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VOLTERRA’S SOLUTION OF THE WAVE EQUATION AS APPLIED TO THREE-DIMENSIONAL
SUPERSONIC AIRFOIL PROBLEMS

By Max. A, Heasurr, HarRvARD Loumax, and ArteCr L. JoNES

SUMDMIARY

A surface integral is developed which yields solutions of the
linearized pariial differential equation for supersonic flow.
These solutions satisfy boundary conditions arising in wing
theory. Particular applications of this general method are
made, using acceleration potentials, to flat surfaces and fo
uniformly loaded lifting surfaces. Rectangular and irapezoidal
plan forms are considered along with iriangular forms adapt-
able to swept-forward and swept-back wings. The case of the
triangular plan form in sideslip is also included. Emphasis-is
placed on the systematic application of the method to the lifting
surfaces considered and on the possibility of further application.

INTRODUCTION

The increased emphasis on extending theoretical knowledge
in supersonic wing analysis has led to a systematic investi-
gation of the various mathematical methods available for
treating the basic differential equations. In the present
report advantage has been taken of the direct analogy which
exists between the linearized partial differential equation
for supersonic flow in three dimensions and the two-dimen-
sional wave equation of mathematical physies. As a result
of this correspondence, solutions which have been given for

the wave equation are shown to be applicable to the type of .

boundary condition encountered in wing problems. The
first section of the report is devoted to the development of
the solution for the potential of the supersonic flow field.
The application of this expression to a number of examples
in supersonic lifting-surface theory illustrates the usefulness

of such a method of attack. In the first of these examples.

the loadings over the given plan forms are assumed to be
uniform. The results obtained for such cases appear at
first to be somewhat academic since undesirable twist and
camber occur over portions of the resultant surfaces. From
the uniformly loaded surfaces, however, it is possible to
develop surfaces having arbitrary load distributions. Im-
posing the condition that the final lifting surface shall be a
flat plate leads to the solution of an integral equation in
every case considered. The results obtained, for some of
the plan forms considered, have been developed elsewhere
but not always with the unification of method attained here.
New configurations are also included among the examples
given. The methods shown are applicable to a large class of
unsolved problems of immediate interest.
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LIST OF IMPORTANT SYMBOLS

local velocity of sound

. b
aspect ratio (S,—)
0

span of wing

chord of wing

lift coefficient (—L—>

. 7S,

load distribution funetion

constant value of discontinuity in ¢ over uni-
formly loaded lifting surface

incomplete elliptic integral of second kind with

- argument % and modulus £ ’

complete elliptic integrals of second kind with
modulus & and 1—&?, respectively

incomplete elliptic integral of first kind with
argument « and modulus &

functions introduced in equations (89) and (90)

complete elliptic integrals of first kind with
modulus £ and +/1—£?, respectively

lift of wing -

free-stream Mach number

direction cosines of normals to surface S

static pressure on lower side of lifting surface

static pressure on upper side of lifting surface

point at which value of @ is to be determined

free-stream dynamic pressure <% 'Y f)

surface enclosing volume 17
area of wing )
perturbation velocities in direction of X, I,
and Z axes, respectively
volume
free-stream velocity
Carteslan coordinates
transformed coordinates (See equation (3).)

Jacobi's elliptic functions of argument = and
modulus £

angle of attack, radians
AMach forecone from point P: (X, Y, Z)
semivertex angle of triangular wing

565



566

Ap pressure differential (p,—p.)

b angle measured from X axis

7 conical flow coordinate (See equations (27)
and (30).) ’

¢ B tan é

o(u) Jacobi’s theta function

K cylinder of infinitesimal radius enclosing axis
of forecone I' . ,

A surface at which stream enters induced field of
wing

A angle of sideslip , :

I Mach angle of the free stream <g=arc sin 3173)

Vi, v, Vs direction cosines of conormal » to surface §

I{u, v) incomplete elliptic integral of third kind with

argument u, parameter v, and modulus £
Pa density in the free stream

o, Q variables representing either the acceleration
potential, the velocity potential, or any of
the three perturbation_velocity components

T surface on which boundary conditions are given

& veloeity potential

@ acceleration potential

@u value of acceleration potential on upper side
of lifting surface o ,

T . value of acceleration potential on lower side of
lifting surface

w 1—2

x

THEORY

LINEARIZATION OF DIFFERENTIAL EQUATION FOR COMPRESSIBLE FLOW

The quasi-linear (i. e., linear in the derivates of highest
order) differential equation for the velocity-potential & in
the case of compressible fluid flow in three dimensions, is
expressible in the form

2 @2 CI,ZZ
&,, 1—%)—1—%(1—;‘3)4—@2(1__ )_

a2

2,8 2.8,

az 2_2(pzx _&Z_ cbz(by

23,, 20, ~25"

=0 (L

where a represents the local velocity of sound in the medium
and Cartesian coordinates are used. Under the assump-
tions of small perturbation theory (references 1 and 2),
this equation is modified so that it is linear in form and
consequently more amenable to mathematical analysis.
Denoting by the variable @ either the acceleration potential,
the velocity potential, or any of the three perturbation
velocity components, the linearized expression for equation
{1) is

(1——_2\;{02)5:212—}—9”—[-932:0 (2)
where Af; is the Mach number of the free stream and thus

equal to the ratio of free-stream velocity and the correspond-
ing speed of sound.
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By means of the affine transformation
XN=z
Y= VET=ATHy
Z=Nx(1—MDz

@

equation (2) can be put into standard forms. Thus, when
M<1 the plus signs are chosen in the radicals of equation (3)
and equation (2) becomes

Qxx+QYy'+sz=0 (4)

while for M,>1 the minus signs are used and, as a conse-
quence,
Qex—Qyyr—Qzz=0 (5)

For the case of subsonic flow (My<1) the linearized equation
is thereby reduced to the well-known Laplace equation in
three dimensions. Similarly, in supersonic flow (3£,>1)
equation (2) is again reduced to classical type with the re-
placement of the space coordinate X by a time variable T
to give the two-dimensional wave equation of mathematical
physics. The linearization of the general diffcrential equa-
tion for compressible fluid flow therefore makes available, in
both subsonic and supersenic studies, the results of the ex-
tensive work carried out in previous research on problems
related to equations (4) and (5).

