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THEORETICAL ANTISYMMETRIC SPAN LOADING FOR WINGS OF ARBITRARY PLAN FORM

AT SUBSONIC SPEEDS!*

By JoeN DeYouxe

SUMMARY

A simplified lifting-surface theory that includes effecis of
compressibility and spanwise rariation of seetion lift-curve slope
is used to provide charts with which antisymmetric loading due
to arbitrary antisymmetric angle of attack can be found for
wings having symmetric plan forms with a constant spanwise
sweep angle of the quarter-chord line.
to the flexible wing in roll. Aerodynamic characteristics due to
rolling, deflected ailerons, and sideslip of wings with dihedral
are considered. Solutions are presented for straight-tapered
wings for a range of swept plan forms.

INTRODUCTION

Reference 1 has been for many vears the standard reference
for estimating the stebility and control characteristics of
wings. The Lifting-line theory on which this work was
based gave generally satisfactory results for straight wings
having the aspect ratios considered ; however, the use of wing
sweep combined with low aspect ratio has made an extension
of this work desirable. Lifting-line theory cannot ade-
quately account for the increased induction effects due to
sweep and low aspect ratio; consequently, it has been found
necessary to turn to the more complex lifting-surface theories.

Of the many possible procedures, a simplified lLifting-
surface theory proposed by Weissinger and further developed
and extended in reference 2 has been found especially suited
to the rapid computation of characteristics of wings of
arbitrary plan form. Comparisons with experiment have
generally verified the theoretical predictions. In reference
2, this method has been used to compute for plain, unflapped
wings, the aerodynamic characteristics dependent on sym-
metric loading. The same simplified lifting-surface theory
can be extended to predict the span loading resulting from
antisymmetric ? distribution of the wing angle of attack.
From such loadings the demping moment due to rolling,
the rolling moment due to deflected eilerons, and the rolling
moment due t6 dihedral angle with the wing in sideslip can
be determined. A recent publication (reference 3) makes
use of the simplified lifting-surface theory to find span-
loading characteristics of straight-tapered swept wings in roll
and Joading due to dihedral angle with the wing in sideslip.
Experimental checks of the theory for the damping-in-roll
coefficient and rolling moment due to sideslip were very
favorable. The range of plan forms considered in reference
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3 is somewhat limited and aileron effectiveness was not
included. The loading due to aileron deflection normally
involves excessive labor when computed by means of the
simplified lifting-surface theory; however, development of
the theory, presented in reference 4, that deals with flap and
aileron effectiveness for low-aspect-ratio wings provides a
peeans by which the simplified lifting-surface method can be
used to obtain spanwise loading due to aileron deflection.

It is thé-purpose of the present analysis to provide simple

methods of finding antisymmetric loading and the associated

aerodynamic coefficients and derivatives for wings with sym-
metric plan forms limited only by & straight quarter-chord
line over the semispan. Means will be presented for finding
quickly the aerodynamic coefficients of span loading due to
rolling, of span loading due to deflected ailerons, and of
span loading due to sideslip of wings with dihedral. Flexible
wings, when the flexure depends principally on span loading
as in loading due to rolling, can be included in the analysis.

NOTATION
A .aspect ratio ( Sz)
b wing span measured perpendlcular to the plane of
sy'mmetry, feet
¢ wing chord, feet ?
e alieron chord, feet ?

Car mean wing chord (%): feet ®
¢ loeal lift: coeﬂicient(M)

Cp,  induced drag coefficient (M)

Cr rolling-moment coefficient <1im%lgno_rrmm;
Gy, rolling moment due to rolling [ﬁﬁ]’ perradian

Ci, rolling moment due to aileron deflection (ba_%’;),

per radian
Gc;:- spanwise loading coefficient for unit rolling moment
tlar
(2A
A G
dr ~ scale factor

m%im wl.ng but of opposite sign.
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factors of loading interpolation function
spanwise loading coefficient or dimensionless circu-

. ¢ T,
lation (EE) or (W .
spanwise loading coefficient due to rolling (W);

per radian

spanwise loading coefficient due to aileron deflection”

(%), per radian

wing geometry, compressibility, and section Lft-

ourveslope parameer| ¢, (1) (:151]

integration factors for spanwme loa,dmg due to a.ller-
ons

Mach number

arbitrary number of span stations defined by

n=c08

m-l—l o

rate of rolling, radians per second .

wing-tip helix angle, radians

coefficient depending on wing geometry and indi-
cating the influence of antisymmetric loading at
span station n on the downwash angle at span
station »

free-stream dynamic pressure, pounds per square
foot

wing area, square feet

ratio of aileron chord to wing chord ® (%‘)

free-stream velocity, feet per second

induced velocity, normal to the lifting surface,
positive for downwash, feet per second

lateral coordinate measured from the wing root
perpendicular to the plane of symmetry, feet

section angle of attack at span station », radians ?

angle of antisymmetric twist of the elastic wing
produced by the loading due to rolling, radians 2

rate of change of wing-section angle of attack with
control-surface angle for constant section lift
coefficient 2

compressibility parameter (1/ I)

angle of gideslip, radians

dihedral angle measured perpendicular to the plane
of symmetry, radians

spanwise circulation, feet squared per second

angle of deflection of full wing-chord control surface,
radians @

angle of deflection of full-wing-chord control surface,
measured perpendicular to the hinge line, radians

dimensionless lateral coordinate (3%)

# Measured parallel to the plane of symmetry. o -
1 In considering the case of the angle Induced by rolling as equivelent to an antisymmetric distribution of twist {t must be noted that account should bo taken of the fact that a rolling wing

leaves a twisted vortex trall; whereas a twisted wing does not.
assumed in other analyses.

g dimensionless aileron span a.ller%l;_zm)
Ne.p. spanwise center of pressure on one wing panel
Ye.z.
b/2
6 trigonometric spanwise coordinate ¢, indicating the
edge of the aileron span, radians
K ratio of section lift-curve slope at a span station
v to %’r; both at the same Mach number
A sweep angle of the wing quarter-chord line, positive
for sweepback, degrees
Ag compressibility sweep-angle parameter
—; (tanA
[tan ( ——):,; degrees
tip chord
A taper ratio 700% ohord
¢ trigonometric spanwise coordinate (cos™ 9), radians
SUBSCRIPTS
n,» integers pertaining to specific span stations given by
nx VR
1=CO0§ 5~ Or =008 ¢
k pertaining to span station £
c. p. center of pressure
a aileron
t pertaining to fraction-of-wing-chord ailerons
T wing tip
R wing root
av average Or mean

DEVELOPMENT OF METHOD

The simplified lifting-surface method used herein replaces
a lifting surface by a lifting vortex located at the wing one-
quarter-chord line. The boundary condition for determining
the vortex strength distribution specifies that, along the
three-querter-chord line of the wing, there shall be no flow
through the lifting surface. In effect, this specifies that, at
the three-quarter-chord line, the ratio of the velocity normal
to the mean camber line (induced by the bound and trailing
vortices) to the velocity of the free stream shall equal the
sine of the angle of attack.

Span loadings are theoretically additive. Since the sym-
metric angle-of-attack distribution contributes only to sym-
metric loading, it follows that the antisymmetric loading is
independent of symmetrically distributed wing twist or cam-
ber; hence, to find antisymmetric loading, it is only necessary
to consider the loading resulting form the antisymmetric
distribution of the angle of attack across the wing span. In
the subject case, such a distribution is experienced by the
wing as induced angle due to rolling,* the eflective twist due
to aileron deflection, or sideslip of the wing with dihedral.

The difference In induction effects on the wing of the straight and twisted vortex Is considerod Insignificant Eere, as has beon
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For an entisymmetric angle-of-attack distribution, the
loading distribution will be equal in absolute magnitude on
each semispan, but of opposite sign. The loading therefore
needs only to be found over the semispan, and, since the
loading is zero at the wing root, only span stations outboard
need be considered. The mathemstical development: of the
simplified lifting-surface method for the case of antisym-
metric loading is given in appendix A. As shown in appendix
A, (m—1)/2 linear equations in terms of loading distribution
are obtained which satisfy the wing angle-of-attack condi-
tions © at the three-quarter-chord line at m stations n, where

m is an arbitrary odd integer. These equations are repre-
sented by the summations

m=1
2
a= 3 Pl v=1,2,3, ... 22 (1)
=1 . -

where :

o antisymmetric angle of attack at wing station »

Don coefficients that for a given value of m depend on
wing geometry, compressibility, and seetion lift-
curve slope

G. loading coefficients at span stations n

The application in appendix A of the present report is with
m="7.
be zero, consideration is required of only three stations:
n=1, 2, 3, equal to wing semispan positions of y=cos (n=/8)

=0.924; 0.707; and 0.383. Equation (1) thus becomes

3 -
a.=“21 DraFa, r=1,2,3 2

where the integer » perfains to span station p=cos (v#/8)

To obtaln the loading coefficients G,=(¢:¢/2b),, it remains
only to evaluate the coefficients p,, and the spanwise
variation of the antisymmetric angle of attack a;.

