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CALCULATED SPANWISE LIFT DISTRIBUTIONS, INFLUENCE FUNCTIONS, AND INFLUENCE
COEFFICIENTS FOR UNSWEPT WINGS IN SUBSONIC FLOW !

By FraNgLIN W, DIEDBRICH AND MARTIN ZLOTNICK

SUMMARY

Spanwise lift distributions have been calculated for nineteen
unswept wings with vartous aspect ratios and taper ratios and
with a variety of angle-of-attack or twist distributions, including
Jlap and aileron deflections, by means of the Wetssinger method
with eight conitrol points on the semispan. Also calculated
were aerodynamic influence coefficients which pertain to- a
certain definite sel of stations along the spam, and several
methods are presented for calculating aerodynamic influence
functions and coefficients for stations other than those stipulated.

The information presented herein can be used in the analysis
of untwisted wings or wings with known twist distributions, as
well as in aeroclastic caleulations involving initially unknown
lwist distributions.

INTRODUCTION

In the design and development of an airplane, a knowledge
of the spanwise lift distribution on the wing is important in
predicting the structural loads and the stability character-
istics, For high-speed airplanes having flexible wings, the
caleulation of the spanwise lift distribution is an aeroelastic
rather than a purely aerodynamic problem. In aeroelastic
calculations means are required for calculating the span-
wise lift distribution for angle-of-attack (or twist) distribu-
tions which are initially unknown. Aerodynamic influence
functions or coefficients constitute the most convenient of
these means.

As used in this report, the term ‘‘aerodynamic influence
function” refers to a function which, when multiplied by the
spanwise angle-of-attack or twist distribution and integrated
over the span, yields the lift (per unit span) at some station
on the wing. This function may be considered to be lift
distributions on the given wing corresponding to angle-of-
attack distributions given by delte (impulse) functions. In
o mathematical sense this function is the Green’s function for
whatever equation is used to relate lift distributions to angle-
of-attack distributions.

Similarly, “aerodynamic influence coefficients’” are defined
as numbers which, when multiplied by the values of the
angle-of-attack at several discrete stations on the wing and
summed, yield the lift (per unit span) at a station on the wing.
The values of the influence function at the given stations

s Bupercedes NACA TN 3014, “Calenlated Spanwise Lift Distributions and Aerody-

namic Influence Cocflicients for Unswept Wings in Subsonic Flow” by Franklin W.
Diedcrich and Martin Zlotnick ,1053.

thus constitute an approximation to a set of influence co-
efficients; they are not true aerodynamic influence coeffi-
cients in the sense used herein, because, in general, an integral
can be represented only approximately by a finite summation.
However, if proper weighting factors are used, a very good
approximation to the integral can usually be obtained by a
summation.involving relatively fow terms. Therefore, aero-
dynamic influence coefficients may be considered to be (and
calculated as) Weighted values of the corresponding influence
functions at the given stations.

Lift influence functions and coefficients may thus be ob-
tained from certain lift distributions. One of the most
satisfactory techniques developed in recent years for calcu-
lating the spanwise lift distribution on a wing in subsonic
flow has been the Weissinger L-method (ref. 1), which can
be applied to a large variety of plan forms and yields solutions
of sufficient accuracy for all practical purposes without re-
quiring an unduly long time for the caleulations. This
method may be considered as a simplified lifting-surface
theory because the calculation of the lift on the wing is
treated as a boundary-value problem, the boundary condition
being that the downwash angle induced by the bound and
trailing vortices is equal to the geometric angle of attack
at the three-quarter-chord line.

In the present report, symmetrical and antisymmetrical
lift distributions and some associated aerodynamic param-
eters have been cealculated by means of the Weissinger
method with eight control points on the semispan for several
continuous and discontinuous angle-of-attack conditions on
nineteen unswept wings having various aspect ratios and
taper ratios.? A convenient matrix formulation of the Weis-
singer method was used in conjunction with the Bell Tele-
phone Laboratories X—66744 relay computer at the Langley
Laboratory to make the calculations. This formulation,
which is described in appendix A, is based on a re-derivation
of the Weissinger method using mafrix techniques rather than
the “mechanical-quadrature” formulas used by Weissinger.
If the same stations on the span are used, as was done in the
calculations described in this report, the resulting methods
are identical; however, with the matrix method the stations
can be located on the span in an arbitrary manner, whereas
in the conventional Weissinger method they must be located
in 8 certain prescribed manner.

1 Results of simflar calcnlations for 61 swept wings are presented in NAOA Technical
Note 3476 entitled “Calenlated Spanwise Lift Distributions and Aercdynamic Influence

Coefficlents for Swept Wings in Subsonic Flow’’ by Franklin W. Diederich and Martin
Zlotnick, 1955,
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Aerodynamic influence coefficients have been calculated
for these nineteen wings for the prescribed set of stations
along the span and are presented herein, and several methods
for calculating aerodynamic influence functions and coeffi-
cients for any arbitrary set of stations from the numerical
results of this report are also presented. The influence
coefficients calculated in this manner can be used in aero-
elastic analyses similar to that of reference 2.

SYMBOLS
A aspect ratio
b wing span
bant aileron span
b, flap span
Coar root bending-moment coefficient for unit angle
of attack, 4 XBending moment
gSb
Cp, induced-drag coefficient at & unit angle of
attack
C, lift coefficient at a unit angle of attack
Ce, lift-curve slope per radian for additional-type
loading
Cryy lift coefficient for half of antisymmetrically
loaded wing at a unit tip angle of attack,
Lis
S
5
G, rolling-moment coefficient, Rolling moment
gSb
01 d= - Gzp
Gy, coefficient of damping in roll
Cyla rolling-moment coefficient for unit aileron de-
flection
¢ wing chord
¢ average chord, S/b
¢ ) section lift coefficient
epad integrating matrix for Csa, (see appendix A)
(e integrating matrix for Oy, (see appendix A)
I_I chJ integrating matrix for C,, (see appendix A)
[£Le integrating matrix for C; (see appendix A)
Ly, lift on one semispan
M free-stream Mach number
[@Q] aerodynamic-influence-coefficient matrix
q dynamic pressure
S wing area
1% free-stream velocity
Y lateral ordinates
Yo spanwise location of discontinuity
b7 spanwise center-of-pressure location
a angle of attack, radians
o effective angle of attack for unit flap deflec-
. 0ci 08
tion, 0¢/0c
T vortex strength

a_

| dimensionless vortex strength, bV—c*c,
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s flap or aileron deflection angle, radians
f=cos™! y*

B,=cos~! y,*

d=cos™! p*

A sweepback angle, deg

A taper ratio

Subseripts:

a antisymmetrical

ail aileron

c continuous

D discontinuous

I flap

L left

B right

8 symmetrical

t tip

Superscript:

* dimensionless with respect to semispan /2
Matrix notation:

row matrix

column matrix

general matrix (not a row or a column matrix,
but need not be square)

1] diagonal matrix

11 unit (identity) matrix
In matrix notation, a prime indicates the transpose of the

matrix,

— e p—
[— —_—
Lo

PRESENTATION OF CALCULATED RESULTS
SPANWISE LIFT DISTRIBUTIONS '

Geometric characteristics of the nineteen plan forms
treated in this report are indicated in table I. Lift distribu-
tions due to the following confinuous symmetric and anti-
symmetric angle-of-attack distributions have been calculated
for each of these plan forms:

Symmetric angle-of-attack distributions:

Constant (a=1)
Linear (e=|y*|)
Quadratic (a=y*?)
Cubic (e=[y*])

Straight-line <a=% |y*|>

Antisymmetric angle-of-attack distributions:
Linear (a=y*)
Quadratic (a=y*? for y*20; a=—y* for y*=<0)
Cubic (a=y*)
Quartic (a=y* for y*=0; a=—y* for y*=<0)
Quintic (e=y*)

The straight-line angle-of-attack condition was included
to represent actual structural twists where the surface of the
wing is generated by straight lines so that the product c*«,
the deflection of the leading edge, varies linearly with *;
that is,

c*a=o,"‘y*a;
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or, for unit twist at the tip,

a=c—* y*
For untapered wings, the straight-line 1ift distribution is the
same as the linear lift distribution, and for wings of zero
taper ratio, it is undefined.

Lift distributions for flap-type and aileron-type angle-of-
attack distributions are also presented. A correction which
has been meade for the spanwise discontinuity in the angle
of attack is derived in appendix B. The values of b,/b and
basifd (ratios of the flap span to the total span and the
aileron span to the total span, respectively) for which the
lift distributions have been calculated are 0.1, 0.2, 0.3, 0.4,
0.5, 0.8, 0.7, 0.8, 0.9, and 1.0. As is usual, the flaps have
been taken to be inboard and the ailerons outboard. The
lift distribution for any flap or aileron configuration may be
obtained, however, by linear superposition; thus, the lift
distribution for an outboard flap extending, for example,
from y*==0.5 to y*=1.0 can be obtained by subtracting the

lift distribution for the inboard flap <%=0.5> from the

additional lift distribution (%’=1.o>. A similar procedure

ean be used for inboard ailerons.

The lift distributions pertaining to each plan form are
given in one figure, parts (a) and (b) showing the lift dis-
tribution due to symmetric and antisymmetric continuous
angle-of-attack distributions, respectively, and parts (¢) and
(d) showing the lift distribution due to flaps and ailerons,
respectively. Lift distributions for plan forms with an
aspect ratio approaching zero have been teken from reference
3 and are included herein in figure 1 for the sake of complete-
ness, (As indicated in ref. 3, the lift distribution for a wing
of very low aspect ratio is independent of the plan form,
provided the trailing edge is not re-entrant.) The Ilift
distributions on the nineteen wings considered in the present
report are presented in figures 2 to 20. Table I serves as a
table of contents for this group of figures.

AERODYNAMIC PARAMETERS

The aerodynamic parameters O, Csar, ¥*, Cp,, C,, and
Cy,,, for the nineteen plan forms considered are compiled in
tu.bie II. The values of Cy, and Cpy for a unit effective flap
deflection are presented in table I, and the values of
Cr,,, and O, for a unit effective aileron deflection are pre-
sented in table IV. These lift and moment coefficients per-
tain directly to full-chord flaps and ailerons set at an angle
of attack of 1 radian. For partial-chord flaps and ailerons
deflected by an angle of § radians, these coefficients must be
multiplied by the quantity ..

AERODYNAMIC INFLUENCE COEFFICIENTS FOR STIPULATED STATIONS

Aerodynamic influence coefficients for symmetric and
antisymmetric lift distributions were obtained as shown in
appendix A and are presented as the matrices [@,] and [@,]
in tables V(a) and V(b), respectively. Hach influence-
coefficiont matrix in the table applies to a given plan form.
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These influence-coefficient matrices are used to calculate the
spanwise lift distribution for any continuous angle-of-attack
condition from the following matrix expressions:

{I‘*:}=0La[QJ]{a.}}
{1‘*4} =01¢[Q¢]{ aa}

for the symmetrical and antisymmetrical distributions,
respectively, where « is the angle of attack at stations
y*=0.9808, 0.9239, 0.8315, 0.7071, 0.5556, 0.3827, 0.1951,
and 0 and I'* is the desired lift at these stations. In this
report the convention is that the angle of attack for the
station nearest the wing tip (y*=0.9808) is the first element
of the angle-of-attack matrix {«} and the lift at the same
station is the first element of the lift-distribution matrix
{T*}. The matrices [@,] and [Q.] of table V are arranged
accordingly.

AERODYNAMIC INFLUENCE FUNCTIONS AND COEFFICIENTS
FOR ARBITRARY STATIONS

and

1)

The influence coefficients described in the preceding section
are satisfactory for many purposes; for instance, the stipu-
lated stations at which the lift is given are convenient for
plotting spanwise lift distributions because the points are
concentrated near the wing tip where the curvature of the
lift distributions is greatest. In some cases, however, other
considerations may determine the points on the span at
which the lift is to be calculated. For instance, when the
influence coefficients are to be used in an aeroelastic analysis,
the location of the stations may be dictated by the structural
characteristics of the wing; also, if lift distributions are to
be calculated for the sake of comparison with experimental
results, this comparison can be facilitated by calculating the
lift at the same stations at which it is measured and thus
avoiding the necessity of graphical or numerical interpolation.

As pointed out in the Introduction, the method described
in appendix A can be used to calculate influence coefficients
for arbitrary stations. However, this procedure requires
re-calculation of these coefficients from scratch. In the fol-
lowing sections several other methods are described for
obtaining aerodynamic influence functions and coeflicients
for arbitrary stations from the information presented in this
report.

INFLUENCE COEFFICIENTS OBTAINED BY USING INTERPOLATING
MATRICES

One way of constructing an influence-coefficient matrix for
any stations from the matrices presented herein is to calculate
interpolating matrices which give the angles of attack at
y* = 0.9808, 0.9239, 0.8315, 0.7071, 0.5556, 0.3827, 0.1951,
and 0 in terms of the angles of attack at the given stations
and the values of the lift at the given stations in terms of
those at the stations y* = 0.9808, 0.9239, 0.8315, 0.7071,
0.5556, 0.3827, 0.1951, and 0. The desired influence-
coefficient matrix would then be obtained by postmultiplying
the one given herein by the angle-of-attack interpolating
matrix and premultiplying it by the lift interpolating matrix.
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In order to illustrate the nature of these calculations, a pair of matrices are calculated for stations at every tenth of the
semispan by linear interpolation. (The stations at which the angle of attack is given and those at which the lift is to be
found need not be the same, but here, as in most cases, they are chosen to be the same as & matter of convenience.)