APPLICATION OF GREEN’S THEOREM TO LINEARIZED COMPRESSIBLE

FLOW EQUATION

Methods of solution for partial differential equations of
the type considered here may be classified into two prineipal
categories: methods which express the solutions in terms of
orthogonal functions and methods which are based on the
use of Green’s theorem. Volterra’s solution, discussions of
which may be found in references 3, 4, and 5, applies the
latter approach to the two-dimensional wave equation and,
as a consequence, his results may be adapted to the study of
supersonic flow and specific solutions of equation (5}.

If the functional notation

L{Q) =Qxx—Qyy— Q22

is used, the analytic form of Green’s theorem for equation (5),
relating a volume integral over the region V to a surface
integral over the surface S enclosing V, may be written in
the form. o

f f j ["L(Q}‘QL('”}WV:—ff (¢D,0—0D,0)dS

where o, @ are any two functions which, together with their
first and second derivatives, are finite and single valued
throughout the region considered, and

: of oQ [o12)
D,ﬂ:nl a—X—*ng a—-—},—-m a—Z -

where ni, 7, n; ave direction cosines of inward normals to the
surface S.

The expression for D.Q is, of course, a directional deriva-
tive. The corresponding term appearing in Green’s theorem
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for Laplace’s differential equation (incompressible fluid flow)
is precisely the directional derivative along the normal to the
surface S. The analogy between tbe two terms prompts the
introduction of the so-called conormal to § with direction
cosines vy, v, vy defined as

=0, ve="ny, v3=13

The geometrical connection between the normal and the co-
normal is indicated in figure 1; the angles between the lines
and the ¥ and Z axes remain respectively equal, while the
angles between the lines and the X axis are supplementary.
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Fi6URE 1.—The geometrie relations between normsl and conormal to surface S.

It follows, in particular, that if the surface S is the XY plane
the two lines are coincident; if S is a cone with semivertex
angle equal to 45° and axis parallel to the X axis, the co-
normal at any point lies long the surface S.

It is now possible to write

20, 22, 29 o0

DA SR e ©)

and the surface-volume relation becomes

fff[GL(Q)—QL(a)]dT’:f [[gg_:_og_:— s

If 2 and ¢ are chosen so as to satisfy equation (5) through-
out the region V| then equation (7) reduces to the form

]f - g: dS= f f 27 48 ®)

The form of equation (8) is a direct analogue to results ob-
tainable for functions satisfying Laplace’s equation. (See,
e. g., reference 6, p. 46.) The use of the conormal produces

this symbolic equivalence.

VOLTERRA’S METHOD FOR TWO-DIMENSIONAL WAVE EQUATION

Consider now a surface r which, for the purposes of this
report, may be thought of as being coincident with the XY
plane and parallel to the air low which is in the direction
of the positive .Y axis. Two such surfaces are represented
by the darkened areas in figures 2(a) and 2(b). It is desired
to determine the value of @ at the point P:(X, I, Z) from a
knowledge of the boundary conditions given on 7. The
solution to such a problem is immediately suggested by
equation (8) since that equation requires only the knowledge

o . .
of & and > along a surface enclosing & given volume, together

with the knowledge of some particular solution ¢ to the wave
equation valid everywhere within the enclosed volume.
Further, it is physically evident that contributions to the
value of @ at P can come only from points within the forecone
with vertex at P and also within the envelope of the after-
cones with vertices at the foremost disturbance points of r.
Referring to figure 2(a), this would mean the volume bounded
by the forecone T and the wedge X springing from the leading
edge of 7; and in figure 2(b), the volume bounded by the
forecone T' and the aftercone N with vertex at the apex of
the surface 7. Since for the boundary-value problems in-
volved the surface  remains in the X¥ plane, equation (8)
must be applied to all three surfaces X, T, and 7.

P(XY.z]

s
- XY Prone

{al

FiGCRE 2.—Mach forecone from point P (X, Y, Z) intersecting surface r. (@) Rectangular
plan form.

F16rRE 2.—Concluded. (b} Triangular plan form.
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Sinee there is no way of determining @ and g—? along T the

attempted solution will be especially difficult unless the
particular sclution ¢ and its derivative with respect to the
conormal vanish everywhere on I'.  But this is in fact the
essential part of Volterra’s method of seolution. Thus the
proper choice of ¢ is }
i — X—X, N
SRS E DAY AL

(This relation, incidentally, is the indefinite integral of the
fundamental solution representing a supersonic source in
three dimensions (X—X)*— (Y—Y)2— (Z—Z)°]"2) The
value of ¢ is equal to zero on the forecone I' since the equa-
tion of this cone is

(X X — (Y~ V)i (2= Z)=
and further, since the conormal is always directed along the
forecone, gg is the gradient of ¢ along T and is also zero.
Equation (8) provides an equality for the distribution of
2 and g—? over » and =, provided 2 and ¢ satisfy equation (5)

throughout the enclosed volume mentioned. However, al-
though o satisfies equation (5) everywhere in the enclosed
volume opposite 7 from P (under the XY plane in fig. 2},
along the line (¥Y—Y7)*+(Z—Z,)*=0 (above the XY plane
in fig 2) ¢ is infinite and does not satisfy the assumptions
made in establishing Green’s theorem..
cluded, however, by means of a cylinder « of radius €, with
axis lying along the line (¥—Y¥7)*+(Z—Z,)*=0, then
equation (8) may be applied to the region outside « and yet
within the space bounded by X, r, and . In fact equation
(8) can then be written i

'a o 5 4
0’ i
J‘[ﬂﬂ—i-)\ o a_V> d5=0 ©

where 7, is the portion of r bounding the region of integration.
If R=+ (Y =Y+ (Z=2Z))% and cylindrical coordinates ¢, ¢,
and (X—X;) are used, an element of area on the cylinder « is
dS=— edpd(X—X1), while

0¢ 0o (A—Xp
3 R T X—xy—e
go that
. X—X)dyd(X—X)
i (o3 ) - [
sl-{l(‘llf ¢ 7 dS e—)O 6'\/ (X— X1)2—€2

limff ~ arc cosh <X X) dyd(X— X)=-

=0

”—dexl-f hm—<Z X— X)edt//d()& X))
« £ & e—=0

X
——2r fXR a(;,Y, Zyds | (10)

If this line is ex-

If this result is applied to equation (9), one gets

X Oc on
qufXAQ(y,Y,Z)dg:ffﬂ{-x(Qa——»aa;) ds ()

and, after dlffelentmnng equation (11} with respect to .Y,

i ' aO' bQ
ALY, 2)= zwaxffm S5 )ds a2)