EVALUATION OF COEFFICIENTS p,,

Since m is chosen, p,, becomes a function only of wing
geometry, compressibility, and section lift-curve slope. The
effects of compressibility and section lift-curve slope are
equivalent to a change in wing plan form & and can be ac-
counted for by a proper adjustment of the p,, values. As

¥ The reader should note that the boandary condition is given by w,=Tsin o, from which (w/V), is seen to equals{n ay. Thesubstitution ofe, for sin «, has the effect of Increasing the  ~

Since the loading at the midspan station is known to .

shown in appendix B, Dy, can be conveniently presented as & .

function of two parameters, namely, & compressible-sweep-
angle parameter defined as Ag=tan~* (tan A/S) and a param-
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ster H, involving the ratio of wing span to wing chord and

variable section lift-curve slope, defined by

2-0.(3)(op)
where

k, Tatio of experimental section lift-curve slope at span
station » to the theoretical value of 2x/8, both at the
. same Mach number
¢, wing chord atspan station»

. The value d, is a scale factor given by

d,=0.061 for r=1
=0.234 for y=2
=0.381 for »=3

4)

Equation (3) can be written in alternative form that gives
H, in terms of wing geomefry parameters that are more
significant; thus

@) -

=2 (52 [
7=4,(35) | tereren ®
where _
Kqp ratio of average section lift-curve slope to 2x/8
both at the same Mach number B
KpfKay spanwise distribution of section lift-curve slope
for a given Mach number
&+{Cas spanwise distribution of the wing chord o
(BA/[kq,) compressible aspect ratio and average section
lift-curve-slope parameter
The term m of equation (5) gives an effective

aerodynamic taper of & wing. The distribution of x,/x,, may

vary with Mach number, particularly at fransonic speeds

(e. g., due to spanwise variation of airfoil section). However, _

since the distribution contributes to taper effect, the loading

distribution and not the total loading will be appreciably

affected.
With H, determined from equations (3) or (5) and (4), the

values of P,,, nine in all, are presented in figure 1 where p,,is

given as & function of H, for various values of ..

. value of Joading on the wing ahove that necessary to satisfy the boundary condition. However, the boundary condition was fixed assuming that the shed vortices moved downstream in the
extended chord plane. A morerealistic pletire is obtained if the vortices are assumed to move downstream in 8 horizontal plane from the wing treilfng edge. If can be seen readily that, If this
oceurs, the normal component of veloclty mdneed by the trafls at the three-gquoarter-chord line is redneed and, if the boundary condition Is to continne to be setisfled, the strength of the bound
vortex must {nerease. It follows that substitutfon of ¢, for sin e, then has the effect of accounting for the bending up of the trafling vortices. If is not known how exnet the correction is, but

the caletlations and experimental verffleation show it to be of the correct order.

1 Compressibility and section lift-curve slope are discussed in the section “Discussion and in the appendix B.
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F16URE 1.—Influence cosfficlents, prs, for antisymmetric spanwise loading plotted. as a function of the wing geometric parameter, I, for values of the

compressible sweep parameter, A s degrees,
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tapered wings.

For the case of straight-tapered wings with arbitrary
section lift-curve-slope distribution for which the chord
distribution is specified by taper ratio, evaluation of equatiox_l

(Kv/ Kao)H y

(5) is given in figure 2 where. Al for each of the three

span stations is shown as & function of taper ratio.

‘EVALUATION OF ANTISYMMETRIC ANGLE-OF-ATTACK DISTRIBUTION o

The antisymmetric angle-of-attack distributions most
commonly encountered are those resulting from rolling
wings, aileron deflection, and sideslip of wings with dihedral.
Evaluation of the angle-of-attack distributions for these
various cases is outlined in the sections immediately following.

Rolling wings.—For the case of the rigid wing, the induced
velocity normal to the wing surface is equal to the upwash
velocity experienced by the rolling wing. Thus, at span

station v
=W_ _ _PJ‘_)
@=y (2V T

where pb/2V is the tip helix angle. It should be noted that
the relation given by equation (6) assumes the wing structure
to be rigid in that the distribution of «, is completely defined
by the linear distribution of helix angle. In the case of
flexible wings, however, the expression for , must be modified
to account for the streamwise angle-of-attack change which
may occur due to bending or torsional deflections. In this
case,

(6)

wme(B) vt 0
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where Aq, represents the modifying influence of flexibility
Normally, Aa, is not considered for straight wings since only
the effect of torsion (which is usually small) is involved.
On swept wings, however, the effect of bending can cause

- Aa, to be quite large so that the a, distribution may be

affected considerably. Due to the interaction existing
between the aerodynamic and structural forces, Ae, cannot
be determined directly, but must be found through equations
of equilibrium or by iteration, With the loading for the
rigid wing provided, however, the iteration procedure
becomes relatively easy to apply. The first approximation

of e, is found from the loading of the rigid wing and further

refinements of «, may be found utilizing the successive
loadings for the flexible wing as determined.

Deflected ailerons,—Where the spanwise distribution of
the angle a, is to be considered equivalent to antisymmetric
aileron deflection, it must suffer a discontinuity at the span-
wise end of the control surfuce. The loading when such a
discontinuity is present can be duplicated by a proper
distribution of antisymmetric twist. In appendix C, the
aptisymmetric twist distribution required by the present
theory to give accurate span loading distribution due to
ailerons is found with the aid of zero-aspect-ratio wing theory
given by reference 4, To minimize the computation involved,
it is convenient to consider both the case of outboard and
inboard ailerons.

1. Outboard ailerons.—With m=7, three different aileron
spans can be conveniently defined for the outboard ailerous.
For the aileron spans 7, measured from the wing tip inboard,

the antisymmetric twist distribution required per unit
.deflection of full-wing-chord ailerons, «,/8, is given by

Inboard ailerons.—With m=7, three different aileron spans
ean be conveniently defined for the inboard ailerons. For
the aileron spans 5, measured from the wing midspan out-
board, the antisymmetric twist distribution required per unit
deflection of full-wing-chord ailerons, a,f3, is given by

Sideslip of wings with dihedral.—For calculating the roli-
ing moment caused by dibedral angle for the sideslipping
wing, the effect of the skewness of the vortex field in altering
the effects of the dihedral angle will be assumed to be small
(as assumed in reference 3). - The problem then simplifies to

Case I I 13

- 0.109 0.444 0.905

? . 1.003 0.971 0.908 (8
i 017 .90 i

.

?' 006 014 .8 )

Case v v vi

e 0. 556 0.831 1.000

"_; 0.044 | 0.018 Lo ) )
1; —017 .961 0 B
3&- LO87 1.095 L1601

-
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finding the rolling moment due fo antisymmetric angle of
attack with the unskewed vortex field. The solution to this
problem is the same as for the ailerons which has already been
solved.

The antisymmetric distribution of angle of atteck for the
sideslipping wing with dihedral is given by

0‘!=EP (10}
where
a, effective angle-of-attack distribution
B angle of sideslip measured positive in the counterclock-
wise direction from the plane of symmetry

T' dihedral angle

The wing parameter I' is not affected by compressibility.
Equation (10) is approximate for small values of § and I'.
For unit BT over the span of the ailerons considered,

Br=sd (11)

can be substituted for § in equations (8) and (9).

APPLICATION OF METHOD

For the cases of antisymmetric angle-of-attack distribu-
tions resulting from rolling, aileron deflection, or sideslip with
dihedral, it is possible to present a set of simultaneous equa-
tions which are required for the solution of the load distribu-
tion for an arbitrary plan form. With the loading known,
integration formulas can be given to determine aerodynamic
coefficients. '

The loading-distribution coefficient @, determined from:
the solutions of the simultaneous equations, are functions of
P»n which has been shown in a preceding section to be a
function ‘of wing geometry, compressibility, and section lift-
curve slope. The aerodynamic coefficients are integrations
of the load distribution and, therefore, will also be a function
of wing geometry, compressibility, and section lift-curve-
slope parameters. Application of the method to the general
solution for arbitrary chord distribution is outlined and solu-
tions are presented for the case of straight taper.

GENERAL SOLUTION

Aerodynamic characteristics due to rolling.—The solutions
for the aerodynamie effects due to the rolling wing will be
found and loading, rollihg moment, spanwise center of pres-
sure, and induced drag will be obtained.

1. Simultaneous loading equations.—The p,, values are
obtained from figure 1 and table I7 with values of H, given by
equations (3) or (5).

The simultaneous equations (2), for the rigid and flexible
wing, respectively, become:

—0.924=p,,G,+ 01,0+ puGs
—0.707 =001+ P0G+ 1G5
—0.383=1p;, @1+P320_2+Pa:a3

(12)

where .
- G,
71

1329

and
_ _ - 9
—0.9244 6[2V_pnGI+P12G2+PmGs
—-0.707+56A7;—2V—,=‘Pu§1+19maz+1’23é3 - - (13)
—0 383-[——, L M SR Y .
X pb2V - PaliT Pl ?
where G, G

=Pb/—2"v and Ag, is the incremental angle of attack

due to aeroelastic effects.

2. Load'[ng distribution.—The loading-distribution coef-
ficient is given by G=e¢;¢f2b. Other forms of the ]oadmg
coeﬁ':'[cmnt are given by the identities

G 1 c;C 0; cic
24 Cag 24 Oxc.u

(19

The loading is known to be zero at =0 and 1 and is deter-
mined at three intermediate span stations. Values of loading
at other span stations can be obtained from a loading funetion
derived in appendix B or, with equations (B23) or (B24) of
appendix B, the loading can be found af span positions
7=0.981, 0.831, 0.556, and 0.195.