With linear interpolation,
@ 9805=0.8080; 94-0.192¢ o

a0m=0.239a1 ,o+0.761a03

ap 5315=0.315ct 31 0.685 5

m=oay
which can be written in matrix form as
r N F qr b
00,9808 0.808 0.192 0 0 0 0 0 0 0 0 0 o
X 9259 0.239 0.761 0 0 0 0 0 0 0 0 0 )
ot 5318 0 0.315 0.685 0 0 0 0 0 0 0 0 o3
Jam | _| 0 0 0.071 0.929 0 0 0 0 0 0 0 a1
0 5855 0 0 0 0 0.556 0.444 0 0 0 0 0 s
@ 3521 0 0 0 0 0 0 0.827 0.173 0 0 0 |8 s r
o 1951 0 0 0 0 0 0 0 0 0.951 0.049 0 o4
[ j | o 0 0 0 0 0 0 0 0 0 1.000 ]| s
Qo2
o1
Sl

where the rectangular matrix on the right side of the equation is the desired angle-of-attack interpolating matrix.
Similarly, for the lift distribution,

*
T* 0=

(This information is known from physical considerations; to calculate I'*, , by extrapolation from I'*; g and I'*; gz would
give a spurious value.)

0.0
I“‘o.n=1“"o.ms'|'Wg82: (T™*0.093—T%0. 5319 =0. 741 T%; saso10. 259T% su15

0. 092
I“O.FI“O.M‘FM% (T™o.8315—T%0.7070=0. 747 1% gz15-+0. 25310 70m

I‘*o= I‘*o
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or, in matrix form,

(r+,) [o o 0 0 0 0 0 0 (r*om‘
T* 0 0.741 0.259 0 0 0 0 0 T o250
T*3 0 0 0.747 0.253 0 0 0 0 T g
T%., 0 0 0 0.953 0.047 0. 0 0 |} T*mn |
T%., 0 0 0 0.293 0.707 0 0 0 T 5060
< T*s T= 0 0 0 0 0.679 0.321 0 0 T'* 5507
T*. 0 0 0 0 0.100 0.900 0 0 T* 1051
™. [0 o 0 0 0 0.559 0.441 0 T+,
r,| o o 0 0 0 0.02 0974 0 | i
T, 0o 0 0 0 0 0  0.513 0.487

T% | [0 o 0 0 0 0 0 1.000 |
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where the rectangular matrix on the right side of the equation is the desired lift interpolating matrix.

Although linear interpolation is by far the simplest type,
the results obtained with it are not so accurate as a higher-
order interpolation procedure. Parabolic interpolation
should be satisfactory for the angle-of-attack matrix and
for most of the lift-distribution matrix, except near the wing
tip. The numerical factors required for parabolic interpola-
tion can be calculated by means of Lagrange’s interpolation
formula for an mth degree polynomial

i I G
=33 )
W g

where f(y*) represents either the lift or the angle-of-attack
distribution, y*, is the station at which f(y*) is to be deter-
mined by interpolation, and ¥*;, ¥*;, . . . are the stations
ot which f(y*) is presumed to be known. The prime mark
on the product signs is the conventional designation of the
fact that the term for 7=k is to be omitted. For parabolic
interpolation (m=2) this formula reduces to

oy GG
T=I) G =)t

=1t W1t
T =+

('.’/*h_y*l) (y“‘a—y* 2)
MUK

Near the wing tip the lift distribution cannot be approxi-
mated accurately by an ordinery parabola but can be repre-
sented instead by a linear superposition of the two functions
(1—y*)¥* and (1—y*)*? as suggested by V. M. Falkner.
With this approximation the desired interpolating factors for
y* between 0.9239 and 1 are the two elements of the row
matrix obtained by postmultiplying the row matrix by the
square matrix in the equation

@) =10 =y A—y%)" [_1296'.25325 ‘6223‘8’38]{?:23

For y*,=0.96, for instance, the factors obtained in this
manner are 0.9157 and 0.2651, so that

I‘*o‘93= 0.91571‘*0_9303-‘— 0.26511‘*0.%

Lagrange’s general interpolation formula can be used for
higher-order interpolation (m_>2), but the effort entailed
in calculating the interpolating factors is not generally
justified by the increase in accuracy obtainable.

Interpolating factors for « and T'* can also be obtained by
representing these functions by Fourier series in #. For the
Iift distribution the trigonometric interpolation formula

2 & no, . ..
P*(t?;,)—n—_i_l %} T*(8,) jgl) sin jd,; sin jd

can be used, where 7 is odd and is equal to 15 for the calcu-
lations in this report, and where, as in this report, the values
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in
n1
attack distribution this formula is not applicable, because
the angle-of-attack distribution cannot be represented
accurately by a finite sine series and because the angle-of-
attack values are presumed to be given at nonequal incre-
ments in ¢;. (If they were given at eight equal inérements
no interpolation would be required.) Although in principle
8 matrix-inversion method could be based on an expansion
of the angle-of-attack distribution in a cosine series, the
matrices to be inverted are generally ill-behaved so that

the results are likely to be of doubtful accuracy.

of ¢ are at equal increments #,= For the angle-of-

DIRECT CALCULATION OF INFLUENCE FUNCTIONS

Relation of Green’s functions to the lift distributions due
to flap and aileron deflection.—Although the aerodynamic-
influence—coefficient matrices discussed in the preceding sec-
tion have the property that when postmultiplied by the angle-
of-attack matrix {«} and multiplied by the lift-curve slope
they yield the lift-distribution matrix {T'*}, their individual
elements have no direct physical significance. On the other
hand, a structural influence coefficient has the significance
that it represents the deformation at one point caused by a
unit concentrated force at another point. A corresponding
type of aerodynamic influence coefficient would represent the
lift at one point y* due to a “unit concentrated angle of
attack” at another point y,*. This angle of attack is
actually an angle-of-attack distribution represented by a
Dirac delta (impulse) function of the distance along the span,
that is, a function which, in the limiting case as Ay,* ap-
proaches zero, is zero everywhere except in the interval

Yo* Sy*=y,*+Ay,* where the ordinate is equal to #j
(]

the area under this function would always be 1, which justi-
fies the use of the term “unit” in connection with this
distribution. The desired influence coefficients would then
be.the values (at various values of ¥*) of the lift distributions
due to these angle-of-attack distributions for various values
of y,*.

The desired lift distributions, which constitute Green’s
function for Weissinger’s integral equation, can be obtained
as follows. Let I'*(y*y,*) be the lift distribution for a unit
effective deflection of a flap which is located between y*=y,*
and y*=1. Then the lift distribution for an angle-of-attack
distribution for which the angle of attack is zero everywhere
except in the interval y,* =y*=<y,*+Ay,*, where it is El*’
is given by

I‘*(y*)yo*)_r*(y*y
Ay*

Yo*+Ay.*)

The lift distribution corresponding to the unit concentrated
angle-of-attack distribution, therefore, is the limit of this

bl‘l* (y*, yo*)
o
by definition. For any given angle-of-attack distribution
the lift distribution can be determined by linear superposition

expression as Ay,* approaches zero, which is
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of lift distributions of the Green’s function type as follows:
oT*(*, Yo
== [ et ZLYD 0y ®

The desired Green’s function can thus be obtained by
calculating T*(y*,y,*) and taking its partial derivative with
respect to ¥,*. A more convenient approach, however, is to
consider symmetric and antisymmetric loadings separately.
By a repetition of the preceding argument the following
results are then obtained:

T, (y*)=ﬁ1¢13 (yo*) g{%};’yﬂ dyo* (3)
@)= [ ) Tog LI g

where, as elsewhere in this report, T'*, is the lift distribution
(as a function of ¥*) for an inboard ﬂap extending over the
interval —y,*Sy*<v,*, and I'%,; is the lift distribution for
outboard ailerons extendmg over the intervals ,* =< |y*| =1
The argument y,* in «(y,*) can be rega.rded simply as a vari-
able of integration corresponding to y¥*.

The desired Green’s function can thus be obtained from
the flap and aileron distributions given herein by differentia-
tion with respect to 7,*. The results presented in parts (c)
and (d) of figures 1 to 20 can, for instance, be cross-plotted

as functions of y,* <y, =- for symmetrical loadings, and

Yo r=1 —-bLb” for antisymmetrical loadings) for given values

of y* and the differentiation then performed grapbically or
numerically. These procedures, however, are tedious and
relatively inaccurate. Two procedures which avoid differen-
tiation of the lift distributions are therefore presented in the
following sections; one consists in calculating the desired
Green’s functions directly, and the other consists in ‘using
derivatives of the angle-of-attack distribution, so that the
flap and aileron distributions themselves are then the required
Green’s functions.

Direct calculation of Green’s functions.—Inasmuch as the
desired Green’s functions are lift distributions corresponding
to angle-of-attack distributions defined by delta functions,
they can be calculated directly provided the singularities in
the angle-of-attack and lift distributions are taken into
account. Appendix B of this report describes the method
by which the singularities in the flap-type and aileron-type
angle-of-attack and lift distributions were taken into account.
This method is extended to the case of impulse-type angle-of-
attack distributions in appendix C. The resulting lift dis-
tributions I'*,’ and I'*,’ are identical with the Groen's

o (y*, Yo¥) oI (%, ¥o¥)
functions U and T

CALCULATION OF INFLUENCE COEFFICIENTS FROM GREEN’'S FUNCTION

The lift distributions I™*,” and T*,’ contain logarithmic
singularities at y,*=y* which must be split off before the
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integrals in equations (3) and (4) can be evaluated numeri-
cally. Thus, if properly weighted influence coefficients are
to be calculated from these influence functions, a procedure
similar to the following must be used. For the symmetric
case and a given value of y¥,

D)= [ Tealyet) —anly NI @, 1+
a@" [, @0y (5)

The first integral does not contain any singularity; the
integrand is zero at y,*=y*. The second integral can be
evaluated explicitly and is

a,(y*) T, (y*)

where I'*, (y*) is the lift distribution for «=1 over the entire
span, so that the right side of equation (5) can be evaluated
numerically without difficulty by using any set of integrating
factors appropriate to the stations of interest, such as those
of Simpson’s rule if the points are equally spaced and the
number of intervals between y*=0 and y*=1 is even.

If these integrating factors are written in the form of a
diagonal matrix and designated by [I], equation (5) can be
written as

I‘*I(y*) = [P*l, (:l/*,?/a*)l l-n { a:(ya*) - a:(?/*) } +
as(y*) T, (y*) (6)

Now, if the row matrix [1,+] is defined as

[1sJ=[00000100 ... Q]

with the element 1 at the position corresponding to ¥* and
zeros elsewhere, if the matrix [1,+] is delined as a square
matrix all the rows of which are equal to |1,+], and if [1]
represents the unit matrix, then

T*@*)=1T*%'(y*, v I — [1,*N{ s (@, *) } +
I‘*sl(y*)ll J{a:(ya*)}
=|T%, " [L,*+[T* @, YA — LAl { o™ }

I*,(y*) =Cp |Qdpe{a(y.*) } M
where the matrix [Q,},+ defined by

O e L] e

is the row matrix corresponding to ¥* of the desired influence-
I*, ")
o can be ob-

or

lQaJv'El_

coefficient matrix [Q,]. The values of

LG
tained directly from the curves labeled “Constant’’ of parts
(2) or the curves for %’=1.0 of parts (c) of figures 1 to 20,

: ™/'(* ") . . . .
and the calculation of —o s described in appendix C.

413672—57——34
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This calculation must be repeated for all other values of y*
to obtain @,, so that, finally

™, Y *
0| c‘f’*)'|+|:r* ol [ >t O

where | > ,] is & diagonal matrix in which the elements are the
sums of the elements in the rows of the matrix

[I‘* (y"‘,yo"‘)

Similarly, for an antisymmetric distribution the singularity
can be split off in several ways, one of them being the follow-
ing. For a given value of y* equation (4) can be written as

I, (= f " oot — T 0 — ey )

where I'*; (y*) is the lift distribution for a unit effective dis-

placement of a full-span aileron. In matrix notation this
relation may be written as

I*y*)=C1 | Qaly { oa(¥s*)} (10)

where
™, /
[QQJ,.=|.-——C‘I@ [1,.J+|_I“"°—(g,:’MJ L1 [111—[1,.11_' (11

T*, (™) .
! can be obtained from the curves for

The values of
Gy,
bau

5 =1.0 of parts (d) of figures 1 to 20. 'This procedure must

again be repeated for each value of ¥* to obtain all the rows
of [@,], with the result that

™ ’
- S22 - oo
where the diagonal matrix |3 ,] consists of the sums of the

elements of the rows of the mafrix

I (é/*,yo )] L1

In order to indicate the extent of the effort involved in
calculating these influence-coefficient matrices, & step-by-
step summary of these calculations is given for [@,]; with the
obvious modifications this procedure also applied to [@.].
In the first six steps Green’s functions are calculated in ac-
cordance with the procedure indicated in appendix C; in
the remaining steps [@,] is ealculated in accordance with the
previous discussion in this section.