PROCEDURE FOR LIFTING SURFACES AND SYMMETRIC WINGS

When the region considered is that bounded by the surface
r, T, and N, the portion of X on the opposite side of + from
the point P, then ¢ is finite throughout the region and, as a
direct consequence of equation (9),

1 9 ' o el ol )
_ﬁ?ra"?f L(ﬂ o ° a—) s (1)

where Q' is the value of the potential function on the side of
 opposite P and »’ is in the opposite direction to » on 7.
Adding equations (12) and (13},

X, ¥, )= 52 MJ[ on aQ,)adS+

oQ
zwaXfo Q)a dS+9 DYJAI(Q&——U )dSi—
& —s3%)as
v

The integrations over 7 are now in a form which may be
interpreted directly in terms of known conditions over bodies
with given load or symmetrical section. The integralion
over » and N can be disposed of by discussing the Lwo cases
shown in figure 2. When @ is identified with the velocity
potentml its value can be shown to be zero on X and N
regardless of whether the leading edge is swept ahead of or
behind the Mach cone. When Q represents acceleration

" potential or any of the perturbation velocity components, a

discontinuity exists in the value of @ for leading edges swept
ahead of the Mach cone as in figure 2 (a). Analysis of this
case, however, reveals that for all wing problems the inte-
gration over M just cancels the integration over M. When
the leading edge is swept behind the Mach cone as in figure
2 (b) the value of © is again zero. Thus in any case there
results the fundamental cquation:

X, Y, D)= mf f (OQ Q;) ed S+

= a*?ff (a—2) 2 gs (14)

The counterpart of équation (14) for incompressible fluid flow
is well known. (See, e. g., p. 60 reference 6.)
Under the particular conditions for which

0Q o0/
T (15)
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over the surface r equation (14) becomes

‘Q{X’ IY Z):_

1 0 , » OF

The restrictions imposed in equation (15) can be given
pliysical significanee after the functions @, @/, and the surface
7 have been given specific meanings. Consider first the
case where 7 is a lifting surface. Obviously the normal
induced veloecity w is a continuous function across r. If
Q and Q' are velocity potentials associated with the lifting
surface,

w(X, ¥, 2)=w'(X,T, 5)=0= -2

and equaiion (15) is satisfied. If @ denotes acceleration po-
tential or perturbation velocity w, it is necessary to show that
on the lifting surface

ou__ o
or o

This relation holds, however, for since w(X, Y, Z) =w'(X,Y, Z)
along =, it follows that

dw_ ow’
3XTaxX

and from the condition of irrotationality it is possible to ex-
press the gradient of w in the X direction as the gradient of
u normal to the surface, that is, in the directions of » and »’.
Equation (16) is thus applicable directly to Lifting-surface
theory in conjunction with either velocity or acceleration
potentials. Application can also be made to the determina-
tion of pressure distribution over the surface of a symmetric
airfoil at zero angle of attack. In this so-called nonlifting
case the function 2 is set equal to the induced velocity w,
7 is the plane of symmetry of the airfoil, and equation (16)
can be used to establish the boundary conditions, provided
equation (15) is satisfied. For this to be so Ow/or must
equal —ow'/or’. But conditions of symmetry give w(Z)=
—w'(—Z) from which the equality is seen to hold.

RETRANSFORMATION OF COORDINATES
Since
X—X
! TN
VOVt =2y

g=arc cosh

direct substitution into equation (16) yields

UX. ¥, Z)=

f‘f Q- X-XN(Z—-Z)dX\dT,
"f X ) (Y=Y P+ = Z PN X=X — (= Y —Z—Z,)"

This solution applies to equation (5) and, in order to relate
problems to the linearized equation (2), it is necessary to
use the transformation of equations (3). If the point X,
Yi, Z, transforms to the point z, 1, 2, it follows that

Qz,y,2)=
f [‘ (Q—Q" (I—I;‘)(’Z—Z‘)dfidyl ______ ,
2— or) Jo [ly—y)*+ (z—2) Ve —2)— Blly—y) T (—21)7
17)
where
gr=2312—1
APPLICATIONS

GENERAL REMARES

Applications in lifting-surface theory may proceed along
two possible lines depending upon the boundary conditions
specified. In what is usually referred to as the direct
problem, or problem of the first kind, the loading is given
over the wing and the potential function of the flow field
field is calculated. From the potential funetion the shape
of the aerodynamic surface supporting this load can be
found relatively easily. The inverse problem, or problem
of the second kind, concerns itself with the determination of
the loading over a wing surface from a knowledge of the
surface shape.
will be considered. The direct problem will be discussed
for various plan forms, the analysis proceeding directly from
the expression for the potential function given in equation
(17). The detailed discussion of the direct problem is justi-
fied by its application to the inverse problem where the load-
ing over flat plates with reetangular, trapezoidal, and tri-
angular plan forms is determined. The mathematics of the
inverse problem is less straightforward since the analysis
involves the introduction of elemental lifting surfaces with
constant loading and the solution of an integral equation
for each plan form.

UNIFORMLY LOADED LIFTING SURFACES IN SUPERSONIC FLOW

Infinite span wing.—In order to determine the induced
velocities on the surface of an infinite span, uniformly loaded,
supersonic lifting surface by means of the methods derived
in the preceding section, it is convenient to set 2 equsal to
the acceleration potent1al (reference 2).
is, in this case, a surface of discontinuity for the function o
and corresponds to the durface 7, in equation (17). The
discontinuity in the value of ¢ between the upper and lower
surface is equal to

(eu—p)=— (Pz ‘D)

where o

7, density in the free stream
p; static pressure on lower surface
p. static pressure on upper surface

It follows that for the uniformly loaded wing in the plane
2z1=0 the discontinuity in the acceleration potential is a
constant, say (,. From equation (17)

(e—a))zdx,dy,

In the following sections both of these cases

The lifting surface

Blly— lfl) +Zz]
(18)

o@ =5, bl‘f f[(y )+ 2 @—x)’—
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Fi1GURE 3.—Regions of integration for infinite span unswept wing.