3. Rolling moment.—The damping-in-roll derivative for the
solutions of equations (12) or (13} is derived in appendix B
and given by

6Ci_x (84) (7 asal | as
et ( m)[02+o.7o7(al+a,)] 15)

4. Spanuwise center of pressure.—The equation giving center
of pressure on the wing semispan is shown in appendix B to be

. BCI/KM . _ o
e»- B4 (0.163G,+0.248G;1-0.430 Gy '

Kap

0.082 (cffc,,,)ﬁr“ 124 ( £5) o215 ((g:c“) (16)

5. Induced drag.—The induced drag is derived in appendix

B and given by

Aerodynamic characteristics due to aileron deflection.—
The solutions for the aerodynamic effects due to ailerons will
be found for three different spans of cutboard and inboard
ailerons. Cross plots of these data provide curves for
arbitrary aileron spans.

1. Simultaneous loading eguations.—The p,, values are

2 _
—5 G(Gi+ Ga):l (1)

obtained from figure 1 and teble I with values of H, given -

by equations (3} or (5).

(@) Deflected outboard ailerons.—The aileron spans meas-
ured from the wing tip inboard are given by %,. The simul-
taneous solution for antisymmetric spanwise loading due to

T Values of p,» beyond the scope ot figure 1 are ineluded inn fable I. Forrulues of Hy larger than those included in Sgure 1 and table I, the p,» curves can be obtained from equation (BS)

which gives the llnear asymptotes of the Pre Bmetion.
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deflection of any of the three following aileron spans can be
obtained from the appropriate set of the following equations:

where Gn=Ga/5. :

(6) Deflected inboard ailerons.—The aileron spans meas-
.ured from the wing midspan outboard are given by n.. The
simultaneous solution for antisymmetric spanwise loading
due to deflection of any of the three following aileron spans
can be obtained from the appropriate set of the followmg
equations:

1 Case w [y ] 0w - '—: : B .

| e 0. 356 0.8 | Low - o v
i'—; 0044 o013 |- Lo —Puar '|‘PmG=+P13§:
2 —.01} .96t 879 =sz5 +1723 +p$= (19)
o 1.087 1,08 L 1.01 = pmﬁ + pna,—l— psaG s

where 5,—@ [s.

2. Loading distribution.—The spanwxse loading dxstnbu-
tions due to various aileron configurations include: = .

(@) Pull-wing-chord ailerons.—The loading is known to be
zero at =0 and 1, and is determined at three intermediate
span stations. With equation (C13) and tables C6, B1, and

C7, the loading can be found at span stations =0.981, 0.831,
0.556, and 0.195_for each of the aileron spans considered.

With these given points and the knowledge that the slope of
the loading distribution curve is theoretically infinite at the
point of angle-of-attack discontinuity (eileron spanwise end),
the loading distribution can be faired.

(8) Constant fraction of wing-chord ailerons.—The spanwise
loading of constant fraction of wing-chord ailerons is equal to
the product of the loading due to full-wing-chord ailerons and
the effective change of angle of attack with aileron angle,®
dafds. The factor da/ds is a function of the ratio of aileron
chord to wing chord {=c,fe. The change of section angle of
attack with aileron angle da/dé is presented in figure 3, which
is reproduced from figure 18 of reference 5.

Although figure 3 taken from reference 5 limits the Mach
number range to Mach numbers less than 0.2, this limitation
is believed to be unwarranted since theory indicates that
dafds is unaffected by compressibility for the two-dimen-
sional wing. - However, as indicated in reference 4, da/ds is
strongly affected by low aspect ratio and will change appreci-
ably if the parameter 84 becomes much less than two; hence,
the values of de/ds from figure 3 appear to be valid for 4>>2.

¢ In using de/d3 here, 1t should be noted thet the assumption fs made that the effective
airfoil section is taken as being parallel to the plane of symmetry and that the section
approaches a two-dimensionel section. The validity of this assumption can be questioned:
however, imited checks with experiment show It to be at least approximately correct.

Case L | & ai

ne o 1&9. 044 | 0.506

3 Los | o | o8 =1ﬂu_(-711 + Gt pGa

=R ar | e | T =lea:+1’n§;+?n?: (_18) _
a | e | ou | om | =Bt bt Pl
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(¢) Arbitrary spanwise distribution of aileron chord.~The
aileron can be divided into several spans with constant
defds, then the total loading is the sum of the products of
the full-wing-chord loading of each span and its respeelive
da/ds.

3. Rolling moment.—The rolling moment can be found for
the following aileron configurations:

(@) Full-wing-chord ailerons.—The spanwise loading due to

aileron deflection. cannot be integrated with sufficient

accuracy with equa.tion (15). In appendix C,, a similar

_integration formula is developed that applies to ea('h given

alleron span. Equauon (C10) and table C5 give
C L
_ﬂ?:, =(%) (h161+hzaz+hs?a) (20)

where for each of the cases of equations (18) and (19} the
h, values are given by

Case I . I oI v v [ VI

.33 ' 0. 140 0.13¢ 0.138 0. 146 0. 141 @10
b .199 .198 .166 <200 197 198
A J148 188 138 140 .13% L1140

(b) Constant fraction of wing-chord ailerons.—For constunl
fraction of wing-chord ailerons with aileron angle measured
parallel to the plane of symmetry, the aileron effectivencss is
given by

ﬂ%@(&)

—=7 (21)

(¢) Arbitrary spanwise distribution of aileron chord.—Tle

deflection of ailerons for which f varies spanwise on the

wing can be considered as an equivalent wing-twist distribu-
tion. The effective antisymmetric twist of the wing is
given by ’

. _de,
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where da/ds is now a function of spanwise position. The
antisymmetric angle-of-attack distribution given by equation
(22) can be divided into spanwise steps of constant angle of
attack and the total rolling moment can be found by the
summaeation of the rolling moment due to each spanwise step.
The rolling moments of the spanwise steps are obtained from
a curve of rolling-moment coefficient 8C:/x, as & function
of unit antisymmetric angle of attack from the wing root
outboard. This step method is the procedure. used in
reference 1.

A curve of BO;,/K,, as a function of unit antisymmetric
angle of attack from the wing root outboard can be obtained
from the solutions of equation (19} for the cases IV, V, and
¥I. An additional point ean be obtained from the solution
of case ITL of equation (18), applying the relations (dis-
cussed later) existing between inboard and outboard ailerons.
The rolling moment due to the twist given by equation (22)
can be obtained, by a method other than the step method,
from the integral given by .
ﬁc‘a‘ I‘lda d(ﬂol5[Kar) 23
Kag ds dy (23)

which can be integrated numerically by taking the graphical
slopes of ﬁO;a/xa, which is a function of extent of unit anti-
symmetric angle of aftack from the wing root outboard.

4. Spanwise cenfer of pressure and induced drag.—Span-

wise center of pressure and induced-drag integration formulas
for loading due to eilerons are not given; however, equations
(16) and (17) can give approximate integrations of the load-
ing to obtain center of pressure and mduced drag.

5. Additional considerations:

(@) Relation between aerodynamic charactenstws for out-
board and inboard ailerons.—The spanwise loading distribu-
tions due to outboard and inboard ailerons bear a simple
relation to each other. Since loading is linearly propor-
tional to angle of attack, loadings are directly additive.
Then, for outboard and inboard ailerons with the spanwise
ends of the ailerons at the same span station,

Ginbosra= G(qc- n— Gou_f.baard

G“lnhoud = 0“ W1 - C%utboud (24

Nagboara = 1 — Neonthoard

These relations do not apply for 7.,. and Op, since these
characteristics are not linearly proportional to loading.

(8} Differential aileron angles.—The effect of a differential
between aileron angles can be taken into account by con-
sidering the () of each wing panel as one-half the antisym-
metric results of equations (20), (21}, or (23). The total
wing rolling moment is then the sum of the products of Oy,/2
given by equations (20), (21), or (23) and the angle of de-
flection of each aileron. Although the total rolling moment
- can be found by this procedure, the spanwise loading distri-
bution can be found only approximsately by the products of
the antisymmetric unit loading @/5 and the deflection of each
gileron. Howerver, the loading distribution so found will be
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quite accurate since this procedure neglects only the small
change due to the induced effects of the differentially differ-
ent opposite wing panels.

(¢) Aileron angles measured perpendicular to the hinge

line.—The relationship between aileron angle measured per-
pendicular to the aileron hinge line and that measured
parallel to the plane of srmmetry is given by
: tan &

tan 3=cos A o (25)
where.
A, sweep angle of the aileron hmge Iine
& angle measured perpendlcular to the hinge line
For constant frection of wing-chord: aﬂerons on -straight-
tapered wings, A, is gn«'en by

where ¢ is the fraction of wing-chord aileron measured from

the wing trailing edge.

Aerodynamic characteristics due to sideslip of wings with

dihedral.—The total antisymmetric loading due to sideslip
can be considered as the sum of that due to dihedral angle
and that due to zero dihedrel angle. For the unswept wing,
the rolling moment due to sideslip for zero dihedral angle is

generally considered negligible; however, for the swept wing,

this effect can be appreciable. In the present reporf, only
that part due to dihedral angle will be considered for the
swept and nonswept wings, :

1. Simulfaneous loading equations.—The p,, velues are

- obtained from figure 1 and table I with. values of H, given by

equations (3) or (5).

The simultaneous equations resulting from the substitu- __ _

tion of 5=FT (see equation (11)) and G=G/AT in equations
(18) and (19) are applicable in the determination of the
effects of unit outboard or inboard dihedral angle over the
span of the ailerons considered.