(1) For the values of §,=cos™! 9,* of interest, the values
of sin. n8, (for n=1, 3, 5, . . . 15) are obtained from trig-
onometric tables and assembled in & matrix {sirn8,}. .-

(2)- This matrix is premultiplied by the matrix [[cos nd]] .
{See table VL)
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(3) The resulting matrix is premultiplied by the matrix
[F.] containing the elements F(n*y*) defined in appendix A.
The evaluation of this [F,] matrix is probably the most time-
consuming part of the calculation because it does not lend
itself very readily to high-speed automatic computation.
For any one of the nineteen plan forms considered in this
report, the matrices 2[F,) and 2[F,] are available upon
request from the National Advisory Committee for Aero-
nautics.

(4) The resulting matrix is premultiplied by the matrix
[@.] given in the present report for the plan form of concern,
and the matrix obtained in this manner is multiplied by the
constant 1/7.

(6) The values of I'*,’  are calculated from equation (C3)
Tg,n=1,2,...8;
they are then divided by (. and assembled in a matrix

for the given values of 8, and for d¢=

11* /
[ & the columns of which pertain to given values of 4,.
Do
(6) The matrices obta.med in steps (4) and (5) are added

:|.

(g/"‘) are obtained by reading the values

(7) Values of —— Gz,
of _cg,' at y* defined by y*ecos 2, n=1, 2, . 8, from
. 16

figures 2 to 20 for a constant value of « and multiplying
them by %; these values are assembled in a diagonal matrix

I_I‘*,,(y*)

(8) The matrix obtained in step (6) is postmultiplied by
the diagonal matrix of integrating factors |I].

(9) The diagonal matrix |>,] is assembled from elements
calculated by adding the elements in a given row of the
matrix obtained in step (8).

(10) The matrices obtained in steps (7) and (8) are added
to each other and that obtained in step (9) is subtracted
from the sum. The resulting matrix is the desired matrix
[@.), as defined in equation (9).

The entire calculation thus involves the calculation of 8P

sin né, and of T*,,
tions ¥,¥), four matrix multiplications, and three matrix addi-

tions, as well as the calculation of the 64 elements of the
matrix [F,], if this matrix is not available.

values of - (P being the number of sta-

INFLUENCE FUNCTIONS AND COEFFICIENTS FOR THE SPANWISE
DERIVATIVE OF THE ANGLE-OF-ATTACK DISTRIBUTION

Equation (3) can be integrated by parts to yield

T, @M =a, (O (@, ) — f 220 oy uh) d (13

where T'*(y*,1) is the lift distribution for a unit effective
deflection of a full-span flap. Similarly, integrating equation
(4) by parts yields

T )‘f aa“(y"*)l‘*u@*,ym dy.* (14)
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Here again the argument y,* in «(y,*) is merely o variable
of integration, corresponding to ¥*. In these equations the
lift distributions I'*, and I'*,; themselves serve as the influ-
ence, or Green’s, functions. Neither these influence func-
da(y.®

oy,*
have singularities in the range of integration, so that the
numerical evaluation of the integrals of equations (13) and
(14), and hence, the calculation of weighted influence coeffi-
cients, can be effected very readily as follows.

With a set of integrating factors |I] for the stations of

interest and the identity a,(l)—a.(O)—I-f ba.(y/o"‘) dy.*,
equation (13) can be written as

{T4% ) =an (0 (T, D} + I, 1)
e { 220 15)

tions nor, in most cases of interest, the functions

where [I'*,(y*,1)] is & matrix all the columns of which are
equal to the column matrix {T*,(y*1)}, and |1] is the diag-
onal matrix consisting of the integrating factors. Equation
(15) can be rewritten in terms of a new influence-coefficient
matrix [@’,] defined by

@)= [[I‘* ’C@’* ’1)]—[1“ f%:;”"*)]] 1] 16)

(P =0 (P27 D1+ G, @0 { 2200 |

Similarly, with a new influence-coefficient matrix [@’a]
defined by

(@ = P2 | 1n 18)

equation (14) can be written as

Oata(Yo
(T%y")} =0, (@' { aelt’) 19)
The matrices [Q’,] and [@’.] are based on the assumption
that bg(;/" ) is nonsingular and continuous. However, this

assumption is violated when «, is discontinuous. Discon-
tinuities in « result from control-surface deflection or from
deflection of parts of the wing relative to the rest of the wing
and can be treated in the manner indicated in appendix B or,
more simply, by superposition of the lift distributions given
in figures 1 to 20. In the angle-of-attack distributions for
which influence coefficients are particularly useful, namely
those due to structural deformations, discontinuities cannot
occur.

O yo*)
oyo*
is used for wings with discontinuous stiffness distributions.
Actually this theory is inapplicable for such wings, and the
spanwise slope of the twist is never discontinuous. If,
however, simple-beam theory is to be used anyway for the
sake of convenience and because the errors involved are

Discontinuities in can arise if simple beam theory
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considered to be acceptable, then the matrices [Q’,] and [Q’.]
can still be used provided one of the stations is located at the
point of the discontinuity in the stiffness distribution and
provided suitable integrating factors are used.

The objection may be raised against the influence-coeffi-
cient matrices [Q’,] and [@',] that they do not actually
express the lift distribution in terms of the angle-of-attack
distribution but rather require its derivative. Inasmuch as
the angle-of-attack distribution can always be reduced to a
continuous one by splitting off the discontinuous part and
treating it as described elsewhere in this report, the derivative
of the angle-of-attack distribution can be obtained numeri-
cally by using numerical differentiating factors obtained from
any text or numerical analysis. These differentiating factors
can be assembled into a differentiating matrix which when
postmultiplied by the matrix of the angle-of-attack values
yields a matrix of values of the spanwise derivative of the
angle-of-attack distribution. The matrices [@’,] and [Q’.]
can then be postmultiplied by this differentiating matrix in
order to obtain new influence-coefficient matrices which
express the lift distribution directly in terms of the angle-of-
attack distribution. However, the main advantage of the
method outlined in this section is that in aeroelastic calcula-
tions, for which aerodynamic influence coefficients are
primarily intended, the angle-of-attack distribution usually
is obtained by integrating its derivative; the use of the
derivative then actually saves a calculation.

In such aeroelastic calculations the lift distributions can
be considered to consist of a known “rigid wing’’ part (due
to airplane attitude or motion, builtin twist, or confrol
deflection), which can be calculated initially with due regard
to all discontinuities, and an initially unknown part due to
structural deformation; the matrices [@’,] and [Q’,] can be
used to advantage in calculating the latter part. The
calculation of a(y*) can then be obviated altogether, because
if the structural deformations are referred to the plane of
symmetry the structural part of a(y*) is zero for y*=0, so
that the first term on the right sides of equations (15) and
(17) represents a known rigid-wing lift distribution and can
be included with the others. Thus, in general,

{r*} {P*}riau wtng+0L [Q/]{aa:tructufal('ya )}

The separate treatment of these two parts in an aeroelastic
analysis presents no difficulties and can be effected in a
manner similar to that employed in reference 4 for the lif$
distribution due to aileron deflection; the use of [Q’] rather
than [Q] requires only the omission of one of the integrating
matrices in the methods of references 2 and 4.

DISCUSSION
GENERAL LIMITATIONS OF THE RESULTS OF THIS REPORT

The Weissinger L-method, its range, and validity have
been discussed in several previous papers (for example, refs.
3 and 5) so that in this section only a few comments are made
about special applications.

Number of control points.—In references 1 and 5, four
control points on the semispan were found to give satisfactory
accuracy for the lift distributions due to constant angle of
attack. In the present report, interest is centered primarily
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on the lift distributions due to twist and control deflection,
and for these cases the additional effort entailed in using
eight rather than four control points was believed to be
warranted by the resulting increase in accuracy.

Fuselage, nacelle, and tip-tank interference.—The Weis-
singer method and all results presented apply only to wings
without fuselages, nacelles, or tip tanks. At low angles of
attack the lift distribution on the wing is not affected to a
large extent by the presence of the fuselage except when it
covers 2 large part of the wing; the effect is largely localized
near the wing root and is most pronounced for the constant
angle-of-attack and flap-deflected cases. For the lift distri-
butions due to twist and aileron deflection the presence of
the fuselage can probably be ignored in most cases.

Nacelles also tend to affect the lift distribution primarily
in their own vicinity, but these effects may be significant
even for the lift distributions due to twist and aileron deflec-
tion. Tip tanks tend to increase the lift over much of the
outer part of the wing to a large extent, particularly in the
cage of lift distributions due to twist and aileron deflection.
Except for wings with very high or very low aspect ratio,
these effects can hardly be underestimated and must be taken
into account in designing the wing.

High angles of attack.—Potential flow breaks down at high
angles of attack and the higher the Mach number the lower
the angle of attack at which linearized potential-flow theories,
such as the one employed in this report, fail to predict the
lift distributions accurately. However, the critical design
loads often occur at high angles of attack. The only sug-
gestion that can be made is that once the rigid-wing lift dis-
tributions at high angles of attack are estimated on the basis
of tests or experience, the changes in these distributions due
to aeroelastic effects can be estimated by means of the results
calculated in this report. This procedure cannot be justified
theoretically because, although the nature of the mutusl in-
duction effects between various parts of the wing after the
flow has separated is still substantially the same as before;
the lifts caused by these induction effects are not those pre-
dicted by potential-flow theory. However, the changes due
to aeroelastic action are small unless the speed is near the
flutter or divergence speed, so that certain inaccuracies can
usually be tolerated in estimating them.

Longitudinal location of the center of pressure —The
Weissinger theory yields no information regarding the loca-
tion of the chordwise center of pressure; however, the assump-
tion that at each spanwise station the section center of
pressure of the angle-of-attack loading on the two-dimen-
gional airfoil section is unchanged in three-dimensional flow
has been found by lifting-surface calculations (ref. 6, for
example) to be largely justified for swept and unswept wings
of moderate and high aspect ratio (except near the root and
tip). If this assumption is used, the longitudinal location
of the wing center of pressure may be estimated. For low-
aspect-ratio wings, the chordwise location of the center of
pressure cannot be determined simply, and lifting-surface
methods must be used. For flap and aileron deflections, ac-
curate theoretical methods for calculating the longitudinal
location of the center of pressure are not available, but the
approximate methods suggested in reference 7 may be applied
to obtain qualitative information.
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Effective angle of attack for flap deflection.—In order to
determine the loading due to flap deflection for wings of high
and medium aspect ratio (for example, A>>4), the effective
angle of attack oy for the flap (or aileron) deflection may be
approximated satisfactorily by the values obtained from two-
dimensional thin-airfoil theory. Figure 21 gives a plot of
the effective angle of attack «; against flap-chord ratio ¢/fec.
For very low aspect ratios (approaching 0 and certainly less
than 1/2) values of a3 close to 1 are indicated by linearized
potential-flow theory, even for relatively small values of
¢ife. For aspect ratios from about 1/2 to 4, lifting-surface
methods must be used to obtain potential-flow solutions for
the lift distributions due to partial-chord control deflections.

Calculation of the roll due to sideslip Ci,—The loading

for the case of full-span ailerons b%'=1 is the same as the

loading on a wing with dihedral in yaw or sideslip, because
in this case the loading on the wing is that due to an angle
of attack equal to the product of the sideslip angle and
dihedral angle on one wing, and the negative of that angle
of attack on the other wing. The values of (i, given in
table IV for the case of full-span aileron deflection are
therefore equivalent to the parameter Ci,.

Some other stability derivatives can be deduced similarly
from the results presented in this report.

RELATIVE MERITS OF THE VARIOUS TYPES OF AERODYNAMIC INFLUENCE
COEFFICIENTS

In this report four types of aerodynamic influence co-
efficients have been discussed:

(1) The influence-coefficient matrices presented in table V
which are obtained by solving Weissinger’s integral equation
by numerical methods

(2) Influence-coefficient matrices obtained from those
of table V by multiplying them by interpolating matrices

(3) Influence coefficients based on Green’s function

(4) Influence coefficients based on flap-type and aileron-
type lift distributions, which express the lift distribution in
terms of the spanwise derivative of the angle-of-attack
distribution rather than the distribution itself.

The influence coefficients given in table V apply to the
stations y*=0.9808, 0.9239, 0.8315, 0.7071, 0.5556, 0.3827,
0.1951, and 0. If these stations can be used in the calcula-
tions in which the influence coefficients are to be used, the
coefficients given in table V are by far the simplest to use
because they require no further calculations. If these
stations cannot conveniently be used, either the coefficients
have to be re-calculated from scratch for the desired stations
by the method described in appendix A, or, if the results
presented herein are to be used, one of the other three types
of influence coefficients has to be calculated. Of these two
alternatives the first-mentioned is generally the one requiring
the greater effort.
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The second type of influence coefficients is based on the
first and requires a premultiplication of their matrix by a
lift interpolating matrix and the postmultiplication of that
matrix by an angle-of-attack interpolating matrix. These
interpolating matrices serve to relate the lift and angle of
attack at the stations of interest to those at the stations
specified in the preceding paragraph. The interpolating
matrices can be constructed in several ways; parabolic (or
possibly cubic) interpolation is probably the most satis-
factory choice for the angles of attack, and for the lift
distributions either this type of interpolation (with a modi-
fication at the wing tip) or trigonometric interpolation
should be satisfactory. The calculation of the interpolating
factors does not lend itself readily to automatic computation,
but the amount of effort involved is relatively small. The
two matrix multiplications can then be performed readily
on automatic computation machines.