A sketeh of the airfoil plan form is given in figure 3 and
two possible regions of integration are indicated.
cases the integration with respect to y is performed between
the limits at which the radical

V(e—z) P — B ly—y)

vanishes while the integration with respect to » depends upon
the manner in which the forecone of the point P intersects
the discontinuity surface. Denoting the chord length of the
airfoil by ¢, the following relations are obtained:

¢=0 when 2z F82<0
o= i% C, when OS;ZZ.IBZVSC (1Y)
=0 when ¢<{eF 82

(When double signs are used, the upper sign refers always
to the case where 2>0 and the lower sign corresponds to
2<0.) o )

The value of the aceeleration potential is thus seen to be
zero at all points in space except for those points lying within
the region between the wedges extending back from the
leading and trailing edges of the airfoil.

It is now possible to determine the induced. velocities
associated with the acceleration potential just obtained.
Since, in linear perturbation theory (reference 2),

do_yy O1 Doy, 20 dp_y, w |
or V%2 oy " tox PR (20)

where u, v, w are respectively the r, ¥, z components of the
perturbation velocities, it follows that

1
fu'::,[—fo ] - - - - — o
o (v 1
U:D_yf_w 7 olr, y, 2)dx, 21
o f* 1
. 'lt’:“&f_m‘ti o, y, 2dy

In all

The induced velocities for the infinite span airfoil result
immediately from equations (19) and (21). If the upper
sign of a double sign is again referred to the >0 case, the
results may be written in the form ' »

J— CO

p=0 for 0<<xFBz<c (22)

w:_:)%% VP

Since the vertical induced velocities are constant, it follows
that the supersonic airfoil of infinite aspeet ratio and uni-
form load distribution is a flat plate. The relations between
this loading and angle of attack will be considered later.

Lifting surface with rectangular plan form. The complete
discussion of the supersonic lifting surface with uniform
loading and rectangular plan form is lengthened considerably
by the fact that in calculating the acceleration potential at
the point P with coordinates », ¥, z it is necessary (o distin-
guish between several regions in space in which the point
may be located. These regions arise from consideration of
the manner in which the forecone of the point P cuts the
surface of discontinuity. The value of ¢ can be found with
approximately equal facility in each of these regions but,
since this paper is concerned primarily with effects on the
surface of the airfoil, the solutions for pertinent regions only
will be given here, ]

Figure 4 shows the rectangular plan form LL' T’ T together
with the coordinate system to be used. The dimensions of
the wing are chosen so that the Mach cones extending back
from the leading edge will not interseet within the boundarics
of the wing. This restriction, which is not necessary but
merely simplifies the analysis, implies that if 4 is the span
of the wing and ¢ the chord length, then

1 b

tan p= 'm—a?ﬁ<:2_c (23}

1, ' -
where p=arc sin 3= is the so-called Mach angle of the
, M,

stream and equal to the semivertex angles of the Mach cones.
The loading over the rectangular plan form is to be uniform

. . 1
s0 the expression ¢,—¢; is set equal to Cy for —3 bSy1S§ b

and 0<z,<e. The acceleration potential, expressed as a
function of z, ¥, 2, is thus obtainable from equation (17) and
the limits of infegration must be determined from the position
of P. T'rom reasons of symmetry, only the portion of spaee
for which >0 need be considered. Onee the acceleration
potential has been caleculated, equations {(21) may be used
to caleulate induced velocities. The results of such ealeula-
tions are given and the same convention for double signs is
used.

Region I;: Behind the leading-edge wedge, ahead of the
trailing-edge wedge, and bounded laterally by the y=0
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FIGURE 4. —Lifting surface with Mach cones and coordinate system for rectangular plan form.

plane and the Mach cone from the leading-edge tip. The
results in this region correspond to results obtained for the
infinite span airfoil. Thus

w=—gef (24)
Region I,; Within the Mach cone from the leading-edge
tip, outside the Mach cone from the trailing-edge tip, and

forward of the trailing-edge wedge. Denoting the integrand
in equation (17) by the symbol 7, the expression for ¢, when

y<i b, is

1 X Y,
elx,y, g)= —{—‘)?‘_ ar< f d.rI Id’y;—}- Lﬁ dr, . Idyl)

(25)
where

ITI— ﬁ kY (I 3:1)2 B Z 2 Xl r— 6 /(J_§ )lezE
1
Y. =y-i—§ N—r) =8 Xy=2F B2

Application of equations (21), after integrating either equa-

. . . . 1 .
tion (25) or its companion expression when ¥ >3 b, yields the

I PO U D |
' A DES]

Co
2T

iz—arc tan i (y—é b) —-
A (DI
< S ]

)
=D

<——/£<>1

-+ B arc fan

As a partial check of the expression for ¢ in equations (26),
it can be seen that in the limit as z approaches zero the value
of & agrees with the result given in equation (24) on the
wing while the value is zero off the wing.

The values of vertical induced velocity in the plane z=0

-are of particular interest since from a knowledge of the

distribution of w the surface shape and local angle of attack
corresponding to the imposed load distribution can be
determined. The expressions for w for uniform loading
will be particularly useful later when the load distribution is
modified in order to obtain airfoils with specified induced
velocities. Introducing the notation

1 o
n=<—~———y—z b) ’ - (27)

the following results are obtained for the area covered by
the tip cone:

For 0<5<1,

—C8 (1 1—n?
w0 gl [, (25)

and for —1<<0, (z<¢)

Wamo= ;f;“;% f ‘1"7“ dn )

After integration of these two expressions, the explicit value
of veltlcal induced velocity throughout the entire region is
found to be

w. =GB (T N1
z=0 21&'.‘70 2 ! sl

-+ arc sin n) {29)

Equations (28) and (29} indicate that the flow over the
tip portion of the airfoil is of the type referred to as “conical
flow.”” TFor this type of flow the values of induced downwash,
aerodynamic loading, etc., are functions merely of the angle 7.
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Busemann (reference 7), Stewart (reference 8), and Lager-
strom (reference 9) have developed analyses for certain plan
fornis which are postulated on the existence of this type of
solution. In all cases for which the flow field is conical the
problem is effectively two-dimensional. Such a simplifica-
tion reduces the analysis in this report to a consideration of
a single infegral equation while in the references just men-
tioned complex variable theory can be applied directly.

Tip of swept-forward lifting surface.—Consider the tip of
a swept-forward supersonic lifting surface with uniform
loading (fig. 5), the angle §; between the leading edge and the

2 axis and the angle § between the trailing edge and the x .

axis both being less than the free-stream Mach angle p.