2. Rolling moment.—The rolling moment due to various

dihedral angle distributions inelude:

(@) Constant spanwise dihedral angle.—For dihedral angle
constant for the entire wing semispan, the loading is given
by the solution of case VI in equation (19) for G=&/BT and
the rolling moment from equation (20) becomes

ial‘f ‘SA(O 1403,--0.1085,4-0.14080

(b) Gulled wing.—For the gulled wing

@7

, solutions of equa-~

tion (19) for G—=@/BT gives the Ioadmg and the ro]lmg____

moment from equation (20) becomes -

(hIGI_{_ h2G2+h'3G8)

B Cl, B A
P (28)

A plot of the results of cases IV, V, and VI gives the extent
of unit dihedral angle from the wing root outboard. Then,

“for a gulled wing, the total rolling moment equals the sum

of products of dihedral angle of each span section and the
rolling-moment contribution of the respective span sections.
(¢} Variable spanwise dihedral angle—If T varies span-
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wise, the rolling moment can be obtained by integration as

in equation (23). The integral becomes
ﬂC d(BC=fkeT)
' f ro) D g, @)

d(ﬁoz,/KavI')

where 18 the glope of the curve described in

part (&) above.
SOLUTION FOR STRAIGHT-TAPERED WINGS .

Charts of aerodynamic characteristies for straight-ta-
pered wings can be presented in terms of geometric, com-
pressibility, and average section lift-curve-slope parameters.
These charts provide a ready means of obtaining data
directly.

Aerodynamic characteristics due to rolling.—The applica-

tion of equation (12) for a constant value of section lift--

curve slope® provides the spanwise loadings at span stations
0.383, 0.707, and 0.924 which are presented in figure 4 for a
wide range of plan forms. The interpolation formula of
equation (B24) will give values of loading due to rolling at
span stations other than those presented. With equation
(15), the damping-in-roll coefficients SC,/x;, can be obtained
and are presented in figure 5 for a wide range of plan forms.

Aerodynamic characteristios due to aileron deflection.—
The application of equation (19), case III of equation (18),
and equation (20) provide aileron effectiveness in the coeffi-
cient form BC,/k,, for several ailerom spans. In figure 6,
BCr/xq is plotted against extent of unit antisymmetric angle

of attack from the wing semispan root outboard for a range
of wing parameters,

As presented, figure 6 gives directly the effectiveness of
full-wing-chord inboard ailerons for aileron spans measured
from the plane of symmetry outboard. The effectiveness
of full-wmg-chord outboard ailerons for aileron spans meas-
ured from the wing tip inboard is given by figure 6 directly
by the relations of equation (24). For full-wing-chord
ailerons located arbitrarily on the wing semispan, the aileron
effectiveness can be obtained directly from figure 6 as indi-
cated in the following example sketch.

A¢, f
Kay t
;ﬁg‘l of aileron
| Kan
|
1
_____________ 4-X_
!l !
: %a '
a /

With the full-wing-chord values given above, the effec-
tiveness of constant fraction of wing-chord ailerons or ailerons
of arbitrary spanwise chord distribution can be found through
use of equations (21) or (23) with the da/ds values of figure 3.

f Throughout the . ke I8 the constant spanwise seetion Jift curve slope or the average
of & small variation. For large spanwise verfations of x that follow the function given by
equation (B11) developed In appendk B, the parameters 84/xa¢ and X can be replaced by the

-~ S o Teelv
parameters GeaFer N JOER) and e x, respectively. For large spanwise variations of «
that do not follow the curve of equation (B11), the simultaneous equations for the general

%olutlog can be solved for arbitrery distributions of x, The H, values can he obiained from
gure

REPORT 1056—NATIONAL ADVISORY COMMITTEE FOR ABRONATUTICS

5
P —— —_— :
, \\( \Q%& L1/ 5 8 rsl:f'z
2 _g’.ﬂA-d A-0 7
Kay
) : - ]
T@A=0 12, 16 | ———
2 Kav 418 110 | F6 12
A-25 I
2 h
4 £-1 4_.6" -8 N .
)
:—LQ:’ A0 { p
2 Kav A=.50 iyg 8 "8-“"4 2
L2 pd — -
oft9a0 [T o ==,
~ 0] P
< P ——)

2 }av A=10 L EQ_R‘Z

Py {s)
4 - xau 7 —
] Mg il I 8] § u

-50 -40 -30 -20 -1 O [0 20 30 40 50 60 70 60
. Ag
(a) y=0.3827,
FIGURK 4—Variation of loading due to rolling coeficlent C? ; with compressible swosp
1]

parameter Ag, degrees, for stralght-tapered wings.

6 . T T
2‘4-'7 A -688 «t/0 -8 r4 /’2
° a=0 AA-0*
4 _ Koy —
6—pA=0
RN
T e
2Y-4|--6|vg |vo =25 g+ ' H
P, 4
6‘__,&A-0
1 ‘\ Kay
< 5 \_2 w, :r
p A=80 10 8 6+ 4} b2
' |
6 LA=0:=5]
21~ Kev /
5 Zﬂéézﬂﬁﬂ
T8 jaet0 w0 8\ 614
£
{b}
61BA=042=5
5 Kav ‘«" 2-~, 10~
L4 6 k8 HO 107 8~ 6““4
4} . 4-15 |
=50 -40 =30 -20 -/10 O /0 20 30 40 50 60 70 80
Ag
‘ (b} x=0.7071,
Fiouge 4.—Contlnued.

Aerodynamic characteristics due to sideslip of wings with
dihedral.—The application of equation (19), case 1L of
equation (18), but with 8=8T, and G=G/BT, and the use of
equation (28) provides rolling moments due to dihedral angle
for the wing in sideslip. These rolling moments are given
in the coefficient form 50,3/::,.1‘ which is the same {unction
of n as B8C;, [k and is presented with BC) [k, in figure 6.
Figure 6 with equation (29) will provide the rolling moment
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due sideslip for any symmetric spanwise distribution of
dihedral angle.

For dihedral angle constant spanmse, the rolling moment
is given by the value at =1 in figure 6. These values for
constant spanwise dihedral angle are presented- in figure
7 as & function of aspect ratio for various values of sweep
angle and taper ratio.

DISCUSSION

Effects of plan-form parameters on aerodynamic charac- -

teristies for straight-tapered wings are shown by plots against
the various parsmefers. Compressibilify is discussed and
formulas given for a range of plan forms at sonic speeds.
Theoretical considerations and experimental comparisons
indicate the order of reliability of the present theoretlcaI

results.
STRAIGHT-TAPERED WINGS

The spanwise loading distribution due to rolling for several
plan forms is presented in figure 8. These curves are the
result of applying figure 4 and the loading interpolation
formula of appendix B. The loading coefficient is given as

Ne.3. 16
(ﬂc . )A-D Glcat
constant gnd thus show more clearly the changes of dis-
tribution due to sweep and taper ratio. Figure 8 shows
large changes in loading distribution for the zero tapered
wing. The effects of sweep are generally as expected,
namely, that sweepback shifts the loading outboard.

Effects of plan form on therolling moment due to rolling is
shown from cross plots of figure 5 which are presented in figures
9and 10. For higher aspectratio, figures 4,9, and 10 show the
marked lowering of rolling moment due to sweep. Figure

) to make the total loading on the semispan
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FI6URE 5.—Variation of damping-in-rofl parameter — % r“’ with compressible sweep parameter

Ag, degrees, for straight-tapered wings.

9 indicates that for low aspect ratio, the rolling moment _
becomes essentially independent of sweep and taper. The-
taper effects on rolling moment as seen in figure 10 are
small except for values of taper ratio less than 0.25.

Typical spanwise loading distributions due to full-wing-
chord aileron deflection are shown in figure 11.
were faired with the aid of the loading interpolation function
of appendix C and, at the aileron spanwise end care was
taken to make the slope large.

Wing geometry effects on aileron effectiveness for full- .
chord outhoard partial-span ailerons (with aileron angle
measured parailel to the plane of symmetry) are given in
figure 12. The geometry effects on BC [k, are similar to
those on the damping-in-roll coefficient. Comparison of
figure 12 (a) with ﬁgure 9 shows that C;, approaches the
zero-aspect.—ra.ho value in the same manner as does 0; .
Figure 13 gives comparative effectiveness of inboard apd
outboard ailerons for swept wings. As sweep increases, the

difference of effectiveness between inboard and ont-
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board ailerons decreases showing that inboard ailerons for g.3
highly swept-back wings approach the effectiveness of out~ _
board ailerons. Since da/ds becomes large rapidly at small 2
values of ¢ (fig.3), then, for a given aileron area, narrow full-
span ailerons for swept-back wings may be more desirable !
than larger-chord outboard ailerons. The relative effects of
figures 12 and 13 apply equally well for constant fraction of g /
chord ailerons, since the data would differ only by 2 constant
factor da/ds. (3) Am0.
COMPRESSIBILITY sc, .
From the three-dimensional linearized-compressible-flow | Ficvse6—Alleron mnmi:’““"“* perameter 1 per radien, and rolliug moment du to
equation, it can be shown that the effects of compressibility sidesllp with dihedmli—.:lg,: per radlan squared, for extent of unit antisymmetric sngle of
will be properly taken into account if the longitudinal com- ettack from the wing root cutboard.
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* F1atRE 6.—Continued.

ponents of a wing plan form are increased by the factor 1/8.
Or, alternatively, if the linearized ¢ompressible flow equation
be divided through by g2, then the lateral and vertical com-
ponents of a plan form are decreased by the factor 8. In
both cases, the incompressible local lift is increased by the
factor 1/8 and the compressible local lift coefficient cen be
written as the parameter Be;.