The influence coefficients based on Green’s functions are
similar in concept to the commonly used structural influence
coefficients. The valuer of the influence functions I'*,” (y*,y,*)
and T'*/(y*y,*) are the only aerodynamic influence co-
efficients discussed herein which individually have physical
significance; the first two types of influence coefficients
have only a collective physical significance in that they
yield the values of the lift when matrix-multiplied by the
angle-of-attack values. However, this individual significance
of the coefficients based on Green’s functions is lost once
these coefficients are manipulated in the manner indicated
in equations (9) and (12) to obtain aerodynamic influence
coefficients useful in further computations, and the resulting
influence coefficients have neither more nor less significance
than the others. The computation of these coefficients
requires & relatively large expenditure of effort—four matrix
multiplications and three matrix additions, as well as the
computation of many values of I'*,’, or I'*,/, (by substi-
tution of given values of ¢ and 6, in eq. (C3)) and a few
other minor steps. Despite their conceptual attractiveness,
these coefficients are therefore practically at a disadvantage
compared with the other much more simply computed
influence coefficients.

The influence coefficients based on flap-type and aileron-
type lift distributions and on the spanwise derivatives of the
angle-of-attack distributions are probably the simplest to
compute (with the exception of those presented in table V);
they require only the reading of the values of the lift dis-
tributions from the figures of this report at the stations of
interest and for the flap and aileron spans corresponding
to the stations of interest, as well as the multiplication of the
matrix of these coefficients by a diagonal matrix. (For a
symmetric distribution, a matrix subtraction is also called
for.) As previously mentioned, the fact that these coeffi-
cients express the lift distribution in terms of the derivative of
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the angle-of-attack distribution need not be a disadvantage
and may actually be an advantage. The decision as to
whether to use the second or the fourth type of influence
coefficients (once the decision has been made that the stations
implied in the first type are unsuitable) then becomes largely
s matter of individual preference, guided by decisions in any
given case as to the relative convenience of calculating
interpolating factors or reading values from the figures in
this report, and of using angle-of-attack distributions or
their derivatives.

CONCLUDING REMARKS

Spanwise lift distributions have been calculated for nine-
teen unswept wings with various aspect ratios and taper
ratios and with a variety of angle-of-attack or twist distribu-
tions, including aileron and flap deflections, by means of
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Weissinger’s method with eight control points on the semi-
span. Also calculated by this method were aerodynamic
influence coefficients which pertain to & certain definite set of
stations on the span. Three methods for calculating aero-
dynamic influence functions and coefficients for arbitrary
stations have been outlined and their relative merits dis-
cussed.

The information presented herein can be used in the
analysis of untwisted wings or wings with known twist
distributions, as well as in aeroelastic calculations involving
initially unknown twist distributions.

LaNGLBY ABRONAUTICAL LLABORATORY,
Narionan Apvisory COMMITTEE FOR AERONAUTICS,
LanerLey Frewp, VaA., May &, 1968.

APPENDIX A
MATRIX FORMULATION OF THE WEISSINGER METHOD

CALCULATION OF THE LIFT DISTRIBUTION AND INFLUENCE COEFFICIENTS

From two-dimensional thin-airfoil theory it can be shown
that, if all the vorticity of a plane or parabolically cambered
airfoil section is concentrated at the quarter-chord line, the
downwash angle induced at the three-quarter-chord line is
equal to the geometric angle of attack at the three-quarter-
chord line. This circumstance leads to the Weissinger
IL-method in which the lifting vortex is concentrated at the
quarter-chord line and the boundary conditions are satisfied
at the three-quarter-chord line. The Weissinger equation
(ref. 1) can be written as

a(gf‘9=417r 1dI""(n"‘)y;ﬁ *1L811r :F(ﬂ*,y")%ﬂdn"‘ (A1)
where
F(n* :ZI"?Ey* ‘/[l-l-tanA c*/23T+ c"‘/2t>——1}
(ﬂ*ZO)
[ v*+
. [A[rrena (55 )] +(%5
y*—"*l 14-2 tanAc*/z
— -
22:,/111& _1+ fzta.nA +(c*/2> <0
2 s
142 tan' A S c*/2

and « is the angle of attack or, more specifically, the stream-
wise slope of the mean-camber surface at the three-quarter-
chord line.

Introduction of the trigonometric variables #=cos™! y*
and ¥=cos™! »* into equation (A1) yields

(0)_ ~ dT*(9) do
4x o d¥ cosd—cosf 8=

f Fe,0 T Das (a9

The solution of equation (A2) is effected in reference 1 by
the use of trigonometric interpolation and integration
formulas. An alternate solution based on matrix techniques
is presented herein which leads to the identical results
somewhat more simply and suggests a fairly simple setup
for routine calculations.

The function IT'* is approximated by a finite sine series, as
in reference 1, so that for any value &,

T*,=2 a, sin nd, A3)
or

{T*x}=I[sin nda){an} (Ad)
In the calculations of this report, the values of » in equation
(A4) have been chosen as n=1, 3, 5, . . . 15 for the sym-
metrical loadings and n=2, 4, 6, . . . 14 for the antisym-
metrical loadings; values of ¢, were chosen at

mwx
t?,,,—ﬁ-
with m=1, 2, 3, . . . 8 for the symmetrical loadings and
m=1, 2, 3, . . . 7 for the antisymmetrical loadings. The
use of equal increments in ¢ is essential in the method of
reference 1, but any values of ¢ between 0 and #/2 could
have been chosen in the matrix analysis used in the present
report. This possibility of using arbitrary stations in this
matrix version of Woeissinger’s method is an important



516

advantage in that it allows the direct calculation of influence
coefficients for arbitrary stations. Such a calculation is com-
plicated, however, by the fact that some of the matrices
which must be inverted may be ill-behaved when nonequal
increments are chosen for 4.

The value of (0) required in equation (A2) can be ob-

tained from equa.tmn (A3) as

*
dgﬁ =2 N, COS Ny,

n

(A5)

so that the first term of equation (A2) becomes

1 (r > na, cosndy, do
—_ n
47 Jo cos ¢—cos8 by,

1
—ng"

Sin N0y
SN 6,

or, in matrix notation,

1 (rdr*, d¢
\4=xJo d¥ cosd—cos by,

The values of @, can be expressed in terms of I'*, (see eq.
(A4) ) as

sm'nB

o | nliaa}

{@x}=I[sin o]~ {T*s} (A6)
s0 that
dd
{411- 0 d& €08 9—CO8 O, }=[B”‘]{I‘*}
where
1 -
Bal=7| o5 0 ]lnl [sin nd,] (A7)

The matrices | P2 "”’:I in], [sin n6,], sin 6,]~, and [B,]

are given in table VII(2) for the symmetrical distribu-
tions and table VII(b) for the antisymmetrical distributions.
As a result of the orthogonality of the sine function, the in-
verse of the [sin 78, matrix is the same as one-fourth its
transpose except for the first and last rows. (See, for in-
stancs, ref. 8.)

The second term of equation (A2) can be integrated nu-

merically by approximating either F or F %by a cosine

series. Both approximations will yield identical results, and
the latter alternative is followed here. Thus let

7(3,6) % (")

=> b,(0) cos n&

so that

1 f 7(3,6) L) D) 4o b0 (A8)

Now, in matrix notation,

{F%}=[ws n9]{b. ()}

REPORT 1228—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

go that
ba(8)=1[cos ns]~o {F%‘ }

=re.on { G5

where |[cos nd]~Y, is the first row of the inverse of the
matrix [cos nd], that is, the row corresponding to n=0,
and |I4] consists of the same elements written in the form
of a diagonal matrix.

Inasmuch as the integral of the antisymmetrical component

of F % is zero, F' %* can be written for symmetrical distri-

butions as

F dI‘*3=FR-‘FL dI'.*
¢ ds 2 4
and, for antisymmetrical distributions, as
i 0% FotFy drt,
tdy 2 ds
where
Fre(ln*,y")=F@*y*) (6*z0)

Fy(in*l,y*)=F(@*y*) (1*=<0)

(49)
(A10)

From equations (A5) and (A6) %: can be expressed in

matrix notation as
{%} =[cos nd]|n][sin nd] 1 {T*}

so that equation (A8) can be written for symmetrical distribu-
tions as

N
{Sw L Fa,0.) o d0}=
2 [ 2257 | U toos n0,] 1) sin m) -t (T} =272 (D) (T%,)

(A11)

where
D)= Il eos n8,] ] fsin ]

Similarly, for antisymmetrical distributions

{ 8-1;_[) 79,00 ¢ dﬁ} =2[F[DJ{T%) (A12)
where

Dd =15 lIﬂ [cos ndu] 7] [sin ndy,] ™

The matrices [D], [I;], and {cos nd,]ln] are given in table
VII (a) for symmetrical distributions and table VII (b) for
antisymmetrical distributions.
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Equation (A1) (or its equivalent, eq. (A2)) can now be
expressed completely in matrix form. For symmetrical
distributions, the equation is

[[B:] =2[F] [Ds]]{T*:} ={eu}

or
[GI{T*}={as} (A13)
and for antisymmetrical distributions,
‘ [[Ba]—2[F][Dall{T*e} = { as}
i [G){T*:} = {0} (A14)

It should be noted that the [B] and [[)] matrices are
invariant with plan form and that only the [#] matrices need
be computed separately for each plan form; all the matrices
are independent of the angle-of-attack conditions. A com-
puting form for the elements of the ¥ matrices is given in
table VIII; this computing form includes provision for
calculating the load on swept wings. Sample 2[F,] and
2[F,] matrices are shown in table IX.

Equations (A13) and (Al14) can be expressed as

{r*}=[@]""{a}

so that the elements of the matrices [G]~! constitute, in
cffect, sots of aerodynamic influence coefficients. The
influence coefficients presented in table V for the plan forms
treated in this report are defined as

(A15)

(@] Ea];— [G.]

and
1 -1
(@] Ea_ld (@,
so that
{P*:}=0La [Qs]{a:} }
and (A16)

{r‘a}=01d [Qa]{aa}

The division by Cy, and by C,, bas been performed both to
facilitate interpolation of the coefficients for unswept wings
with plan forms other than those considered in this report
and for convenience in aeroelastic calculations. Inasmuch
a8 the lift distribution is much less sensitive to Mach number
than is the overall magnitude of the lift, an influence-
coofficient matrix [¢,] or [Q.] chosen for the average of the
subsonic Mach number range of interest (that is, for the
effective aspect ratio A1 —A* corresponding to that aver-
age Mach number) will serve for the entire range, provided
only that for each Mach number the appropriate values of
Oy, and Oy are used in equations (A16). (See ref. 9, for
instance, for simple methods of estimating Mach number
effects on Cz, and Cy,.)
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CALCULATION OF THE AERODYNAMIC PARAMETERS ASSOCIATED WITH
THE LIFT DISTRIBUTIONS

The values of the lift, induced-drag, bending-moment, and
rolling-moment coefficients can be obtained conveniently by
the use of the integrating matrices derived in this section.

An integrating matrix for the lift coefficient associated with
symmetrical loadings can be obtained as follows:

The lift coefficient can be written as

- I‘*dy*

If, as before, y*=cos 6 and I'*,=> a, sin 6, with n=1, 3,
n
5, . .. 15, then

A (=3 . .
0"=§J; > e, sin ndsin 6 do

iy

or
=A|I] {T*}
where

Lo, =5 lsinnd] ™),

and |[sin n6]~Y, is the first row of the matrix [sin n6,]™*
given in table VII(a); the matrix |I¢,| is given in table X.
Similarly, the integration to obtain the bending-momeat
coefficient for symmetrical loadings Crr can be performed as
follows:
The bending-moment coefficient can be written as

A

OBM——

I‘*y*dy*

A

x/3
>, 8in 1 sin 8 cos 6 df
n

0

_Ar2 2 2
( al-l—as 2105—!-4—5aq~77a~a+

2,242 )
117 Mt 15 M T 537 Y8

or
Crar=4 [ICBMJ {T%}
where the matrix
22 22 2 2 .
[enn|= 8 35 9145 77 117 165 221_| [sin nf
is given in table X,

For antisymmetrical loadings, the half-wing lift coefficient
Ci,,, is obtained in the following manner:
The equation for the half-wing lift coefficient is

A
OLI/:=§J; I* dy*
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and, if I'*,=2 a, sin nf, withn=2, 4, 6, . . . 14 as befores,
n

then

A (=3 . .
Ci, /:=§f > a. sin nf sin 6 df
0 n

_AG 2 .3 4 5 6 7 )
=a\3 %15 U35 B g3 Bgg Mo 143 g5
or

OL”’=A I_IchJ {I‘*a}

where the matrix

_|1L_23 45
I.I%/,J=|_3 1535 63 99

is given in table X.

Similarly, the rolling-moment coefficient can be obtained
as follows:

The equation for the rolling-moment coefficient is

1
o4 gt gt

=/

4o

8 7 lre o4
1431%J[m”‘"]

2
>3 @, 8in 78 cos f =in 0 df
n

w
=z5 Aa,
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or

Ci=A |1, {T%]}
where the matrix
\Ze,) =3 Llsin 6]~

is given in table X.
The induced-drag coefficient Cp, can be written as

A 1

0D¢='2— 0 a‘I‘*, dy*
where
1 (* dr*(q*) do*
a;(y"‘) Sx)_1 dn* ,y*_n#
or

(e} =5 [BI{T%}

For symmetrical loadings the |I,| matrix can be used to
integrate the values of «,I'*, so that

Cpy=A | Ioy|{ 2T}

An integrating matrix to evaluate Cp, for antisymmetrical
distributions can be set up similarly. However, in this
report, values of Cp, were calculated only for additional lift
distributions.