-
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F1eurE 5.—Tip of swept forward lifting surface with traces of Mach cones, coordinate system,
and regions defined for equations (32) and (34).

In carrying out the integrations it is necessary to distinguish
between the type in which the tip boundaries are behind
the Mach cones and the type in which the tip boundaries are
ahead. The analyses of these two cases are of equivalent
complexity, however, and can be handled with equal facility
by the methods outlined. For all surfaces whose leading
edges form an apex, only the case where the wing boundaries
are behind the Mach cone will be considered. A Cartesian
coordinate system is chosen as shown so that the origin

lies at the apex, the positive z axis extending downstream,
the y axis extending laterally, and the z axis being direeted
normal to the plane of the plan form and to the free-stream
direction. The equations of the sides of the lifting surface
are '

y=0

y=—7 tan 50='—% x

and

y=—(z—¢) tan 61——--—% (x—e)

The caleculation of ¢{x, ¥, ) again must be divided into
cases depending upon the location of the point P: (x, ¥, 2).
In the results listed below are included the explicit expressions
for ¢ (x, y, 2); the induced velocities, however, are given
only in the plane 2=0, as the integration Lo obtain & general
expression is difficult. The velocities in the z=0 plane,
which are sufficient for the purpose of this investigation,
can be obtained from a simpler integration since, for the
integral involved,

Iim
z%OfI(x,y,z) dr=f1(a:,y,0’)d.r

This simplification was used in the analysis of most of the
lifting surfaces investigated. As belore, it is assumed that
the discontinuity in ¢ is equal to €. Morecover, the ex-
pressions for w,., are given in terms of the variables 9
and « where

n:'%y and w=1—5 (30)

In this manner the solution is shown to be conieal in the
region ahead of the trailing-tip Mach cone (fig. 5). For
points behind this Mach cone the flow is not conical but a
function of both 7 and w.

Region 7;: Inside the leading-tip Mach cone and ahead of
the trailing-tip Mach cone. Integration of equation (17)
yields the result

zy+at %)_.32290

Gy xy ,
=5 are tanzyfxz—ﬁz(yz—}—zg) “+arc tan Py
(31}
and, after further caleulation,
. Ooﬁeof” _NI—n?
Wimo= 21 Vo —1 112 (m = 6o) dm,—1<9<0
Cofby (7 A/1—nqt o
= A d
FrVods wiln ) O 0<<1
_CB [Vl—np* 1 1
=37 . g, e cosh !7il+
1—g,2 i (1+6m7 )
i ¢ an
Sy
A arc cosh Gt <3<l (32
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Region 7,: Inside both tip Mach cones. The solution in
this region is simplified through use of the fact that for linear
differential equations any algebraic sum of solutions will be
another solution of the equation. Since the differential
equation for the acceleration potential is linear, this property
can be applied to obtain a solution for the region I; by sub-
tracting from the expressions given for region 7; correspond-
ing expressions in which the variable 8, replaces 8, and (z—c)

replaces z. Thus
z? ——ﬁ 2%
Cﬂ ry Ty| 5 a
o=7—| —arc tan — +arc tan —————e 4
¢ 27\-[ NP—B (D) re tan N T B 2D
N —CI ! ﬁ_c’z_g_ 225
ore tan @—c)y q e tan(x )Y+ )959 8 ljl
ee—0)* £+ 2) 2V (z— )’ — B+ 2
(33)
and for —1<9<1
CB T/1—92 1 1,
Woeg= 5T, ; N arc cosh |77|
AV1—67 (1t 80) _ Nol—n’, 1 ©l_
A are cosh ] PR are cosh '4!
"v'il —60° ot glﬂl
7 arc cosh froTr (34)

Lifting surface with trapezoidal plan form.—The linear
property of the differential equation may be used to advan-
tage in determining the flow about a trapezoidal lifting sur-
face with uniform Ilift distribution, since the boundary
conditions within the plan form of the airfoil are obviously
satisfied when the acceleration potential for a triangular
tip is subtracted from the potential for the rectangular
surface.

Suppose (fig. 6) the angle of rake of the trapezoid is §, and
that 8, is less than the Mach angle . The acceleration
potential will be identical, over the central portion of the
surface, to that for the lifting surface of infinite aspect ratio.
Over the parts of the surface which are blanketed by the tip
Mach cones the flow will, however, be modified. Because
of symmetry the determination of this modification need
only be carried out on one side of the figure,

If the coordinate axes are chosen as shown in figure 6, the
lateral boundary of the lifting surface is

y=—r tan 6Q_~(%r s
It has been shown that both the rectangular plan form and the
triangular plan form experience conical-type flow over the
region within the tip Mach cones. Thus, the variable g
defined in equation (30) may be used.

Region 7;: Inside the Mach cone originating at the leading-
edge tip, outside the Mach cone from the trailing-edge tip,
forward of the trailing-edge wedge, and to the left of the
y=0 plane.

883026350 38

For — 1< 7<0:
=% —§ Lare tan fln_z 61(, arc cosh [ﬂi _
28 s 8]
i,

|

7. —y

\\ If I’

- N iy Ko
N ;o

s ~‘Mach conesi.” ~

.

. N

y . . X

F16TRE 6.—Trapezoidal lifting surface with traces of Mach cones, coordinate system, and
regions defined {or equation (35).

Swept-back lifting surface.—As another example of the
way in which the linearity of the differential equation may be
utilized to obtain further solutions, the induced vertical
velocities for & swept-back wing will be determined for the
case in which the leading and trailing edges lie behind their
respective Mach cones (fig. 7). The boundaries of the plan
form are given by the equations '

g 6,
N B
Y= ,3 (JC C), 6 (‘C C)

The flow will be conical ahead of the trailing-edge Mach
cone where the induced velocities can be expressed in terms
of the variable 4. Behind the trailing-edge Mach cone the

flow will not be conical but will be expressible in terms of the
e

variables y and w=1 —
Consider first the region of conical flow. In order to
determine w,.q for a given value of 5 it is possible to con-
sider separately the induced effects produced by each half of
the surface. But in the region ahead of the trailing-edge
Mach cone, the induced velocities arising from one half of
the surface are given by the formula for a similar region on
the swept-forward surface. For reasons of symmetry the
results for the entire swept-back lifting surface need only be
given for values of 4 within the limits —1<{4<0. T



574 REPORT NO. 889—NATIONAL ADVISORY COMMITTEE FOR_ AERONAUTICS

My
g
P
AR Yy
N e . )
. . Leading-edge. .
LN s N Mach cone -y
- N Yo - i
- d P S
el Y - — "\‘f’,
e Y N
. 3 3 ~
. ARegion I =~
L= —
-
ps >~ — —
s = 7 ~
Catm— \ wa— B
— Trailing - edge
S —7 e Moch corne -z
—_— = -
—X kzd/ I
Region I, .
- - \> ot
Y
z

F1cURE 7.—Swept-back lifting surface with traces of Mach cones, coordinate system, and
regions defined for equations (36) and (37).