With these relations known, an incompressible theory

can be made into a compressible theory subject to the’

Limitations of the linearized compressible flow equation.
The geometric parameters of a wing ere simply sub-

stituted by BA,Ag—tan-! tan 4 ond gb. With. local Lft
coefficient given by Be;, the dimensionless loading

becomes @=:—>==+- The wing-chord distribution remains

unaltered.

The sonic speed results of reference 4 can be used as a
limit point in the present theory for a curve of the variafion
of antisymmetric serodynamic characteristics with Mach
number, The following equations apply at the speed of
sound to plan forms with all points of the trailing edge at
or behind the upstream Iline of maximum wing span:
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FIGGRE 6.—Concluded.

For outboard ailerons,

- c,

5=% sin® 4, where 5,—~1—cos @

For inboard silerons,

C; =% (1 —sin® ), _Where 7g==C€0s @&

§
Reference 4 shows that aileron effectiveness at the speed of
sound is independent of the chordwise-lIocation of the ai-
leron hinge line, provided the hinge line remains ahead of
afl points of the trailing edge.

ACCURACY OF THE SEVEN-POINT SOLUTION FOR AILERONS

The prediction of aileron effectiveness for given aileron
spans with wing twist determined by zero-aspect-ratio

theory at only seven span points to satisfy the boundary

conditions has been theoretically shown to be sufficient by
comparing ‘results with the computation of a typical 3.5
aspect ratio, 45° swept wing with 15 span points satisfying
the boundary condifions. The process of finding aileron
spans for the 15-point method was fhe same a&s that in
appendix C. The curves showing the variation of €, with

aileron span for the 7- and 15-point computations were

identical. .
The solution for the angle-of-aftack distribution that
includes & discontinuity can be compared with the solution
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for the continuous angle-of-attack distribution by consid-
ering an aileron such that the angle-of-attack distribution
is equivalent to that of the rolling wing. The damping-
in-roll coefficient then can be found by use of equation (23)
which reduces to the form

1 dO’;‘
O;-——ﬁ [ 4 d‘f] d'ﬂ

for a= —(Lb—) » and integrating by parts
2v/,

1
¢,= | eyir—a,
o n=1

This relation states that C; is equal to the area between a
curve of figure 6 and the line of Cy, for 7=1. The curves of
figure 6 were found by the simplified lifting-surface theory

with antisymmetric twist determined by zero-aspect-ratio

theory. The values of O, obtained in this manner from
figure 6 were identical to the C,, values given by simplified
lifting-surface theory for continuous linear antisymmetric-
twist distribution.

As further theoretical check, the values of rolling moment
due to constant spanwise dihedral angle are obtained from
15-point computations in reference 3 for taper ratio equal to
one, with which the present theory for the 7-point method
is in exact agreement. I '
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THEORETICAL ANTISYMMETRIC ‘SPA.N OADIN
COMPARISON OF THEORETICAL AND EXPERIMENTAL RESULTS

The eleciro-magnetic analogy method of reference 6
provides damping-in-roll coefficients for an aspect-ratio
range of unswept, tapered wings. The results of the present
. theory and those of reference 8 are compared in figure 14.
Except for the taper ratio effects on Cy the comparison is
good. The rounded-wing-tip values of C; given by NACA
Rep. 635 (reference 1) are included in figure 14. Since
rounded wing tips generally give values of C, about 6
percent lower than straight wing tips, the values of NACA
Rep. 635 appeer to be appreciably too high for lower-aspect-
ratio wings. The present theory and the theory of refer-

AN FORM AT SUBSONIC SPEEDS
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‘; for various sweep angles and taper ratfos.
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BC
FiourE 10—Variation of the damping-in-roll parameter T.? with taper ratio for wings
with various aspect-ratio sand sweep-angle paramaters.

ence 6 approach the velue given by the zero-aspect-ratio
theory of reference 4 quite satisfactorily. The results
of the present theory may be further sssessed by the com-
parison with the results of low-speed experiment as given
in figure 15 for the range of plan forms presented. For
further experimental verification of the accuracy with which
C., can be determined by the present theory, the reader is
rext?erred to reference 3 which supports the theory as well
or better than figure 15 of the present report.
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The loading distributions due to rolling as given by the
present theory are compared in figure 16 with low-speed
experimental results for a range of swept wings. The sweep
angle seems to have considerably more influence on loading
distribution as given by experiment than the theory indicates.
The experimental pressure data, however, were very erratic
and no firm conclusion cen be made.

Experimental values of rolling effectiveness due to aileron

deflection are compared with theoretically predicted values
in a correlation diagram given by figure 17. Included are
the results of & wide range of plan forms which do not vary
consistently with any geometric parameter or aileron con-
figuration. Sketches of the plan forms and ailerons are
drawn about the points of correlation. The theory makes
use of the curve of figure 3 giving. da/dé for a sealed-gap
eileron over a range of deflection of +10°. Experimental
results for aileron deflections greater than 15° measured per-
pendicular to the hinge line were not included. The correla-
tion points of figure 17 scatter appreciebly; however, the
meen line of the points does approximate the line of perfect
correlation.
- Figure 17 does not account for effective plan-form change
due to dafds. Only the effectiveness of the low-aspect-ratio
trianguler wing of figure 17 is exceedingly in error, which is
the result of neglecting plan-form change.

The plan-form change due to defds can, in part, be con-
sidered analogous to that due to section lift-curve-slope
change.
which is reduced by de/ds and which is at an angle of attack
8, 1s equal to the lift of the wing-aileron section for which
the aileron only is deflected at the angle 8. This change in
plan form, unlike the section lift-curve-slope change for

Thus, the totel section lift of a wing, the chord of

1339

which the chordwise loading remains constant, does not ac-
count for a large change in chordwise loading. If the lifting
line is considered to be at the chordwise center of pressure,
then, for partial-wing-span ailerons, the lifting line is in
effect broken at the aileron spanwise end and the present
theory becomes invalid. For the case of full-wing-span ai-
lerons, the lifting line in effect remains unbroken and lies
along the center of chordwise pressure. For this case the

- wing chord can be reduced by de/ds to account for plan-form

change; however, although in.the limit of zero aspect ratio
the results are the same as those of reference 4, this procedure
does not with sufficient accuracy account for the chordwise
loading shifting aft at intermediate aspect ratios. For con-
trol surfaces, the effective plan-form change due to da/ds is
appreciable for the low-aspect-ratio wings such that in the
limit of zero aspect ratio the spanwise loading is independent
of the ratio of aileron chord to wing chord (reference 4).
However, for moderate aspect ratios, de/ds can be used with-
out accounting for plan-form changes as comparison with
experiment indicates.

Experimental velues of C/T" are not compared with the
present theory since reference 3 gives ample support of the

_theory.

CONCLUDING REMARKS

The determination of antisymmetric loading for arbitrary
wings is shown to be easily obtained by the solution of three
simultaneous equations. The coefficients of the simulta-
neous equations are presented in charts of parameters that
include wing geometry, compressibility, and section lift-
curve slope as arbitrary quantities. Thus the loading for
an arbitrary antisymmetric angle-of-attack distribution can
be simply found once the angle-of-attack distribution is
chosen.

For the important cases of antisymmetric loading, roll,
and aileron deflection, the angle-of-attack distribution is
given and the simultaneous equations are formed. Loading
for these cases can be found by simply obtaining from charts
the coefficients corresponding to the wing geometry, Mach
number, and lift-curve slope, inserting in the appropriate
equations and solving..

Integration formulas for the loading distributions are
given which enable the aerodynamic coefficients Oy, and C,,
to be found. The rolling moment due to sideslip of a wing
with dihedral is shown to be equivalent to that of aileron
deflection and a procedure for determining its value is given.

For the special case of straight-tapered wings, the loading
distributions and values of 0, and (), are given in the chart
form for a renge of wing plan forms.

Experimental and theoretical verification of the theory
is shown to be good. The theory is applicable for large
aerodynamic angles, provided the flow remains unseparated.
The compressibility considerations are reliable to the speed
of sound subject to the Limitations of the linearized eom-
pressible-flow equation.

AMES AERONAUTICAL LLABORATORY,
NaTroNAL ApvisorY COMMITTEE FOR AERONATUTICS,
MorreTT F1ELD, CALIF., December 92, 1949.
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APPENDIX A

EQUATIONS FOR THE DETERMINATION OF ANTISYMMETRIC LOADING

TUNSYMMETRIC LOADING
From NACA Rep. 921 (reference 2), the aerodynamic | b,, and b, are coefficients independent of plan form.
loading is obtained by solution of linear simulteneous equa-
tions
m L(Vy 0)frm+L(Vs M+ 1)fu.M+l+ ]
a,=<%) =3 4,.G., v=1,2,...m (A) | & 3@ +1)[ 21 L0y 1) fon
r nm] -
where . o @Ad)
G=71% (A2)
bV
3 where
=925+ — =
Aon b"+(cy) g for n=» A3 fa: are coefficients independent of plan form.
(A3 .
=—9 (,m_|_<ﬁ)gm for n=<y The L (v: B) fu.nct._ions, which eah have 7, negative to find
Cr unsymmetrical loading, are given by
for %,=>0 orps*Mjl *
B b - b\? — 2 )
14+(2 ) tam a0l =70 [+(5) =7 .
L (v, W= = . > 1

and

or 7,<0 or nZM;I_l

1+(-f—) (ol —n») tan A

() @—3

[1+(2 2Yton adnd+70 [+(3) =7

s (A5)

L (v, w)=

1+(2) (nl4+n2) tam o

L
(ci,) (17.:—5;)

2 tan A
A

:1 +ln,] (Eb—) tan A]’-[-(Gi,)’,,,z |

[1 +(L) tml—n) tan & | 1 +(2) Gnd+n) ton 1 | ' | J

where
7= oS +1 spanwise position at which downwash is computed
x= COS m spanwise position of incremental loading at the one-quarter-chord line.