APPENDIX B
CALCULATION OF LIFT DISTRIBUTIONS FOR DISCONTINUOUS ANGLE-OF-ATTACK CONDITIONS

The method of solving equation (Al) outlined in ap-
pendix A relies heavily on numerical integration, as does
the method of reference 1. Discontinuous angle-of-attack
distributions therefore cannot be analyzed as accurately as
continuous ones can, because discontinuous angle-of-attack
distributions are known (on the basis of knowledge of the
lift distributions of wings with very low and very high aspect
ratios presented in ref. 3) to give rise to logarithmie singular-
ities in the function g—? which occurs in the integrends of
both integrals in equation (Al). Nor can a discontinuous
angle-of-attack distribution be described adequately by a
small number of points on the semispan; for instance, with
stations located as they are for the calculations described in
this report any inboard flap terminating at a value of y*
greater than 0.3827 but less than 0.5556 would, for & unit
effective angle-of-attack distribution, be characterized by the
angle-of-attack distribution 1, 1, 1, 0, 0, 0, 0, 0, regardless of
the exact location of the end of the flap.

These difficulties can be overcome by using the results
obtained by solving equation (Al) for the case of wings of
vanishingly amall aspect ratio (see ref. 3), in which case the
second integral vanishes. This technique is similar to the
one used by Multhopp (ref. 10) in connection with the
Prandtl lifting-line equation to handle discontinuous angle-
of-attack distributions. The lift distribution I'* is considered
to consist of & ‘‘discontinuous” part I'*p which is the solution
to equation (A1) if the second term is neglected and of a
correcting “continuous’ part I'*y, so that

I‘*=P*0+I'*D (Bl)
where I'*; is defined implicitly by
N 1 (=dr*, dg (B2)

4xJo d¥ cos 3—cos 0

and I'*g is the correction that must be added to I'*, to obtain
a function I'* which satisfied equation (A1) for the given
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discontinuous angle-of-attack distribution. The solution of
equation (B2) for I'*p corresponding to the more common
discontinuous angle-of-attack distributions is given in
reference 3; specifically, for inboard flaps terminating at
y*=19y,*=cos™! 4,

. 940,
4 : S 9
I‘*D,(z?,o,,)=; (w—28,) sin ¢ —(cos 3—cos 6y)log, m_
2
cos 0_12_0"
(cos #-cos 8,) log, — =0 ®3)
cos —; °

and for outboard ailerons with inner ends at y*=y,*=cos™' 6,
. din z?-l?:ﬂo
I‘*Dau(ﬂy 0,)==| (cos ¥—cos b, log, —————

™ i 19 - 6a|

340,
€08 —

—s—a. B4)

cos )

(cos #-+cos 8,) log,

If equations (B1) and (B2) are substituted into equation
(A2), the result is

f bI““o(z? 6.) dg

cosd—cosfd 8w

f F,0) —< 2~ ar*"(” 6. d¢

=R(0,0¢,) B5)
where the function E(6,8,) is defined by
B(0,6)=— f 7,5 220:0d aP*D(" b g5
or, specifically, for flaps
Roo=g [(Fuo0 T2 a0 @ow)

and for ailerons

Ra(0,0) = lfF(o B)Mdﬁ B6b)

Comparison. of equation (B5) with equation (A2) indicates
that equation (B5) may be considered to be the Weissinger
equation (eq. (A1) or (A2)) for the lift distribution I'*¢ on
the given wing (the plan form of which determines the func-
tion F(4,6)) corresponding to an angle-of-attack distribution
R(6,6,). Inasmuch as R(,6,) is a continuous function, as is
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demonstrated presently, equation (B5) can be solved in
the manner used for equation (A2). If R(6,6,) is being eval-

VEPT WINGS IN SUBSONIC FLOW

uated at the stations considered in this report <0='116’ 2 1—%:
3 1—’%1 e %); and if the eight values of R arelisted in & column

in the order of increasing 6, then premultiplication of this
column by the matrix [(] given in this report and by the
appropriate value of Cr_ yields the desired function I'*; for
the given discontinuous angle-of-attack distribution.

As indicated in equations (B6), the function FE(8,6,)
depends on the plan form, which determines #(¢,0), and on
the position of the djscontinuity in the angle-of-attack

distribution, which determines I'*;, and, hence, bI:(g’e).
For flaps and ailerons,
9446, 0-]—00
aI‘*‘Df 26 ,0 0 l s —;— 2 1 0S8
55 | ("2 cosdtsimnd | logr g Hos 5=y,
(B7a)
and
316, . 346,
aI‘*Da” 4 2 . 0 + . 0 1 cos l 81N
—_— 810 7, 81N 0g, ——log, —
o cosg 6, sinlt’ 6
2 2
(B7b)

so that the functions % may be seen to have logarithmic

singularities. The evaluation of R(6,6,) from equations

(B6) by numerical methods is therefore not & trivial problem.

A logarithmic singularity is integrable, however, and F(¥,6)

is always continuous in ¢ and 8 so that E(6,6,) must always

be continuous. The integration can thus be effected readily

by expanding F(s,6) in a finite Fourier series as follows:
Let

Fo(0,0)=2> P, (6) cosnd (n=1, 3, 5, ... 1b)
F.(0,6)=3P, (0) cosn8 (n=0, 2, 4, . . . 16)} (B8)

Substitution of these expressions for F and thoﬁe of equations
(B7) for b;:;” into equations (B6) yields

R.0,0) =5 5 Po,Olr—28) Lo+ JuH K]

- ®9)
Ra(ayao) =ﬁ ; P:,(B) (Ja—EK)
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where

REPORT 1228

I,,Efrcos ¢ cos nd di¢
0
440,
J,,Ef'sin ¢ cos nd log, 2 _ ds
0 Si]l t’_ool
5 -
416,

(B10)

. cos
K.af sin ¢ cos nd log,
0

COS ——
2 J

These integrals can all be evaluated explicitly and are

Io=0
Il=g (B.11)
I,=0 n=2,3,..)
Jo=1r Sin 00
T .
J‘_Z sin 24, B12)
__7[sin (n+1)6, sin (n—1)6, .
J"—2[ n+1 n—1 :l m=2,8, ..
and
.Ko="—ﬂ' sin 00
.K1='Z‘ SiIl 209
(1t X[ 8D (o 1+1)6, sin(n—l)ﬂ.,] _
K.=(—1) 12[ po| 1 n=2,3,...)
B13)

‘With these values for I,, J,, and K,, equations (B9) can be
simplified to

R0,00=5- P, 0,00Ha0)  @=1,3,5,...19)
" (B14)

R.(6,0 =—;71 P, 6,00H.0) (=0,2,4, . ..16)

NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

where
H 0= O

__w—28,-}sin 24,
= 2 (B15)

sin (n-1)6,
n+1

The function £ (6, 6,) can also be expressed in matrix form by
writing equations (B8) in matrix form as

LF (@, 0)]=1Px(6, 0,)] [cos ns]’

H,

sin (n—1)6,

H, n—1

n=2,3,..))

so that
(B16)

where [cos 9}’ is the transpose of the matrix [cos n#]. The
following expressions are then obtained by combining
equation (B16) with the matrix equivalent of equations

(B14):
B\, 60=5- LF.(3, 0] [lcos n)]*{H, (03}

[Pa(8, 6,)]=1F(9, 6)][[cos no]']~*

. B17)
Ra(6, 09— |F2(9, 0] [[cos no1'] " {H,(0)}

By using the procedure outlined in this appendix for
calculating lift distributions for discontinuous angle-of-
attack distributions the necessity of integrating numerically
an initially unknown singular function, as required inequation
(A1) or (A2), can thus be avoided; instead, the integration
of the singular part of the function is performed analytically
(by solving eq. (B2), as in ref. 3) and only the continuous
part of the function is treated numerically (by solving eq.
(B5) ). As part of this procedure, a singular function has
to be integrated numerically in order to evaluate R(4, 6,);
however, this function i8 known initially because it is
the product of a known singular but integrable function

*
and a known continuous function (b;‘ l}D and F(¢, 0), respec-

tively) so that, by expanding the continuous function in a

Fourier series, the numerical integration can be effected
without difficulty.

The values of [[cos ns) ]~ {H,(6,)} for flap-span ratios
of 0.1, 0.2, 0.3, 04, 0.5, 0.6, 0.7, 0.8, and 0.9 and for aileron-
span ratios of 0.1, 0.2, 0.3, 04, 0.5, 0.8, 0.7, 0.8, 0.9, and 1.0
are given in table XI.
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APPENDIX C

CALCULATION OF THE REQUIRED GREEN’S FUNCTIONS

As pointed out in the body of this report (see egs. (3)
and (4)) the desired Green’s functions are

oT* (y* 1, OT*,u(y*,7,%)
aya* byo*

The functions I'*; and I'*,;;; can be obtained in the manner
indicated in appendix B. However, in order to calculate
the desired derivatives of these functions, & numerical
differentistion would have to be performed with respect to
7,*. Such a numerical differentiation is inherently in-
accurate inasmuch as I'*, and I'*;;; have singularities. The
desired Qreen’s functions are therefore best calculated
without using the calculated values of I'*, and I'*,;; and by
using, instead, a modification of the method of appendix B.
Let

oo/t =2 L)
or+, ©D
Pa’@*:ya*) = agy(?j:;yo*)

Then I'*, and I'*, are lift distributions corresponding to
impulse-type angle-of-attack distributions of the following
forms:

Symmetrical loading Antisymmetrical loading

Hence, they must satisfy equation (Al) or its equivalent,
equation (A2), for these angle-of-attack distributions.

Again, as in appendix B, the lift distributions can be con-
sidered to consist of a discontinuous part, which satisfies
equation (Al) for the given angle-of-attack distribution if
the second integral on the right side is disregarded, and of a
correction part; that is,

T *'l — I‘*’,D _l_ T #.Ic
r*al — P*a,b+ P*alc
The functions I'*/, and I'*,’, must thus satisfy equation

(B2) for the given a.ngle—of-attack distributions. By virtue
of the linearity of equation (B2) and by virtue of the defi-
nitions of the functions in terms of I'*, and T'*,;, respec-
tively, T*/, and T'*,, can be obtained by differentiating
with respect to y,* the solutions of equation (B2) given in

(C2)

equations (B3) and.(B4) for the flap and aileron angle-of-
attack conditions. Thus

(©3)

, _4,  sin (@+6,)
%5 wlog‘sinla—a.,l

Similerly, the functions I'*/, and I'*,’, must satisfy equa-
tion (B5), where now R(6,6,) is defined for the symmetrical
and antisymmetrical loadings, respectively, by

4,0,

R0,0) = fF(z?) ( ) 45

and oy (C4)
a(00o)— fF(t’ﬂ)————a)

The evaluation of these integrals can be effected in the
manner employed for equations (B6) so that

R. (0,06 =%;P%(0)H',,(00) (n=1,3,5, . . . 15) -

B, (6, 00)=%, ;P,, OH'.(6) (1=0,2,4,...16)

where

H',(0,)=2sin né, (Ce)
for all values of #, and where P,, and P, are the same values
as those used in appendix B. Thus, in matrix form, for
given values of 8 and 6,,

R, (6, 8)=2 | F. (3, 6)] [lcos n3)'] " {sin n8,}
’; (C7)
B. (6,60 —=— |F, (9, 0)| [lcos n3]'}~* {sin 6, }

The values of [[cos nd]’]™! {sin n6,} are given in table VI for
values of ¢,* ranging from 0 to 0.9 for symmetrical distribu-
tions and 0.1 to 0.9 for antisymmetrical distributions.