In the region where the flow is not conical the solution will
be built up of a combination of solutions obtained from the
regions of conical flow.

Region 7;: Inside the leading-edge Mach cane, outside the
trailing-edge Mach cone, and to the left of the y=0 plane.
For —1<4<0

B4 f” J1—p?® 2 o N
wz:o_Qﬂ’Vo i T 502—7712 dm
(36)
006 _ 2 1 V1—65 (2— 82 —nh)
"ﬂ—V % arc cosh ln]+T arc cosh W:I

Region I;: Inside both Mach cones and to the left of the

y=0 plane. The solution in thisregion can be produced by
subtracting from the value of w., given for region I; the
value of w.-o given for the same region except that in the
latter case & is replaced by & and = by (x-c) Thus,

w2=0~£"€,0[ arc cosh‘ l—l—‘l o’ arc co h(?(ﬁ f" —237!)-{—

rl]

Although the uniformly loaded lifting surface was the only
prescribed loading analyzed, it should be noted that the
basic integration leading to a solution of this type of prob-
lem (equation (17)) is in no way restricted to a uniform load.
Arbitrary loadings that may or may not be analytic functions
of z and y can be specified and the problem therefore becomes

/1— 2
Y arc cosh (2 61)“

0
1arc coshi | 5 e

6

one of technique in integration. The solutions for the uni-
formly loaded surfaces, however, are particularly useful. By
methods of superposition these solutions can be used to ob-
tain the surface loading for specified plan forms (the inverse
problem} as will be illustrated in the following section.

LOAD PISTRIBUTIONS ON FLAT-PLATE LIFTING SURFACES IN SUPERSONIC
FLOW

Infinite span wing.—Since the vertical induced velocity is
constant_for the supersonic airfoil of infinite aspect ratio
(equation (22)) and uniform load, it follows that the airfoil
is & flat plate. This property distinguishes the infinite aspect
ratio problem from all other plan forms considered, for the
load distribution must be modifed in the latter cases so that
twist and camber are removed from the wing to obtain a flat
plate.

Denoting the angle of attack of the airfoil by «,

W, =0 __ O()

. = VQ “72 ’\f’ﬂ-[oz_l o (38)
Moreover,
P1—Pu=polou—e1) = poCo
and, setting
Pr—pu__AD
1 2
EPOVU" g .
it follows that
Ap_2C -
—Q—— V2 ’ (39)

Eliminating C, between equations (38) and (39),

Ap 4o .
¢ V=1 e WY

The result given in equation (40) is the well-known Ackeref

expression developed in reference 10. The derivation here

follows the approach of Prandtl (reference 2).

Rectangular plan form.—Since the vertical induced veloeity
for the uniformly loaded supersonic airfoil of rectangular
plan form is not constant over the portion of the wing
covered by the tip Mach cones, it is necessary to modify the
load distribution within this region in order to get a flat plate.
The determination of the required load distribution will be
shown to depend on the solution of an integral equation and
subsequent problems dealing with other plan forms will,
from a mathematical standpoint, be similar in form.

The rectangular plan form will be thought of as being built
of superimposed trapezoidal lifting surfaces with variable
angles of rake (fig. 8), each trapezoidal surface having a uni-
form load distribution but with loading allowed to vary with
the variable rake angle 4.

Since the flow over the part of the airfoil within the Mach
cone is conical, it is powble 10 express w..p as a funetion of
7 where

==

z
Setting
g tan =10
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and using equation (35)

ETT‘TGw{_T?)z:O_ et 7]
S AT

A=

N A d’?l)
<. T .f—l m mT0 a8 (41)

where C"(6)=¢,—¢; for the single trapezoidal surface with

rake angle a.

M,

]

&

FisURE 8.—Reciangular plan form builf of superimposed trapezcidal lifting surfaces with

variable rake.

The solution of the problem depends on the determination
of a function €’ (8) which, when substituted in equation (41),

will yield a constant value of w,_(5)

independent of the variable 5. Imp
dwz=0_
dn 0

; that is, a value of w,,
osing the condition that

the problem is resolved into one of solving the equation

=2

1

By mieans of the notation

f” V1—n?® dm

-1 m 10

=1 7 o] — 2
ng I;é_g C’,(B}dﬁf 1 7712 d‘m

7 m+0

= GI (7?;6)

the integral equation is written in the form

. d (e=—1—e . d (e=1
0=Ilim I:d—nJ C' 06, (”"’)deJrafe:_ﬁe C"(6) G (n,6) dﬂ]

0 =0

where the singularity in the integrand necessitates the use

of the infinitesimal e.
thus leads to the expression

The evaluation of the derivative

—J T gy 20 _l_fl + (29 gg—
o_lﬂ[ﬁ O S, Ao+ | eyt do

7t

C'(—n—e)Gl(m—n—e)+C'(—-n+e)01(m—n+6)]

> 77

FicTrE 9.—Region of integration showing line of singularity for equation (44).
It can be shown from equation (35) that, if C’(f) is a con-

tinuous function,

>0

fim | —C/(—1—9Giln,—1—9 + O'(—1+9G.lr,—7+9) |=0

Hence
T—n 2 (1O (6)d8
] 71
= : 42
0 m o M6 2)
and the solution of this equation is
’ OI
f)=——
CO="Tr=5 “3)

where C} is a constant to be determined Iater. Substituting
from equation (43) into equation {41)

27Vow(7;)z=o=_ f’ =dé _ o de f’ \!l—mz dn,
B, 0 +'6(1—8) Jo 81— J-1mim+6)

o

(44)

The region of integration in the n6 plane for the double
integral of equation (44) is shown as the cross-hatched area
of figure 9, a singularity in the integrand occurring along the
line §=—mu. Rewriting the equation and reversing the
order of integration in the double integral,