The above equations invelve computations over the entire
wing. However, if the loading is assumed to be symmetric
or antisymmetric, the computations can be reduced to less
than balf the work. The case of symmetric loading is
developed in reference 2 and the antisymmetrie case is
developed in the following section.

ANTISYMMETRIC LOADING

For antisymmetric loading, the loading on each side of the
wing has the seme magnitude and distribution but with
opposite sign, or

Qy=—0Cmt1—»

(A6)
G;=—Gm+l—r, or Gn=_Gm+1—n

Equation (A1) cen then be written as
m—1
2
a,=E (Am—‘
Rl -

Ar, u-{-l—n)Gn. = (A-7)

where the summation is only to m2_
antisymmetric loading.
With equations (A3), equation (A7) becomes

a.=[2 (Brr—by, my1— )—i—(i) (gn—8&>, ,,,+1_.):| a,—

= [2(6.,——6. miid—(2) G .,.+1_n)]e' (A9)
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1, since Gat+:1=0 for
2

Rl
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(The prime indicates the value for n=» is not summed. )
Now, from equation (A4)

I‘(”: 0) (fno fm-!»l n, a)
gvn+gr. mtl—n 2(.AI+ 1) l: 2 +
L(V; M+1) (fu, 41— Fmt1—n, 2e41) +
g -
M .
23 Lo Gre—Tmiion.d | (A9)
where . .
fnn m+1 FZ=1 e sin #1(}'),‘ (03] ,u1¢,. (A].O)

and
nw

e T
From equation (A9), fux—Sfn41-= » can be defined as

.f*nu=fnu_fm+l—n. 3 -
then, using equation (A10),

o _
== E p1 €08 g1, (BIN g1y —SiD B1Pmi1—n)
+ =1

2 m
=mti “Z_‘, [1 COB fi1¢h BIN p1¢, (1 €08 pi7)

and, since the terms of the summation for odd u; vanish,

f*u#_':mL_H s, ”i) oo 11 IB p1da €O gy (ALD)
From equation (A11),
T =S a1 (A12)
Combining equation (A9) With (A12) and defining
G5 mn=Grn—Gr, mi1-n
then
M1 E
P =TTy 2 e+ L, M 1wl (413
A1

where for u=0 and —5— f*,, is equal to half the values

given by equation (All) in order that the products can be
fitted into the summation. With equation (A13), equation
(A8) can be written as

m—1

a=(20+2 g, G—E (20.-L 5) 6. @iy

m—1

v=1,2,3, ... )

where
’ 0r=bvr_bv, myl—>»

Crn=brn‘—'

br, m4l1=—n
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From reference 2,

1_(_1)n-i
2(m+1)

b ~ sin ¢,
"7 (cos ¢n—cos ¢,)?

which gives zero values for b,, for even (n—v») values. Then,

since m is odd,

br.m+l—!=0

and

Cv= bn

It should be noted that L(r,u) simplifies somewhat for the
antisymmetrically loaded wing since 5 now is only positive
in equation (A5). If only positive values of % are used, then
equation (A5) can be written as

L(n,7)+L(n,—%
=L{r,u)+ Lz, M+1—p)

L (": I"') L*'F

In suramary, the foregoing analysis for the antisymmetri-
cally loaded wing gives

m—1
P
Qy= E pann (A]‘s‘ .
=1
»=1,2,3, . . . 1’5_—1
where . _._
p,,,=2b,,—l—(-fZ g% for n=v (A16)

=—2C,,.+c—b' g% for ny

,C"n=brn_ br, mtl—n

b m+1 o

" =% sin ¢,
b sm qsn 1_(_1)3—7

7" (CoS pa—cos )| 2(m+1) .
g*,p=g*" fOI' n=vyp

x1+1

1’*’m‘=i 2 My SID pida COS Ky s
) m+1 ,SFen B

et o ot

I = £ 5 for M+1
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For M=m, f*,. simplifies to
[2(—1)’““" sin 2¢, :L ( —sin 4¢, )
cos 2¢,—c0s 2, —cos 4én/ nmp

f no=f% for p=0

m-+1
2

i ,.._+1=% for p=
n 2 &

. 1
L*, =
b -
Z) (m— "hs)

{\/[1 +(£)(n._—a)tanA]’+(c—f)z<n.—a,)’—1}+

1
(c—b) (1479
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) 1+2 <Cé) N tan A
u ) T 7h\2
2 tan A-V 1 —l—(E-) nytan A +(c-—) 1.
142 (g) 7, tan A
7,=CO0S ¢, where ¢,=ﬁ1— )
n.==C0S_¢, Where ¢,=ﬂ—f_% o
Tx=C€0S ¢, where ¢"=mn——lr—1

{\/ 1 +2) @) tanA]2+(£)2 (o +7t
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s "

For a discussion of the relative acecuracies obtained for &

choice of values of Af and m, see reference 7. The most

favorable application is with A =m.



APPENDIX B

DERIVATION OF RELATIONS USED I_N THE METHOD
APPLICATION OF APPENDIX A

With appendix A, the antisymmetrical loading on a plan
form for any antisymmetrical distribution of a, can be found.

The principal work in the computations is to obtain the co- .

efficients of the simultaneous equations (A15). These co-
efficients can be presented in charts for the complete range
of geometric plan-form parameters into which are introduced
the effects of compressibility and section lift-curve slope.
With the loading due to rolling known, the coefficients and
derivatives are obtained by integration formulas.

Section lift-curve-slope effect.—For & two-dimensional
wing with the loaded line at the quarter-chord position, the
position z aft of the loaded line where the induced downwash

equals the engle of attack of the wing can be obtained by the

Biot Savart Law as

'w=2—wher Pc=_c%T{_
or

w ci;c

V 4xz2
or

@_41:6

de ¢
then

e=(-2) 9

dr/ da

where de;f/da is the section lift-curve slope. Two dimen-
gional section compressibility effects that do not follow the
Prandtl-Glauert rule can be given consideration by taking
the ratio of (dey/da)ecmpreasie 8t & Mach number to 2x/8.
Let « be the ratio of the section lift-curve slope at a given
Mach number to 2x/8 or (de,/da)compressivie= 27x/8, then

a=«{c(2)

Then the induced angle, x(¢/2) aft of the loaded line, is
equal to the angle of attack of the wing. For x=1, this
is at the three-quarter-chord line. For section lift-curve
slope less than 2x, « is less than one and the downwash is
equal to the angle of attack at some point between the
one-quarter- and three-quarter-chord line.

To take into account the section lift-curve-slope variation
in the present theory, the downwash must be found at a
distance «(¢/2) aft of the loaded line. From the formulas
of the summation in appendix A, b/e, should be taken as
b/x,c,, where x, is the ratio of section lift-curve slope for a
given Mach number at span station », to 2x/8. '

Derivation of parameters for p,,.—The p,, coefficients, as
defined by equation (A16) in appendix A, depend on plan-

1346

form geometry in the (b/c,)L,. functions only, or p,, is 2
function of bfe, and sweep angle. As previously shown,
b/e, is also a function of the spanwise variation of section
lift-curve slope and is effectively equivalent to d/x,e,, where
k, is the ratio of section lift-curve slope for a given Mach
number at span station » to 2#/8. The p,, cocfficients can
be plotted against b/ke, with sweep angle as a parameter;
however, b/x,e, will vary from zero to very large values for
a range of plan-form geometry, and the plots become un-
wieldy. For & range of aspect ratio, the values of b/x.e,
are a maximum for the zero tapered wings when 9,20.6
(provided plan-form edgés are not conecave) and a maximum
for the_inverse-tapered wings for #,<0.5. The ratio of
b/ee, for 4,20.5 for any plan form to those of the zero
tapered wing or the ratio of b/xe, for ,<0.5 for any plan
form to. those of the inverse-tapered wing gives a geo-
metric parameter for any plan form that has maximum
values that depend only on aspect ratio.