The desired Green’s functions can thus be calculated in the
following way. For a given value of 6,, the values of R,(6,6,)
and R,(6,8,) are calculated for eight equal increments of §
between 0 and /2 from equation (C7). These values are
then written as columns and premultiplied by the matrix of
influence coeflicients tabulated in this report for the given
plan form in order to obtain

T/, 60)
Ok,

™/, (6, 65)

and G,

.4

for the given value of 6,. To these values are added the
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values of

I+’ (6,6,) ™’ (6,6,
D D
C. and C.

obtained by dividing the values of I'*,’ ‘and I'*,’  calculated

from equation (C3) by C:, and C,, respectively, for this
value of 6, and the given values of 8. This procedure yields

I‘*" (0) 00) P‘C’ (0) 00)
T and T

(The division by C;_ and by C, is performed to facilitate the
further calculations required to obtain the desired influence
coefficients, as explained in the body of this report.) This
calculation is repeated for all the values of 6, for which the
Green’s functions are desired.
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TABLE I—INDEX TO SPANWISE-LIFT-DISTRIBUTION

FIGURES
[All wings are unswept]

Plan form A A Figure
. Verylow | ... 1
311 LS 0 2

L5 .25 3
313 1.5 .50 4
314 1.5 100 5
315 Ls L350 [:}
321 3.0 0 7
3 3.0 .25 8
33 3.0 .50 9
324 3.0 1.00 10
325 3.0 150 11
31 6.0 0 12
a32 6.0 .25 13
333 6.0 .80 14
334 6.0 L00 15
335 8.0 L50 16
341 12.0 0 17
342 120 .25 18
343 120 .50 19
344 12,0 100 20

TABLE II—FORCE AND MOMENT COEFFICIENTS FOR
ANGLE-OF-ATTACK LOADINGS

Damping-in-roll
Additional loading ping i
Plan form
Cr, Csu 7 Op, Oy CLyp
3n 1.8876 0. 7701 0. 4058 0. 7799 0.1280 0. 4448
312 19940 . 8351 .4188 . 8448 . 1403 .4781
313 2. 0008 8449 .423 8403 L1423 .4838
314 1.9782 .8433 .4263 . 8303 1434 . 4885
315 1. 9459 . 8353 4203 . 8041 1438 48711
a1 2 9638 1.1765 30 1. 0004 2120 . 7544
322 3.1747 1.3177 4151 1.0733 . 2501 . 8548
323 3.1735 1.3410 1, 0888 « 2584 8773
3.0970 4315 1.0108 <2842 8912
325 3.0088 1.3174 8irit] <2081 8048
331 4.1171 1. 5537 3774 . 90650 3083 1.1248
332 4,3381 . 4110 1.0071 3893 1,3333
333 4.3205 1.8363 . 4250 . 9018 4141 1, 3964
334 4.1816 1. 8470 L4419 M09 4334 14417
336 4. 0252 1.8260 . 4538 8921 4405 1. 4540
341 5.0125 1. 8145 3620 . 7850 39018 14714
342 5.1689 21148 4007 . 7310 5190 L7197
343 5.1647 2 2164 4291 L7128 5700 L 9008
344 5.0028 2 2819 4561 . 6982 6158 2,0024
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TABLE III.—LIFT AND BENDING-MOMENT COEFFICIENTS FOR UNIT EFFECTIVE FLAP DEFLECTION

y b y by b _os b Y by y
b =0.1 b =(.2 2 =0.3 -b——OA b 0 0.6 D -0.7 -b-—O.B D -0.9
Plan form
C Cau CL Cax CL Chxu CL Csu CrL Csu CL Cex CL Cau CL Chu CL Cau
311 0.24788 | 0,07142 | 0.40355 | 0.14681 | 0.73308 | 0.22716 | 0. 96414 | 0.31187 | 1.181237 | 0. 39980 | 1.38248 | 0.48980 | 1.56275 | 0.57843 | 1.71660 | 0.66114 | 1.83434 78034
312 25418 | .07604 | .50633 | .15800 | .76344 | .24187 | .90165 | .83146 | L 21746 | .42587 | L 428060 | .52190 | 1.62020 | .61788 | L. 78740 | .70011 | 1.91978 | .78762
313 . .07667 | 50573 .15741 | .75282 | .24345| .99120 | .33443 | L21760 | .42036 | L. 42064 | .52704 | 1.62254 | .62430 | L.70111 | .71 1.02482 | .70650
314 J2AO74 | 07506 | .40783 | 15608 | .74147 %762 .97682 | .833222 | 120044 | .42693 | L. 41039 52458 | 1.60173 | .62106 | L 76931 | .71474 | 1.90230 | .79469
318 . 1| .07450 ( .48785 | .15338 | . . 4| .O5828 | .32720 | 1.17816 | .42105 | L. 38497 51765 | 1. .61475 | 1.78984 | .70710 | L.87100 | .78578
321 .40716 | .10593 { .81108 21000 | L20459 | .34886 | 167797 | .47562 | 1.02384 | .61296 | 2.24004 | .75403 | 2.51688 | .80211 | 2 74710 | 1.01964 | 2.91414 | 1.12268
32 40041 | L1157 | .81663 60 | L21645 | .36252 | 1.50681 | .50262 | L.95306 | .64988 | 2.28687 | .80385 | 258717 | .05850 | 284940 | 1.10768 ; 3.05019 | 1.23738
323 .40218 | .11108 | .80307 23100 | L1961 | .36216 | 1.57482 | .50825 | 1.03047 | .65244 | 2.26458 | .80923 | 2.56863 | .06810 | 2.83680 | L. 12242 } 3.05025 | 1.2577
324 .38370 | .10605 | .76788 114735 | .35166 | L. 51335 | .49080 | L.85973 | .63009 | 2.18823 | .79041 | 2.48070 | .05882 | 2.75820 | 1.11363 | 2.97270 | 1.25108
325 L10215 | .73320 | .21417 | 1.09860 | .33801 | 1.45263 | .47517 | L78011 | .62180 | 2.11047 | .77736 | 240600 | .08723 | 2. 67248 | 1.09413 | 2. 88507 | 1 23183
331 LEO7TT3 ) 13242 | 119136 | 28080 | 176862 | .44742 | 229812 | .62700 | 2.77458 | .81438 | 8.10980 | 100764 | 3.56740 | 119424 } 3.84308 | 1.36832 | 4.03404 | 1.49250
33 L57630 | .13332 | L15194 | .23874 | L71380 | . 224004 | .64080 | 2.72100 | .83880 | 3.16494 | 1. 05000 | 3. 55963 | L 26480 | 3.90582 | 1.47612 | 4,17684 | 1.68278
B3 L6413 | .13392 7 L 08594 | .23506 | .62270 | . 2.13108 | .65202 | 2.60046 | .85878 | 8.04524 | 1.08330 | 3.45166 | 131634 | 3.81072 | 1.55034 | 4.11588 | 1.76034
334 . L11700 | 1.00800 | .256530 | L.51673 | .41676 | 2.00256 | .58844 | 2.45790 | .70758 [ 2 80848 | 1.01880 | 3.30822 | 1.25268 | 3.68634 | 1.40148 | 3.00342 | 1. 70754
338 45744 | .10764 | .92820 | .23604 | 1.40592 | .30024 | 1. 86048 | .50688 | 2.30778 | 76254 | 273038 | .98384 | 3.14574 | 1.21080 | 3. 52560 | 1.46280 | 3.83532 | 1.68313
341 L70104 | 13080 | L57320 | .30912 | 2.3M488 | .50064 | 2909520 | .72352 | 3.56004 | .05400 | 4.05084 | 118056 | 4.44300 | 1.41168 | 4. 75044 | 1. 60944 | 4.83476 | 1.75164
342 72000 | L18104 | 1.44804 | .20352 | 2.15460 | .48906 | 270444 | .70872 | 3.84692 | ,04153 | 3.85302 | 1.10508 | 4. 20456 | 1.45536 | 4. 68780 | 1.71660 | 4.00032 | 1,985060
343 ,06384 | .12120 | 184112 | .27516 | 2.00940 | .46560 | 2.62206 | .68112 | 8.16248 { .91536 | 3.676584 | 1. 17000 | 4.14024 | 1.458968 | 4. 57860 | L 75200 | 4.92818 | 2. 02500
344 57324 | 10416 | L 17312 L7873 | .42252 | 235572 63108 | 287280 86436 | 3.88724 | 1. 13736 | 3.87180 | 1.43738 | 4.34544 | 1.76088 | 4.73964 | 2 08520

TABLE IV—LIFT AND ROLLING-MOMENT COEFFICIENTS FOR UNIT EFFECTIVE AILERON DEFLECTION

bats bast bait bait bett batt bett bets batl batl

2ol LU LU 2ail el LU Dett 2ell L, 2ell el

B 1.0 b 0.9 b 0.8 3 0.7 b 0.6 b 05 04 b 03 3 02 2 01

Plan form
O, n Ciz c"lﬂ Ciy Crpn Cy Cryp Cy Cripn Ci Cryp Cy Crp Ci Crypy Cy Crp Cy Crypy Cy

311 0. 22007 0. 83565 |0. 21668 0. 76517 [0. 20654 [0. 67106 [0.19005 (0. 56484 (0. 16781 [0. 45041 [0. 14069 [0.33467 (0. 10988 [0. 22358 {0.07712 |0. 12369 {0. 04480 (0. 04340 |0. 01853
312 LO1721 | L 23814 | ,88443 | . 23460 | . L2301 | .71742 | . 20878 | . 60725 | . 18344 | . 48870 | . 15480 | . 36788 | . 12210 | . 24990 | .08691 | . 14188 | . 05160 | .05213 | . 01982
313 L02507 | . 24134 | . 89309 | . 23774 | . 82108 | . 22708 | . 72522 | . 20061 | .61430 | . 18590 | . 40476 | . 15701 | .37256 | . 12388 | . 25341 | . 08817 | . 14364 | . 05235 | . 05291 | . 02010
314 03083 | 24320 | . 89780 | . 23964 | . 82569 | . 23340 | . 72657 | . 21131 18752 | . 49812 | . 15830 | .37524 | . 12488 | . 25532 | . 08891 | . 14507 | . 05277 | . 05334 { . 02027
316 .93170 | . 24383 | . 89885 | . 24020 | . 82665 | . 22043 | . 73062 | . 21182 | . 61013 | . 18797 | . 40893 | . 15870 | .37590 | . 12510 | . 25581 | . 08918 | . 14537 | . 052901 | . 05345 | . 02081
321 151881 | .37215 |L 45671 | . 36606 (1. .84806 |1.15062 | .31884 | .©5478 | . 27066 | . 74013 | . 23220 | . 54531 | . 17889 | .35448 | .12306 | . 18858 | . 06930 | . 068174 | . 02409
322 1.65873 | .42441 |1.50504 | . 41805 |1.46070 | .30915 |L 28349 | .36834 |1 08120 | .32670 | . 86610 | . 27570 | .64899 | . 21756 | . 43072 | . 18507 | . 24033 { .09231 | . 00174 | .
33 169173 | . 43704 |1.62882 | . 43062 [1.40310 | . 41142 {1 31487 | . 38013 [1.11081 | . 33771 | . 28557 | .67168 | . 22584 | .45681 | .16131 | . 25083 | .09618 | . . 03714
324 1, 71111 | . 44565 |1.64829 | . 43017 |1.51278 | . 41085 |1 33455 | . 38826 |1.12988 | . 84533 | . 01032 | . 20238 | . 68631 | . 23148 | . 46779 | . 16545 | . 26646 | . 08867 | . . 03807
325 1. 71447 | . 44838 |1. 65102 | . 44193 |1. 51704 | . 42264 |1.33053 | . 80105 |1.13532 | . 34803 | . 91572 | . 20484 | . 69108 | . 23352 { . 47142 | .16695 | . 26865 | . 00957 { . 00912 | . 03840
Bl 2,38620 | .565624 1227172 | . 2.03448 | . 51618 |1 73508 | .46914 |1 40604 | .40680 |L 07882 | .33240 | . 75588 | . .47004 | .16716 | .23652 | .08994 | . 07050 | . 02888
32 65548 | . 66174 |2 54118 | . 65160 |2.30388 | . 62160 [2.00280 | . 57288 |1.66920 | . 50748 |1.32390 | .42782 | . 98400 | .33774 | .66338 | . 24132 | .37620 { . 14460 | . 13074 | . 05670
a33 2, 73516 | 60544 |2.62164 | . 2.38632 | . 65526 |2 08704 | . 60624 {1 75332 | . 53988 |L 40424 | . 45828 |L 05534 | . 36450 | . 71888 | . 26258 | .41250 | . 15846 | . 15408 | . 06222
334 2 72006 |2.67188 | . 71108 {2 44146 | . 68142 |2.14776 | . 63264 [1.81734 | . 56592 {1. 46700 | . 48276 {L 11120 | .38580 | . 76314 | . 27894 | . 43026 | . 16860 | . 16416 | . 08600
35 2, 78514 | , 72904 |2.67568 | . 71028 [2. 45040 | . 69024 (2. 16300 | . 84224 |1 83774 | . 57600 |1. 48962 | . 40260 |1.13238 | . 30460 [ . 77976 | . 28554 | . 44046 | . 17262 | . 16784 | . 06768
J41 3,33864 | , 72864 |3.13848 | . 71424 2. 74812 | . 67200 (2 28120 | . 60468 |1. 70406 | . 51606 [1.32510 | .41472 | .89802.| . 30528 | . 53640 | . 19740 | . 25548 | . 10178 | . 07032 | . 03048
342 3.69132 | . 88500 |3.40608 | . 87006 [3.11808 | .82956 |2. 66608 | . 76281 |2 18678 | . 67416 [1. 71144 28012 | . 44820 | . 84624 | .32160 | . 48278 | .19524 | . 18384 | . 07884
33 3, 81612 | . 94776 |8. 62556 | . 93420 [3.25032 | .S0388 (2 82012 | . 82836 |2. 35116 | . 74004 |1.87584 | . 63168 |1.41156 | . 50888 | . 97056 | . . 56603 | . 22836 | . 21804 | .09238
344 3, 80628 11.00176 3. 71364 | . 98904 |3.36732 | . 65100 |2. 65116 | . 88500 |2. 49888 | . 80100 |2 03716 | . 60120 . 56088 |1.08204 | . 41384 | .63720 | . 25656 | . . 10392
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TABLE V.—~AERODYNAMIC-INFLUENCE-COEFFICIENT MATRICES

(a) Symmetric loadings [ Q]
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SPANWISE LIFT DISTRIBUTIONS AND INFLUBNCE ¥FUNCIIONS FOR UNSWEPT WINGS IN SUBSONIC FLOW