2xVow(n) e=0__
BC,

e R (LA
— 27 arc siny 6:| —lim ‘—idm
a 0o —1 T

[ J‘—re de 2 do___ ]
o (mFOVII—0  Josre (m+8)V0(1—0)

The bracketed expression in this equation can be shown to
vanish for all values of 3, between zero and —1 so that,
finally,

~T —Cx
16 . f -1,85

—g= 27 arc sin 8 | =—(——
wz_a 2’;TV0 7 8rc 8L N ]0 2'{7;)

45

Since the trapezoidal lifting surfaces are superimposed,
the loading C(8) over the resultant rectangular plan form
satisfies the relation

dC(8)
de

e ls __O__I
=¢ O=Ti 9
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Imposing the condition that C(6)=0 at =0, it follows that
C(8)=2(] arc sin N (46)

This equation gives the incremental change of acceleration
potential between the upper and lower lifting surface of the
rectangular wing. As a result the increment in pressure is

Pi—Pu=poleu— 1) =2p,C} arc sin 6

Expressing the pressure difference in nondimensional terms,

pl pu
9 POI’TO"

VQ arc sin « 47

The constant (; may be eliminated between equations (45)
and (47) and as a consequence

Ap__ Weeo 8 /g
7 Vo Br arc sin 6

Since the angle of attack « of the airfoil is by definition

equal to _w{; % the final expression for the loading, in coeffi-
¢

cient form, over the outer portions of the rectangular wing is

AP 80£ . /-
2r o ar g 4
- alc sin ( 8)

The general approach used to obtain this result is similar to
that used by Schlichting (reference 11). The error in
Schlichting’s final result has been noted by Busemann and
others.

Lift coefficient Cy for an arbitrary wing is defined by the

relation
AP
where

L=total lift of the wing
dS=clement of area on the wing
Sy=total area of wing

For the rectangular wing the values of Ap/g over the tip
and center sections are given by equations (48) and (40).
As a result of this integration

25k

where A4 is the aspect ratio and by definition equal to the
ratio of the square of the span and the wing area. As a
final conclusion the lift-curve slope of the wing is

Lty o

Trapezoidal plan ferm.—The results given in equations
(48) and (51) are capable of generalization to the case of the
flat plate having trapezoidal plan form and with rake angle
8 less than the Mach angle of the stream. For such a
configuration the airfoil is again blanketed in part by the
tip Mach cones and the loading in this outer section of the

“airfoil must be adjusted properly to give constant induced

vertical velocity. Superposition of trapezoidal lifting sur-
faces with loadings varying with rake angle é can again be
used and the conical nature of the flow employed. Setting

n=PRy/x
f=p tan §
f,=8 tan &

equation (35) leads to the expression

27V w(n) =, _ _f ) 1—171 ”}??71
3 8=65 0 ®) < M m-i-f?) a0

where C7{0)=w,—¢; for the single trapezoidal surface with
rake angle §. .

The analysis in this case follows along lines direetly analo-
gous to that used for the rectangular surface. For the
present configuration the loading function for the superim-
posed trapezoids is given by the relation

Gy
V(=6 (1~6)

and the integration to obtain w,-; can bec simplified to
give, as a final result,

B8C; J'l mdf

C'y= (53

] ’ N Czﬁﬂ'
W G0y (=0 2V,

Wea0= — 271,{ (54)

The loading C(6) over the resultant trapezoidal plan form
can be found from the relation

ace) _ ¢
6 (o—6,) (1—9)

From the boundary condition that C(@)=0 at =86, it
follows that

C(8)=2C} arc sin \/ — b
and
pi—pu_Ap_4C 6— 6, '
1oy . ¢ Ve are sin \/1“90 (55),,,
5 Po¥o

Elimination of €, between equations (54) and (55) and
introduction of angle of attack « for —w,.o/V, gives as
serodynamic loading over the portion of the airfoil within
the tip Mach cones the expression

Ap__ ¢ .
7 —f arc sin \/1__ 0<L6,<1 (56)

Figure 10 indicates the variation of the loading over the tip
section of the trapezoid. The variable (8/a)(Ap/q) is
plotted against 8 tan & for 8 tan § equal to 0, 0.3, and 0.6.
The curve for 8 tan 6,=0 corresponds to the case of the.
rectangular wing and shows results in agreement withequa-
tion (48).
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FIGURE 10.—Load distribution over tip for varions trapedzoidal plan forms.

By means of equation (49) together with equations (56)
and (40) the lift coefficient of the trapezoidal wing is expres-
sible in the form

¢ ¢
1——2—b tan 50_2_5 tan p

C’L=‘%x p (57)
1—+tan §
b
Introducing the aspect ratio A of the wing where
¢ (\1 -3 tan 50)
one gets for lift coefficient the relation
=21+ (x (59)
y ()]
From equation (57),
e ¢
g_% “E 1—% tan 50—55 tan u (501
de 6 1—7 tan & 7

In figure 11 BQ;C is plotted as a function of Ag for §,=0, 2

and 1. The curve for §;=0 agrees with results given by
equation (51) for the rectangular wing. All curves are

lMu

',’ kS kY ~
5
i3
B Farn Sp=/~]
P 1
P
. a
3
gk
TN
@
2
/
a 2 . 4 & 8 a
BA

F1eTRE 11.—Variation of reduced lift-curve slope g =% dC“ with reduced aspect ratio g4 for

various trapezoidal plan forms

terminated at values of Af for which the tip Mach cones
intersect on the trailing edge of the wing.

Triangular plan form, type 1.—The pressure distribution
over triangular lifting surfaces with constant induced vertical
velocities will be developed in the following three sections.
These plan forms are indicated in figures 12(a), 12(b), and
12(c) and shall be denoted, respectively, as types 1, 2, and 3.
Types 1 and 2 are actually special cases of type 3; namely,
the cases where one leading edge is parallel to the free stream,
and where both leading edges make equal angles with the
stream direction. Type 3 includes any plan form which has
leading edges swept behind the Mach cone but on opposite
sides of an axis drawn through the vertex of the triangle
and parallel to the free stream; and, further, has a trailing

“edge such that the Mach cones from either tip do not cross

the surface of the wing. The principal reason for considering
the three types separately is to show the manner in which
the spanwise loading appears in the solution of the problem.
In types 1 and 2 the proper load distribution is found readily
while the final type requires a more careful treatment.