The chord distribution for straight-tupered wings is
given by

b AQ+N
& A, |A—N] ®B1)
Then, for A=0,
b =1— (B2)
Ac, 2(1_I’TVD :
and for A=1.5
b 5
VYT RN (B3)

The ratio of b/x,e, to equations (B2) and (B3) gives,
respectively, a geometric parameter as

ble, b
m-—%l-—m) (ﬁ) for 0.5 <9,<1 5
b/"rcr 2(2+ n,)
(b/AC)mrs (K, ,) for 0<<0.5

Let H, be defined as two-fifths times the velues of equa-
tion (B4) (the fraction two-fifths is introduced to give /7,
the approximate values of p,, to simplify ploiting pro-
cedures), then adding effects of compressibility (sce Dis-
cussion section)

_ . (8b
H,=d, v (B5)
where
d,=4(lT_”’) for 0.5 <7,<1

=‘*(2-2—"E;”') for 0<1,<0.5
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For tapered wings, H, simplifies to

21— )1+ (B4
B=a=ma— (?) for 0.5 <7.<1

_2@+9)1+N
‘,5[1__11 - )\)] for 0<4,<0.5

(B6)

Plots of p,, against H, in the range of H,=0 to 4 will
give p,. coefficients for wings of any chord distribution for
aspect ratios up to 10 or 12. _

Linear asymptotes of p,,.—For large values of H,, the
Pre functions become linearly proportional to H,. Since
this linear characteristic appears at relatively low values
of H,, the simple linear relation between 2,, and H, is
quite usable.

The L*,, function of appendix A is multiplied by b/e,
and the product is linearized.

LAY~ 2 _(5\__27 1,1\
(Cr)L " cos A\e, ,,2_;,‘2+(Iﬂ_ﬂ+;)smA—

~

_l_tané -
27 2
|: \/1+( 7 tan A J '
211 tanA .dfor 1<
—24 ( 1 i1) n A 1 o é_
AN PE ) A P .
. B {
1— /1+(ﬂ.t&n1&)2
51— A 117 - ...forg>q
7 tan A
b
(cosA )( )——-i-—smA—
;,%t-a-.n‘; .for 7=1

2 2smA -
cos A( ) - - for 7=0

With the values of equation (B7) substituted into equa-
tion (A16) the values of p,, for arbitrary sweep angle are
obtained. Thus, for m=7, the following equation (B8)
gives values for p,, as

o

3.928

cosA+1 .026 ta,nA)H1+7 968 —1.494sm A4

=

1—+/1F0.0016 ten® A)_

A
0.014 tan —2—-}-0.082( tan A

_J TR
0_068(1 J140.0177 tan? A L

tan A

—af anZ
0_034(1 J1+0.1717 tan’ A)
tan A

0.851

m——Z.QOl tan A)H1—3.138+1.080 sin-A—

=

tan A

. ot
0_096(1 J1+0.1717 tan' A)
tan A

-_ - 2
0.034 tan%—0.0?A—(l IF0.0016 ten A)_

_(—0.176

5=\ —Cos A +1.026 tan A )H,+0.129—0.869 sin A

1—+/14+0.0016 tan? A
tan A )-l_

1—41F0.0177 ten? A)
0.068( —— +

—d a2
0_034<1 J140.1717 tan A)
tan A

0.082 tan %4-0.014(

0.221 ;
P ey +0.534 tan A)H,—2.088—0.383 sin A—

— an?
0.018 ta-.n%—0.0SS(l +1+0.0177 tan A)_

tan A
— 7
0_044<1 V110.0294 tan A)_
tan A
—7 a2
0_037<1 V1+0.0886 tan A)
tan A
0.975 ) N
Pa=— Hxt4.506—0.146 sin A—0.044 tan 5+
—.f -y
0_125<1 v14-0.0177 tan A)_
tan A
i 3
0_044(1 Y170.0294 tan’ 4 _
tan A
_— n2
0.125 1—+/140.0886 tan’ A)
tan A
0.221 - _
Pu=(Gosa 0-934 tan A)H2—1.912+0.221 sin A+
cos A .
. / 3
0.107 tané———o_044< 140.0177 tan A
2 tan A
1—+/140.0294 tan® A)
0.018( e +
’ — 2
0,044<l V1§0.0886 tan. A)
fan A
—0.028 _ _
Pa=\"cos A —0.164 t-anA)H,+0_14g+0_324 sin A+
— .1 -
0.034 tmé_0_082<1 V140.1717 tan®A)
2 tan A
1—+/14-0.0886 tan? A
0.163( A +
1—+1+0.1993 tan? A)
0.197( et
0.136
Par=( = +0.464 tan A ) H,—1.570—0.389 sin A—
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—_ 2
0.082 tan %+0,231(1 Y1£0.1717 ten A)_

tan A

1—+/140.1993 tan? A)'
tan A

0.082

0.628

pas cos A

———=—0.164 tan A)H3+3 4174-0.083 sin A+

—_— F] °
0.197 tan 5—0.082(1' v140.1717 tan A)+

tan A
1—+/140.0886 tan® A
0.163( Y )+
1—4/14-0.1993 tan'*"A) '
0.034 ook (B8)

Linear spanwise distribution of («¢),/(x¢)ep—With the
condition that the product of section lift-curve slope and
wing chord varies linearly spanwise, then

25
=TT (] 1 (el
and equation (3) becomes _
1+ (&r/km)N

H,=d,(8A) 2{1—n, [T —(xrfxm)A]} ®9)

where A4; is the aspect ratio based on the wing chord equal
to xe. In equation (B9), H, is reduced to terms of two param-
eters. HExpressions of A, in terms of aspect ratio for
straight-tapered wings and the distribution of section lift-
curve slope can be found.

For straight-tapered wings

2
—-CR (1+R)
and since k¢ is linear
A ] S
. KrCr [1 '{'(KT/KR)X]
then
(kg e}l

and equation (B9) becomes

1+ (rr/xe}N

H,= 2{1—n,[1— (Kr/xn)k]} B10)

| e
The distribution of « for straight-tapered wings is given by

x'=(lfc)r e 1— 1, [1—(kz/kR)A]

Cy 1—?1'(1—)\)

(B11)

Equation (B10) is in terms of two parameters given by
[m and (xrfkp)h. Solutions for spanwise load-
R T

ing in terms of these two parameters and Ay are valid for the
distribution of section lift-curve slope given by equation
(B11). Equation (B1l) indicates that at A==1, , is a linear
function and at A=0, x, is a constant. For values of A
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between. 0 and 1, «, is a curve in the region between the linear
function and a constant.
Equation (B10) is given by figure 2 for m=7, but with
H,
BA[[(kr+ kN1 4-N)]

the ordinate given by thie parameter

and the abscissa by (kz/kg).

For the case of linear distribution of (xe), and straight-
tapered wings for which the chord and section lift-curve
slope can be specified in three parameters, the loading and
associated aerodynamic characteristies can be presented for
a range of the parameters As, SA/[(xz+xrN)/(14N)], and
(kr/kR)N.

INTEGRATION OF ANTISYMMETRIC LOADING

Rolling-moment coeffleient and derivatives.—Rolling-
moment coefficient is given by

1
sei=t2 (" amids ®12)
where _ '
7=C03¢
which, by an integration formula,
1 — r 3 .
[ r@di=tr B fGosn e, (B1Y
becomes
_ w4 & .
BO'__2(m+1) HZ_:, @, cos ¢, sin ¢,
__ T4 &
=ImED) = E G, sin 24,
Since the loading is antisymmetric, -G—’-’42'-*—'=0, and
m—=1 — .
B4 &
ﬁol 2(m+1) E G Bm 2¢S (B14)

For spanwise loading due to rolling, the loading is found
as a function of pb/2V, then equation (B14) divided by
pb/2V gives -

- 8C,= wﬁA

El

—l

2 Gy sin 26,

2(m+1) n=1 (B15)

where

G=G/(pb/2V)

The rolling moment due to ailerons will be found in
appendix C.

Induced drag.—The induced drag coeflicient is, with equa-
tion (B13), given by

A B

1
B8C»=B4 f_la,qu— T2 G, sin 4

where «; is one-half the induced angle of the wing wako
given by equation (A14) for ¢,= », then for antisymmetric
loading

m-1 m—l

ZTﬁA

805, =282 5 (5,626, 370, ) sin 4, (B0
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where the prime indicates the value of n=v» is not summed.
Spanwise center of pressure.—The center of pressure on
the wing half panel is given by

f Grd7
f ads

The numerator is equal to BCi/fA. If the Fourier series
for loading is assumed,

G(g)= 2 @, sin p; ¢, the denominator becomes

Fimeven

. 5
35 o [ —sin ¢sin meds 33 ()TN

REi=gven Kimgven

then

N 80,
—p4 3 a7 (L)

p=even

(B17)

where a,, are the Fourier coefficients.

Loading-due-to-rolling function and interpolation table.—
The Fourier series that approximates the antisymmetric
loading with only a few terms is given by

Z Ty, sin 7305 (B]-S)

mm=even

Ge=

The loading @, is determined at span positions of 7=cos ¢,

“where ¢,= The a, are given by

nr_
m-+1

2] T
tu== | " @(¢) sin mods (B19)
™ Jo

With the quadrature formula of equation (B13), equation
. (B19) becomes, for antisymmetric loading,

m—I

F[ m+ 1 (‘Bz 0)

Bw=l

PLAN FOEM AT SUBSONIC SPEEDS

For m="7, the a,, coefficients are equal to (for even B

. Iy D
az=% <l/2—§ Gl+ Gz'[‘-'%g Ga)

a4=% (G— @) - (B21)
o
w=t(Za-a+La)
Equation (B18) with (B21) can be arranged to gNe
G(tﬁ)-—-— (— sin 2¢+sin 4¢+‘ sin 6¢) Gx-{-
5 (sin 2¢—sin 6¢)F.+ > (B22)

3 (42 i 2t 49 i 00)

2<2 sin 2¢—sin 4¢-+ 2 sin 6¢ ) G:
With equation (B22) the loading due to rolling can be deter-
mined at any span position. Letting ¢=¢t=l%r and tabu-
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lating the factors of @y as eq, an. interpolation table may be . ._'

obtained to determine loading at span station k.