TABLE V.—AERODYNAMIC-INFLUENCE-COEFFICIENT MATRICES—Continued

b) Antisymmetric loadings [ Qa)
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TABLE VI.—VALUES OF [[cos nd#]'}! {sin n§,} FOR INFLUENCE-COEFFICIENT CALCULATIONS
(a) Symmetrical distributions

[fcos no)'}-1 {sin nd,} for—

go*=0 | yo*=0.1 Pe*=02 7e*=0.3 Po*=0.4 Po*=0.5 yo*=0.8 ¥.*=0.7 Po*=0.8 §o*=0.9

0 Q. 06482 0.12738 0. 05490 0. 00307 0. 10826 0.12843 0. 00112 0.17124 0. 05804
0.25400 | Q. 13405 0. 00042 0. 15587 0. 27393 0. 07457 0.05802 0. 36868 0. 08137 0. 56104
0. 14058 0.27772 0. 12089 0. 00887 0. H858 0.30772 0. 00289 0. 53340 0.46784

0.30088 | 0.14692 0. 00050 0.19161 0. 35049 0.10198 0. 08935 0. 73259 0.43254 —0. 60005
Q. 18521 Q. 37693 Q. 17232 0.01072 0. 45029 0. 83031 0. 08064 —0. 62272 —0. 05031

0.44988 | 0.22397 0. 00082 0.35209 0. 83706 0. 51268 —0. 38534 —0. 54349 —0. 04478 ~—0. 09633
Q. 35008 0. 87921 0. 87744 —0. 14552 —0. 60008 —0. 20459 —0.00127 —0. 08359 —0.01272

L 28146 } 0.83714 | —0.03954 —0. 52044 —0.35834 —0. 04683 —0. 02168 —0. 07658 —0. 00866 —0. 02107

(b) Antisymmetrical distributions

[[cos #6]! {sin ng,} for—

Po*=0.1 | go*=0.2 | 1s*=0.3 | go*==20.4 | yo*=0.5 | go*=0.6 | §,*=0.7 | yo*=0.8 | y,*=0.9

0.07706| 0.00078| 0.13699( O0.05224

006068] 0.33476| 0.70453| 0.07083(—0. 70452{—0. 06403
13| 0.60268| 0. 46138|—0. 41616} —0. 68476|—0. 06448|—0. 15604
4681881 —0. —0. 1

EEEREaREE
:
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SPANWISE LIFT DISTRIBUTIONE AND

TABLE VII—MATRICES USED IN LIFT-DISTRIBUTION CALCULATIONS

— o
g G W ! B g
e pmm HHEER  gmE mmm o gl
} piess  seseces  EECHGEEE S et sgsesy ST
B B N gagen  sEmEE
Hoalho oL il
o ommn w1, BN L
e gcaze B dajqes  $EBE3EE  Soiodoas
e pame HEEER MR T ssiets
N R b 74 2 uawaiz REEEEE mwmmmmmw
gy EEdEEENER npgageg  doddsss  ToTT°7°F
R E W ot L
posidsq  gdedsss  SRHesid scageass
_ 1 Sssddsad
17°7°7
TR o
i 7 .ﬂ &&&&&&&& MM_ _moﬂ&o_& < A . &_ M
BRET  ERENNARE  EEERANE g SEREEMEE  RLSEE e
Lo -
sges §gz5gEs BeREREEE 283 sgs
, W mmE omRE 1 R SR
n 8 n N YT
= um m & Reeeeser 3 m m - m.mW = 238 B T 10
L o B
o Mmep g sms  egsgg TTTTT
R g my
Wmmmwmmm HiEE ER o o e R R
AL w_1_.._,__ PRBEBREH I_E..M,..urﬂ, T mmmmmmmmm
Gl EE 1 ma B e



528 REPORT 1228—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

TABLE VIIIL.—COMPUTING PROCEDURE FOR F FUNCTIONS

(a) Row 1
r* 0. 88079 0. 95079 0. 88079 0. 98079 Q. 93079 Q. 93079 0. 98079 0. 88079
Q) 7°* Q. 98079 0.92388 0. 83147 Q. 70711 0. 53557 0. 38268 0.19500 0
@ *—p* —0.01921 0 0. 05691 0. 14932 0. 27368 0.42522 0.59811 0. 78570 0. 98070
® 1/%:—1::; —52. 05622 L 17. 57160 6. 69703 3. 65390 2 85172 167193 L27275 1.01959
® Yy*+v Q. 50485 0.50079 0. 52503 0. 55180 Q. 595 0. 65080 0. 73342 0. 85043 101959
(® 8:—11'3' 0. 00037 1] 0. 00334 0. 02230 0.07490 0. 18081 0.35774 0.61732 0. 06185
O, 'I';?. 1 3.92353 8. 84780 3. 62777 3. 28429 2. 84001 2 36040 1. 85905 L 0. 06195
0, Zn 0. 95185 0. 96195 0. 96165 0. 96185 0. 96195 0.96105 | 0.96195 0. 96195 0. 96165
®
B @ tan A
o
§ @
e For p*=y* @=tan A[®.
(b) Row 2
0. 92388 0. 92388 0. 92388 0. 92388 0. 92388 0. 92388 0. 92388 0. 92388 0. 92388
1. 00000 0. 98079 0. 92388 0. 83147 0. 70711 0. 55557 0.38268 0.19500 0
—0.07812 —~0. 05691 0 0. 09241 0. 21677 0.38831 0. 54120 0. 72870 0. 92388
—13.13715 —17. 57160 @ 10. 82134 4.61318 2 71510 1. 84775 137214 1. 08239
0. 51978 Q. 52303 0. 54120 0. 56969 0.61312 0. 67593 0. 78537 0. 89368 1. 08239
0. 00579 0. 00324 0 0. 00854 0. 04609 0. 13565 0. 20200 0. 53113 0. 856356
3. 70131 3.62777 3. 41422 3. 08125 2. 66013 218877 170710 1, 25209 0. 85385
0. 85355 0. 85355 0. 85355 0. 85355 0. 85355 0. 85355 0. 85355 0.85355 0. 85365
§ «)
s¥or p*=y*, @=tan A/®.
(©) Row3
® 0. 83147 0. 83147 0. 83147 0.83147 0. 83147 0.83147 0. 83147 0.83147 0. 83147
@ 1. 00000 Q. 88079 0. 92388 0. 83147 0. 70711 0. 55557 0.38268 0. 18509 0
Q@ —0. 15853 —0.14932 | —0.00241 0 0.12436 0. 27590 0. 44870 0. 63638 0. 83147
® —5. 93388 —6.69703 |—10.82134 @ 8.04117 3. 63450 2. 22821 1.57139 1. 20269
® 0. 54601 0. 56180 0. 56969 0. 60134 0. 64995 0. 72006 0. 82362 0. 97413 1. 20289
0 Q. 02840 0. 02230 0. 00854 0 0. 01547 0.07612 0. 20141 0. 40498 0.69134
3.35428 3.28429 3.08125 2. 76537 2.36723 1. 92388 147416 1. 05383 0. 60134
0. 69134 0.69134 0. 69134 0.69134 0.69134 0. 69134 69134 0. 69134 0.69134
% O]
}
- : | i

¢ For y*=y*, @w=tan A/®.
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TABLE VIII.—COMPUTING PROCEDURE FOR F FUNCTIONS—Continued

(d) Row 4
0 0. 70711 Q. 70711 0. 70711 0. 70711 0. 70711 0.70711 0. 70711 o711 0. 70711
@ L. 00000 0. 88079 0, 92388 0. 83147 0. 70711 0. 55557 0. 38268 0. 18508 0
O —0, 29289 —0.27368 | —0.21677 | —0.12438 0 0.15154 0.32443 0. 51202 0. 70711
0, -3, 41425 —3.65390 | —4.61318 | —8.04117 [ 6. 58802 3.08233 1. 85305 1. 41421
® 0, 58579 0. 59245 0. 61812 0. 64995 0. 70710 0.70197 0.91781 110840 1. 41421
® 0.07490 0. 04699 0. 01547 0 0. 02296 0. 10325 0. 26216 0. 50000
2.01422 2 84001 2. 66013 236723 2. 00002 1. 59438 1.18764 0. 81398 0. 50000
0. 50000 0. 50000 0. 50000 0. 50000 0. 50000 0. 50000 0. 50000 0. 50000 0. 50000
§ (=
s For p*oy*, @=tan Af®.
(e) Row 5
® 0, 55557 0. 565567 0. 55657 0. 55557 0. 58557 0. 58557 0. 58557 0. 55557 0. 55557
@ 1. 00000 0. 88070 0. 92388 0. 83147 Q. 70711 0. 55557 0. 382688 0. 18509 0
O —0, 44443 -0 —(0.38831 | —0.27680 | —O0.15154 0 0.17289 0. 36048 0. 55557
O, —2. 25007 —2. 35172 —2.71510 | —3.62450 | —@. 59892 @ 5. 78402 2. 77408 1.79995
® 0. 64285 0. 0. 67593 0. 72098 0.79197 0. 89943 1. 08581 133218 1. 79995
0,19752 0. 18081 0. 135686 0.07812 0. 02296 0 0. 02980 0. 12995 0. 30866
41980 2. 36040 218877 1. 02388 1. 650436 1,23463 0. 88031 0. 56349 0. 30866
0. 30888 0. 30868 0. 30888 0. 30888 0. 30866 0. 30866 0. 30868 0. 30868 0. 30868
()
@
% (O]
& For n*=py*, @=tan A[®.
(D) Row 6
0. 38268 0. 38288 0. 38268 0. 38268 Q. 38268 0. 38268 0. 382688 0.38288 0. 38268
Q. 93079 0. 82388 0. 83147 0.70711 0. 55557 0. 38268 0.10509 ]
—{0.61733 —{0. 58811 —0. 54120 | —0.44870 | —0.32443 | —0.17289 1] 0.18759 0. 38268
—1,61091 —1.67193 —L84776 | —2.22821 | —38.08233 | —b5.78402 © 5.33077 2. 61315
0. 72323 0. 73342 0. 76537 0. 82362 0.91761 1. 08581 1.30857 173079 2.61315
0.38108 0.35774 0. 20200 0.20141 Q. 10525 0. 02889 0 0.03519 0. 14644
1, 01180 1. 85908 1.'70710 1. 47416 1.18764 0. 88031 0. 58578 33382 0.14644
0.14644 0. 146844 0. 14644 0.14644 0.14644 14844 0.14644 0.14844 0.14644

200080 | EREER | GORER | OO0 | CCEE

)

« For n*=y*, @=tan A/®.
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TABLE VIII—COMPUTING PROCEDURE FOR F FUNCTIONS—Concluded

® Bow 7
® 0. 19509 0. 10509 0.19509 0. 19509 0. 19509 0. 19509 0. 10309 0.19509 0.10509
O, L Q. 88079 0. 92388 Q. 83147 Q. 70711 0. 55557 0. 38268 0. 19509 0
O, —{0. 50491 —0. 78570 —0.72879 | —0.63638 | —0.51202 | —0.36048 | —0.18759 0 0, 19509
@® —1.24237 —1.27275 —L37214 | —L57139 | —1 95305 | —2. 77408 | —5.33077 @ 5.12584
® 0. 83678 0. 85043 0. 89368 0. 97413 1. 10840 1.33216 1.73079 2 58202 5. 12584
0.64788 0.61732 0. 53113 0. 40498 0.26218 0. 12995 0.03519 0 0. 03808
1 4284 1. 38269 1 25209 1. 05383 0. 81306 0. 56349 0.33382 0.15234 | 0.03808
Q. 03808 0. 03506 0. 03806 0. 03808 Q. 03808 0. 03806 0. 03806 0. 03806 0.03808
% ®
¢ For p*=2p*, @=tan A/Q.
() Row 8
@ 0 0 0 0 0 1] 1] 0 0
©, 1. 00000 0.98079 0. 92388 0. 83147 0.70711 0. 55557 0.38268 0.10509 | 0
6, —1. 00000 —{. 88079 —0.92388 | —0.83147 | —0.70711 | —0.55557 | —0.38288 | —0.19509 0
® —1.00000 —1.01959 —1.08239 | —1.20280 | —1.41421 | —L 799956 | —2 61315 | —5.12584 ©
® 1. 00000 1. 01959 108239 1 20269 141421 L 79085 2. 61315 5. 12584 @
L 00000 0.96185 0.83355 0.69184 0. 50000 0. 30868 0.14644 0.03808 | 0
1. 00000 8.98195 8.86355 3.09134 8.60(1)0 8.308&6 3.1% 8.03808 8

22080 | 23R8 | @9RE®

)

¢ For p*=y®, @=tan Af®.
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TABLE IX.—SYMMETRIC AND ANTISYMMETRIC F
MATRICES FOR PLAN FORM 333

AF.}=

7.5047 8.3357 10.4164 12.6328 14.1611 14.9907 154435 15.6705 15

54247 50650 7.8300 10.6672 12.7094 18,7911 14.8488 14.6188 14.6909
3.3868 3.6001 4.6021 7.1238 10.1784 119020 12.7114 13.0781 13.1849
2,0610 2.1859 2.6370 6 9.2081 10.6338 112167 113777
1.2484 1.3057 15000 196786 8.0125 5.3952 7.9725 0.0854 0.3707
0.7125 0.7400 0.8360 10357 14434 23570 4.4008 6.4724 7.0603
0.3229 0.3345 0.3726 0.4488 0.5975 0.8970 15780 3.0437 4.0507,

—0.0860 —8.83357 —6.2265 —3.9097 —2.3562 —L 4171 —0.8120 —O.

