 el _ .
n =1 yoc - y
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(18)

(19)

(20)

(1)

(22)

(23)

24



Publications of the
Aeronautical Research Council

ANNUAL TECHNICAL REPORTS OF THE AERONAUTICAL
RESEARCH COUNCIL (BOUND VOLUMES)

“1942 Vol. 1. Aero and Hydrodynamics, Aerofoils, Airscrews, Engines. 755, (post 2s. 9d.)
’ Vol. 1L Noise, Parachutes, Stability and Control, Structures, Vibration, Wind Tunnels. 47s. 6d. (post 2s. 3d)

1943 Vol. 1. Aerodynamics, Aerofoils, Airscrews. 8os. (post 2s. 6d.)

Vol. II. Engines, Flutter, Materials, Parachutes, Performance, Stability and Control, Structures.
gos. (post 2s. 9d.)

1944 Vol. 1. Aero and Hydrodynamics, Aerofbils, Aircraft, Airscrews, Controls. 84s. (post 3s.)

Vol. II. Flutter and Vibration, Materials, Miscellaneous, Navigation, Parachutes, Performance, Plates and
Panels, Stability, Structures, Test Equipment, Wind Tunnels. 84s. {post 3s.)

1945 Vol. L. Aero and Hydrodynamics, Aerofoils. 1305, (post 3s: 6d.)
Vol. II. Aircraft, Airscrews, Controls. 130s. (post 3s. 6d.) V
Vol. III. Flutter and Vibration, Instruments, Miscellancous, Parachutes, Plates and Panels, Propulsion.
' " ) 130s. (post 3s. 3d.)
Vol. IV. Stability, Structures, Wind Tunnels, Wind Tunnel Technique. 130s. (post 3s. 3d.)

1946 Vol. 1. Accidents, Aerodynamics, Aerofoils and Hydrofoils: 168s. (post 3s. 9d.)

Vol. IL Airscrews, Cabin Cooling, Chemical Hazards, Controls, Flames, Flutter, Helicopters, Instruments and
~Instrumentation, Interference, Jets, Miscellaneous, Parachutes. 168s. (post 3s. 3d.)

Vol III. Performance, Propulsion, Seaplanes, Stability, Structures, Wind Tunnels. 168s. (post 3s. 6d.)

1947 Vol. 1. Aerodynamics, Aerofoils, Aircraft. 168s. (post 3s. 0d.)
Vol. 1II. Airscrews and Rotors, Controls, Flutter, Materials, Miscellaneous, Parachutes, Propulsion, Seaplanes,
Stability, Structures, Take-off and Landing. 168s. (post 3s. 9d.)
1048 Vol. 1. Aerodynamics, Aerofoils, Aircraft, Airscrews, Controls, Flutter and Vibration, Helicopters, Instruments,
Propulsion, Seaplane, Stability, Structures, Wind Tunnels, 130s. (post 3s. 3d.)
Vol. II. Aerodynamics, Aerofoils, Aircraft, Airscrews, Controls, Flutter and Vibration, Helicopters, Instruments,
Propulsion, Seaplane, Stability, Structures, Wind Tunnels. 110s. (post 3s. 3d.)

Speéial Volumes

Vol. . L. Aero and Hydrodynamics, Aerofoils, Controls, Flutter, Kites, Parachutes, Performance, Propulsion,
Stability. 126s. (post 3s.) ‘

Vol. II Aeroand Hydrodynamics, Aerofoils, Airscrews, Controls, Flutter, Materials, Miscellaneous, Parachutes,
Propulsion, Stability, Structures. 147s. (post 3s.) -

Vol. III. Aero and Hydrodynamics, Aerofoils, Airscrews, Controls, Flutter, Kites, Miscellaneous, Parachutes,
Propulsion, Seaplanes, Stability, Structures, Test Equipment. 189s. {post 3s. 9d.)

Reviews of the Aeronautical Research Council
1939-48  3s. (post 6d.) 1949-54 5. (post 5d.)

Index to all Reports and Memoranda published in the Annual Technical Reports
19091047 R. & M. 2600 (out of print)

Indexes to the Reports and Memoranda of the Aeronautical Research Council
Between Nos. 2351-2449 & M. No. 2450 2s. (post 3d.) ‘
_Between Nos. 2451-2549 & M. No. 2550 2s. 6d. (post 3d.)
Between Nos. 25512649 - & M. No. 2650. zs. 6d. (post 3d.)
Between Nos. 26512749 & M. No. 2750 2s. 6d. (post 3d.)
Between Nos. 2751~2849 & M. No. 2850 2s. 6d. (post 3d.)
Between Nos. 28512949 & M. No. 2950  3s. (post 3d.)
Between Nos. 2951~3049 & M. No. 3050 3. 6d. (post 3d.)
Between Nos. 3051-3149 & M. No. 3150 35, 6d. (post 3d.)
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