TABLE B, e
[m=7}

L _ 0.081 0. 556 0.195

12 32 52 72
a .

0.831

S —— 0. 8135 0.5440 —0.1622 0. 1084
- R —. 08 - 6688 . 6538 —. 2708
: .1084 —. 1622 -5440 -8166
. _8
Gi=3 el © (B29)
7=

Equation (B23) may be used for interpolation of any form of
loading coefficient, thus

( i _ﬁ . < i )
= 'k
CiCas/x ==L CiCar/ n

B24)



APPENDIX C
DETERMINATION OF ANTISYMMETRIC WING TWIST FOR FINDING SPANWISE LOADING DUE TO AILERON DEFLECTION

WING TWIST FOR A GIVEN AILERON SPAN

The determination of loading for an angle-of-attack
distribution that contains a discontinuity by a method which
satisfies the boundary conditions at a finite number of points
can be made by increasing the number of points until the
solutions become sufficienily accurate. For the method as
given in appendix A, the number of points that satisfy the
boundary conditions is given by m. For the large value of
m required for accurate results, the computations become
exceedingly laborious; however, a procedure using a moderate
value of m can be determined by use of a low-aspect-ratio
theory with which a wing twist can be found that duplicates
the results of the discontinuous angle-of-attack distribution.

A theoretical but relatively simple method of finding
- spanwise loading due to inboard and outboard ailerons for
wings of low aspect ratio is given by reference 4. In the
present theory, as aspect ratio approaches zero, g*,, values
of appendix A become zero and the p,, coefficients given by
equation (A16) become constant or independent of plan-form

shape and equal to _
T Pra= _20)m}

b C1)

These coefficients are given by the relations under equation
(A15) and p,, can be tabulated.

TABLE Cl.—p,a
[For mm7 and Am=en}

»
\ 1 2 3

1 10. 4624 —32.0000 []
2 —3. 0054 &. 6568 —1.5308
3 0 —2. 0000 4. 3206

With equation (A15), antisymmetric loading can be found
for zero-aspect-ratio wings. As a comment on the accu-
racy of the present theory for m=7, the solution of equation
(A15), with the A=0 p,, values for loading due to rolling
gave the same values at the three semispan stations as does
reference 4, namely, G(¢)= _ (pb/2V) sin 2¢ 2V‘)£ SIn 2¢

The zero-aspect-ratio theory of reference 4 shows that
all span loading characteristics are independent of plan-
form shape for zero aspect ratio. This independence makes
that theory ideal for obtaining the boundary conditions of
the present theory for zero aspect ratio, which should apply
with the present theory for higher aspect ratios for which
plan-form shape has an effect on spanwise loading. The
boundary conditions of the present theory are given by the
antisymmetric values of a, in equation (A15). The problem
is to find what antisymmetrical distribution of o, is re-
quired for the present theory to duplicate the exact loading
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distribution given by reference 4 for a given aileron span.

The aileron spans are arbitrarily chosen for the present
theory as the mean value of the spanwise trigonometric
coordinate of the downwash point at a secction angle of
attack equal to zero. For m=7, three aileron spans can be
defined for both outboard and inboard ailerons. Let 5, he
the aileron span, and ¢ the spanwise point of the end of
the aileron, then

ne=1—-cos 0 for outboard ailerons

ng=cos # for inboard ailerons

For the present theory, the aileron spans defined are tabu-
lated as follows:

TABLE C2
Qutboard Inboard
Case ™~ I I huss v v Vi
] B o b 3r 0~
16 18 16 18 10
Na 0.1685 0. 4444 0.8049 0. 5556 0. 8315 1, 0000

For the aileron spans listed in table C2, the exact span
loading distribution can be found from reference 4. With
the p,, velues listed in table C1 and the exact values of
G, G;, and G; from reference 4, equation (A15) gives the
twist required for the present theory to give the loading
distribution for each case listed in table C2 or

=10.4524 (—% —3.6954 (%)

_ =g (ﬁ)+5 6568 (G) ( )
%= —1.5308 (%—)+4-3296 (’%)

The spanwise loading distribution from reference 4 for out-
board ailerons is given by

€2

Y

f+¢

sin ——=

[G—g@] =1 (cos ¢—cos 6) In 2 -
outboard Ly

. 0—g
sm—2-—

(cos ¢+cos 6) In =T ((8F)]

cos—;—
2
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For the full-wing-span aileron, B———z— or g,=1
G(¢) 2 _[14sin ¢
[T],,ﬁ-r,r cos $ln | = e e €4
For inboard ailerons, with the same value of ¢
a (452] _[9@] _[9@]
[ § Jibowra L 0 _|ne=1 8 _louboara (©9)

With equations (C3), (C4), and (C5), the spanwise loading
@, @, and @ at span stations ¢==/8, x/4, and 3x/8, or
7=0.9239, 0.7071, and 0.3827 can be tabulated for each of
the cases given in table C2.

TABLE C3
& Casel I o v v vI
% 0.1138 0.1810 0. 2318 0.0454 0. 1237 0. 2873
% ‘.00 | .2800 L8851 L1164 3464 8064
-‘? L0190 .1022 8620 L2022 L8754 e

The twist distribution required for each case is obtained
with equation (C2) and table C3, tabulating

TABLE C4

-
- CaseT o m v v vI
|
|
l % 10028 0.0713 0.9970 0.0444 0.0128 L0157

%’ .OI'f4 8867 9013 —.0160 9614 . 9788
4

%‘ - 0058 .0139 LT | Losss 1.0851 1.1007

ith the twist distribution given by- table C4, equation (A15)
can be used to solve for spanwise loading due to ailerons for
any of the six cases. .

ROLLING MOMENT DUE TO AILERON DEELECTION
The rolling moment is given by

=2 ["6@sin2 ods
. .

For span loading due to ailerons, the loading distribution is
distorted sufficiently such that the quadrature formuls
given by equation (B13) is not sufficiently accurate for
m=7T to integrate equation (C6). With equation (B18)

A

Ci=—2-a.

g & ©7n

Expanding equation (B18) for ¢==/8, /4, and 3«/8, or
obtaining @, Gy, and G, in series of a’s, the sum of the G's
gives

(0 7071G1+Gg+0 707 ].Gs) +G1¢—am+am—a3‘

N>||--

(C8)

_
G

(C6)
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The higher harmonic coefficients can be put as factors of the
@.. The rolling-moment coefficient becomes

0;— {0 707111’[1 L(G“‘

— Q1 Ggo— T2 - i
1.2071@; -]G“"

(@1 — als‘['asu—au)]
16 [1 3 1.2071Q, Gt

€9

0. 70711"[1J (@14— 15~ G3o— B34 q }
16 1.2071G; ¢ ‘
When £, is defined as the coefficients of &, -
Cr= A (PG 1+ hoGo+- 5 (C10)

The ratio of (@14—a15+aw—as) to G, can be evaluated by
the zero-aspect-ratio theory. It is expected this ratio will
not vary appreciably with aspect ratio. From reference 4,
the loading series expansion gives for equation (B18)
N

al‘l 4: .
T Jonoa i Gu— D) 08 £ S0 6=
g1 sin @ cos uy6) o

ln.boatd 11.-1 outboard P,

These high harmonic coefficients are small, but are not o
negligible for loading due to ailerons. The %, are tabulated
for each of the cases

TABLE C5
ke OaseI it H v v vI
b 0.1288 | 01388 | 013 | oue2 | oo | o142
ke .1594 . 1563 . 1955 <2004 .1973 1878
o J14i6 “1388 T1asz “1100 T1364 11367

SPANWISE LOADING DISTRIBUTION

The spanwise loading distributions due to the twist
distributions of table C4 are found at three span stations,
and, since these loadings are not completely defined by a few
terms of the assumed loading series, the values of loading-at
other span stations cannot be found accurately by direct
use of equation (B23) and table Bl. For zero-aspect-ratio
wings, the spanwise loading distribution due to aileron
deflection is given to all span stations by equation (C3).
The loading distribution for other than zero-aspect-ratio
wings will fluctuate about the value given by equation (C3)
in & manner similar to the manner that loading due to rolling
varies about the function sin 2¢ of zero-aspect-ratio theory.
Since the interpolation table of equation (B23) applies only ~
to loadings that vary about the function sin 2¢ the loading
due to aileron deflection can be divided by the ratio of equa-
tion (C3) to sin 2¢ and the resulting loading will be 2pprox-
imately given by sin 24.

The zero-aspect-ratio values of equation (C3) can be

tabulated as ratios of G(«#;/i Define

_Gn)/s
sin 2qs,

(C12)

|
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The zero-aspect-ratio values of R, can be tabulated for each
aileron-span case considered.

TABLE C6.—R,

S . P, VP

Outboard ° Inboard
Case I I jaig v Vv ¥I
0. 8040 0. 5556 0.8315 1, 0000

e 0.1685 0. 4444

01607 | 0.2714 0.3 | Goez | o.1me 0.9358
2017 Tos0o <2800 5852 1164 "3464 - 3084
o 0269 15 s | lam Io%09 . | sos

- — - T e

The interpolation series of equation (B23) becomes

6. Swanson, Robert 8.,
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