—10.2931 —0,7433 ~7.8300 —4.0576 —2.8344 —1.6368 —0.9158 —0.4143
—10.9686 —10.6785 —0.6142 ~—7.1238 —3.9851 —21270 —L 1327 —Q.5000
—10.7385 —10.6013 —10.1123 —8.9362 —6.2806 —3.2216 —1.5732 —O0.6638
—0.0051 —0.9214 ~—0,06724 —9.1347 —7.0640 —5.8952 —2.5370 —0.9930
—0.0843 —0.0182 —8.8677 —8.5679 —8.0014 —6.8424 —4.4008 —1.7216
—8.1161 —8.0817 —7.0720 —7.7636 —7.4021 —6.7616 —b5.5168 —3.0437
—=7.2196 —7.1891 —7.0920 —6.9108 —6.6056 —6.0035 —5.1811 —3. 890

TABLE X—INTEGRATING MATRICES FOR LOAD AND
MOMENT COEFFICIENTS

[Zoj=
[0.01016 0.03757 0.05454 0.08942 0.08163 0.09070 0.00629 0.04909]
[Tepul=
[0.01878 0.03472 0.04533 (.04013 0.04528 0.03487 0.0I833 0.00196]
[rial=
[0.01093 0.03506 0.05713 0.08556 0,08738 0.08164 0.11365]
lIc,J—

10.00939 0.01735 0.02267 0.02454 0.02267 0.01736 0.00939]

TABLE XI.—VALUES OF [fcos no]'I! {Hn(6,)} FOR FLAP AND ATLERON DEFLECTIONS

{[eos nd) | H, (64)} for—

[ ] bent bait bait bat1 bat1 bail bat1
—-m=02 ——=03 T_0'4 -b——0.5 T—O.ﬁ —b—-0.7 —b—--D.S ——=(0.9 —m=1.0

—0, 04894 —~0. 07081 —0. 08874 —0. 09615 —0.11144 —0-11692 —0.11700 —0.12187 —0.12514 —0. 12549
—0, 09847 —0.12348 —0.16520 —0, 19608 —0.10866 ~{.21572 —0 23305 —0.23637 —0.23746 —0. 23934
0. 04411 —0.09144 —0. 12048 —0. 14009 —0.17888 ~(. 18094 —0.19251 —0. 20405 —0.21175 —0. 21267
0. 05663 0. 09888 —0. 03286 —0. 09520 —0.10058 —0.12701 —0.15288 —0.16743 —0.15897 —0. 16159
0, 01030 0.09763 0,17837 0.03128 —0. 03083 —0. 05562 —{. 06038 —0.08125 —0.09471 —0. 09611
0. 01700 0.02748 0. 10254 0. 23444 Q. 22592 0. 10376 Q. 02309 0.01048 0. 00692 0. 00099
0.00562 0, 03588 08880 Q. 22801 0. 33365 0. 23602 0.17519 0.13181 0.11696
0.01140 0.01794 0. 05243 00166 0. 09878 0. 18359 Q. 35407 0. 44468 0.39112 0. 33720
0. 00238 0.01474 0. 02078 03205 0.06718 0. 08312 0. 09240 0. 17064 0. 30809 0. 37095

opp

[fcos no]'Ht { H,_(8.) } for—

by b, by by 2[_ by Ql_ by b

=01 -bl-oa =03 | 3=04 | F=05 | F=0s | Fmp7 | Feos | oo
0.00472 | 0.02580 | 0.04530 | 0.04012 | 0.05868 | 0.08855 | 0.09817 | 0.10984 | 0.14625
0.04146 | 0.06006 | 0.06200 | 0.10905 | 0.14785 | 0.19804 | 0.19728 | 025348 | 0.28138
0.01022 | 006008 | 0.09834 | 0.10718 | 012804 | a.17257 | 023253 | 0.25718 | 0.40451
0.04898 | 0.05917 | 0.07378 13387 | 0.18370 | 017050 | 0.26968 | 0.41746 | 0.37740
0.01341 | 0.07461 | 0.13508 | 0.14573 | 0.18360 | 0.38530 | 0.43459 | 0.35016 | 02852
0.07364 | 0.0%639 | 0.11607 | 0.24070 | 0.302756 | 034050 | 0.20182 | 0.23504 | 0.22835
0.02551 | G.15548 | 0'32649 | 038258 | 0.2045 | 24810 | 017460 | 0.16677 | 0.16251
0.22547 | 0.30508 | 0.23760 | 0.14175 | 0.10380 | 007085 | 0.08060 | 0.08047 | o0.07000
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Dimensionless spanwise ordinate, y*

(&) Symmetrical lift distributions.
(b) Antisymmetrical lift distributions.

Fiaure 1.—Spanwise lift distributions for wings of very low aspect ratio (from ref. 3).
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Dimensionless spanwise ordinate, y*

(¢) Lift distribution for inboard flap.
(d) Lift distribution for outboard aileron.

Figure 1.—Concluded.
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(a) Symmetrical lift distributions.
(b) Antisymmetrical lift distributions,

Treurs 2.—Spanwise lift distributions for plan form 311 (4=1.5; A=0).
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(¢) Lift distribution for inboard flap.
(d) Lift distribution for outboard aileron.

Fiaure 2.—Concluded.
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Dimensionless spanwise ordinate, ¥*

(8) Symmetrical lift distributions.

(b) Antisymmetrical lift distributions.

Tievrs 3.—Spanwise lift distributions for plan form 312 (4=1.5; A=0.25).
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(¢) Lift distribution for inboard flap.
(d) Lift distribution for outboard aileron.

Fiaure 3.—Concluded.
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Dimensionless spanwise ordinote, y*

(a) Symmetrical lift distributions.
(b) Antisymmetrical lift distributions.

FigurE 4.—Spanwise lift distributions for plan form 313 (A=1.5; A=0.50).
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Dimensionless spanwise ordinate, y*

(¢) Lift distribution for inboard flap.
(d) Lift distribution for outboard aileron.

Fiaore 4.—Concluded.
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FicurB 5.—Spanwise lift distributions for plan form 314 (4=1.5; A=1.00).
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(o) Lift distribution for inboard flap.
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Fiaurp 5.—Concluded.
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Dinnefsiaﬂe;ss spanwise 'ordincle, y":
(a) Symmetrical lift distributions.
(b) Antisymmetrical lift distributions.
Froure 6.—Spanwise lift distributions for plan form 815_(4=1.5; A=1.50).
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(e) Lift distribution for inboard flap.
(d) Lift distribution for outboard aileron.

Fiqure 6.—Concluded.
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(a) Symmetrical lift distributions.
(b) Antisymmetrical lift distributions.

Fieure 7.—Spanwise lift distributions for plan form 321 (4=3.0; A=0).
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(a) Symmetrical lift distributions.
(b) Antisymmetrical lift distributions.

Fraurs 8.—Spanwise lift distributions for plan form 322 (4=38.0; A=0.25).
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(a) Symmetrical lift distributions.
(b) Antisymmetrical lift distributions.

Freure 10—Spanwise lift distributions for plan form 324 (4=3.0; A= 1.00).

- c;_al-3.c;97 (a)

é T

- Constant

u [

- ™~

- Linear

— L

- | \\

|_ / \

B — 1| ] \\

E Quadratic T

[~ | /// \\\\

= — e — N

iln yrebrd b b bvvr e et b v by by e b es b lonr e devnn B e e e nn\

é €,=0264 (b)

E / Linear \

§ p Quadratic L] \

- L~

2 | ) N

= /] cuic] 1| \\ \

- P \\

= L / — /Quurﬂc L \\\

L 1 // /

- / / | ] /Quinﬂc \\\\

- L

- / 1+ /;/ \

- L 1 L

- |

- %\ﬁﬁllll SSEAEIEE RN AR AN RN RN ERENEREEE N et e dy v pr dorenlars s faganifnd \
. 2 3 4 5 6 7 8 9 10



SPANWISE LIFT DISTRIBUTIONS AND INFLUENCE FUNCTIONE FOR UNSWEPT WINGS IN SUBSONIC FLOW 551

ce,
Sponwise loading coeffldent,-z;-az‘—
-3

[~
Sponwise looding coefficlent, =~
01,

16 I T
E Glm-3.097 (c)
12 i o e S et
: |
'8 e o, b
- i [~ ™ ™
C \\\\ \ \ \ \\ \ \\-_ZL. 1.0 —
- I 4 -
4 = — \\2 & \’\ \\'5\ &\\\7\\‘8}\9
r I [
: | et e N By e My S i NN N
- \\\\\\\\\:::\\\
o:llll l||||||||||||||l||l|lll|||||l|l|l|||ﬁ|‘lllllllllll||||I||IT;§
10} ,
- 60264 &)
| iy
C Ve AN
. / \
6 = 7 //// / e /,/ \\\\
= "
: Z A U PP ol I O e SN
- 4
E | /] 4 / /// % / / A ix
of /// / A i |/ N
= // /// 7 /< |+ ] ] /)/_ \
Ve e e
o J 2" ""‘3" ||||4||II Illl5l||| ||||5||||||||.7|||| ||||B|||| ||||9|||| ||||ID

Dimensionless spanwise ordinate, y*
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Figure 10.—Concluded.
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Dimensiondess spanwise ordinate, y*

(a) Symmetrical lift distributions.
(b) Antisymmetrical lift distributions.

Figure 11.—Spanwise lift distributions for plan form 325 (4=3.0; A=1.50).
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(a) Symmetrieal lift distributions.
(b) Antisymmetrical lift distributions.

Frcure 13.—Spanwise lift distributions for plan form 332 (4=46.0; A=0.25).
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(8) Symmetrical lift distributions.
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Ficure 14.—Spanwise lift distributions for plan form 833 (4=6.0; A=0.50).
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(d) Lift distribution for outboard aileron.

Fiaurr 14.—Concluded.



560

cCy
CCLa

Spanwise loading coefficient,

¢

Spanwise loading coefficient

REPORT 1228—NATIONAL ADVISORY COMMITTEE FOR AERONATUTICS

L6 i I

- G =4182 ()
|.4f
|

f Constun\*\\

= |
10F B

- ~

= AN

8: \

: N
.6: A

[~ |

= Li // \\ \

- inear — ~
i: e EEEEEN!

"] Quadratic 1 | D \\
2F /“!// —— — N
O-Lllllll pora by e devr e by v bv ey e byene bovey bevvg freny bepp v do e drery boppedpqe g ppapriergy et faety
St I

= G,=0.433 (b
55 — /\‘\

E 4necr \

- N

AF / N

= L~

- Quadratic \

3: // //—\

- L Cubic | ] \\

: d i A
.t ] PEAREAr; )
1 4 / —— Quintic

= ,/ //<//

- B e s e

%ﬁﬁﬁllll prredreve berey devpp bypgprdopupdenil prv dpepr trp g feerp dpon e rea e trgtg
0 A 2 4 5 6 N .8 .9 1.0

Dimensionless spanwise ordinate, y+

(a) Symmetrical lift distributions.
(b) Antisymmetrical lift distributions.

Figure 15.—Spanwise lift distributions for plan form 334 (4=6.0; A=1.00).
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nimensionless-spanwise ordinate, y*

(a) Symmetrical lift distributions.
(b) Antisymmetrical lift distributions.

Fiaurs 16.—Spanwise lift distributions for plan form 335 (4=6 0; A=1.50).
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(a) Symmetrical lift distributions.
(b) Antisymmetrical lift distributions.

Ficure 17.—Spanwise lift distributions for plan form 341 (4=12.0; A=0).
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Figure 17—Concluded.
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Dimensionless spanwise ordinate, y*

(a) Symmetrical lift distributions.

(b) Antisymmetrical lift distributions.

Freure 18 —Spanwise lift distributions for plan form 342 (4=12.0; A=0.25).
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SPANWISE LIFT DISTRIBUTIONE AND INFLUENCE FUNCTIONS FOR UNSWEPT WINGS IN SUBSONIC FLOW
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Dimensionless spanwise ordinate, y*

() Lift distribution for inboard flap.
(d) Lift distribution for outboard aileron.

Fiaore 18.—Concluded.
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Dimensionless spanwise ordinote, y*

(a) Symmefrical lift distributions.
(b) Antisymmetrical lift distributions.

Figure 19.—Spanwise lift distributions for plan form 343 (4=12.0; A=0.50).
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Dimensionless spanwise ordinate, y*

(c) Lift distribution for inboard flap.
(d) Lift distribution for outboard aileron.

Figure 19.—Concluded.
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Dimensionless spanwise ordinate, y*

(a) Symmetrical lift distributions.
(b) Antisymmetrical lift distributions.

Ficure 20.—Spanwise lift distributions for plan form 344 (4=12.0; A=1.00).
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Dimensionless spanwise ordinate, y«

(¢) Lift distribution for inboard flap.

(d) Lift distribution for outboard aileron.

Freore 20.—Concluded.
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Effective angle of attack for unit flop deflection, ay
™.
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Flap-chord ratlo, c,/ c

Fiaurs 21.—Variation of flap effectiveness with flap-chord ratio.