In order to determine the load distribution over the airfoil
it will be convenient to use a differential element over which
the loading is uniform. The elements may then be summed
and the distribution of loading adjusted so that the induced
vertical velocity at any point on the total lifting surface is
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constant. For the triangular plan forms it is possible to
assume that conical flow exists and_the analysis may be
carried out using the angular coordinates that have already
been introduced. .

Figure 13 shows the elemental lifting surface to be used.
The sides of the element extend back from the tip of the
Mach cone; making angles § and §-+A§ with the positive
x axis or free-stream direction. Corresponding to previous
notation, the relations =4 tan § and 8-+A8=8 tan (5--As)
are used. The vertical velocity induced by the element of
surface may be denoted by Aw and it follows that

Aw=w(6+ A8, n) —w(8, 1}

889—NATIONAL ADVISORY COMMITTEE FOR AERONATUTICS

Mo

Y

F1aURE 13.—Elemental lifting surface of constant load.

where w(6,7) and w(6+ Af,7) are the velocitics induced by the
triangular-tip surfaces with uniform loading and with tip
angles equal to § and &4-As, respectively. Applying a
limiting process,
. Aw L w(@HA8, ) —w(d, ) _Ow
lim = =lim : L
Aé—}O Af a0 Af o

It follows that w,—o for the resultant lifting surface will be
evaluated by an integration with respect to 6. If 0uy.o/06
can be expressed in the form of an integral with respect to
n, the relation for w,-, will then be similar to those given
in equations (41) and (52) for the previous plan forms and
the expectation will be that the function €'(8) can be deler-
mined to give constant induced vertical velocity.

The method of attack just outlined is postulated on the
existence of an integral expression for Ow,-5/0f. Such an
expression is, however, obtainable dircetly from the integrals
in equation (32). Integrating these relations by parts,
after first differentiating by 6, leads one to the formulas:

For =1<n<0

s 50 [N f dny ]
oo o A== R W ] D

and for 0<n<1

ez BCy
30 —271'T7U

[1—_;—2 7 dm
V1—y dn
n(n+6) £ m*(m-%—a)w'l—mz:l (62)

If the elements are summed over the type 1 triangular
wing, induced vertical velocity is

g (e T .
w(’ﬂz=°—m.fo ¢e [n(n-i—ﬂ) +f-1 m*(n+6) w‘l—mz] @
' (63)

) 8
where C(@)=wv,—¢; for the clement at §=arc tan g If
Ww,=g Is constant, then
MWyms_
oy 0

and from this criterion the function €(8) will be determined.
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Thus, using methods similar to those introduced in the
development of equation (42},

__a_ V1—n? 0 ((6) 1 f"“ C(e)de

“or 1 Jo n—f-é'de_‘_nzwm o 748

_0 [*C(ods

“onJe nt6 (64)

The general solution of this equation is

Ci64-Cy
v 6(6,—6)

Co)=

where (; and (, are constants. Sinece, however, the Kutta-
Joukowski condition requires that loading vanish along the
edge =0, it follows that €,=0 and the required loading
takes the form

06 =C, \/50—6_6 (65)

If equation (65) is substituted into equation (63), vertical
induced velocity can be calculated from the expression

25 Voomg_ v1—7 fﬁe 8do N
BC, 7 Jo (p+0)v8(6—6)

% 4do r dn,
e 9 a 66
j:) v8(8—0) J—1 920+ 6) Vi—n?® (66)

The region of integration in the #;, ¢ plane for the double
integral of equation (66) is shown in figure 14 for the case in
which —8<{#<{0. A singularity in the integrand of the
double integral exists along the line #-4m=0. Reversing
the order of integration, equation (66) may be rewritten as

_ .—I_Hzf‘__dﬁ,__f‘&_dm_
A 0 (8+n) V80— J-1 myl—nt

ra de _ f” dn fﬂe ds
Jo (000 00,—0)  J-amv1—n2Jo (0Fn)+006,—6)
(67)

2?‘7010;:0 .

BC:

The single integral in equation (67) has a singularity at
= —q since —8,< <0 and 5 therefore lies inside the region
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FIGURE 14.—Region of integration showing line of singularity for equations (66) and (78).

of Integration. A corresponding singularity occurs in the
second of the double integrals at 8=—s;. Consider, there-
fore, the integral

F‘ ,—da_w—___:ﬁm ]:f_n_ei___fiﬁ;__._.__]_
Jo (6+n)V0(6—8) 0 LJo (841 +0—0

J‘se de 1
—nte (§41) /0(6,—86)

! In — 100+ 680+ 206— 2+ (—nby— ") 6(6,—6)
v —n8o—7* 6+7

(68)

The indefinite integral is

so that the definite integral is

. 1 8
hm —— %\Zn a 1
e~ ’\[—7]60—7)2 _GOT

1 L= 2000—es—27°—2en—2~(—n8—1") (Cn— (bt ntd] € )
[— 200+ ebo— 277+ 2en— 2+ (—nBo— ) (—nF6) (BoFn—¢] (—€) )

The value of this expression is 0 and equation (67) therefore
becomes

2xVoWemo_ f h_ dm f‘ “ a (69)
BC, -1 ﬂl\fl—mzu 0 (9‘2‘721)\[9(90_9)

Since, in this region of integration, —1<{y<(—0, it follows _

that .

f“’ @
o (B+m)+0(0—6) -

1 ; — by 06+ 29,0 :r' —7
7 s a'C tan; ; ="
\’77190‘{"'7112 24/ (7712+77150)5(90"5) 3] W”?(ao—f‘ ?7)

and

70)

_5_0_1f‘5“ dn,

W,mg=rrs -
2Ve -1 mA'T—n2 0 (m -+ 6,)

The integral of equation (70} can be transformed by means
of purely algebraic substitutions into & form that integrates .

immediately into complete elliptic integrals of the first and

second kind. However, in the consideration of the type 3
plan form it will be necessary to resort to other methods of
transformation, so that a more uniform approach, employing
Jacobian elliptic functions, will be used threughout. (See
reference 12.) T
The quartic under the radical in equation (70} is first re-
duced to an expression of the type appearing in elliptic in-
tegrals of canonical form. This is accomplished by succes-
sive application of the transformations

k-ls k
m=—7r;and s=7
where £ and [ are chosen so as to destroy the odd powers of
the variable. By means of these transformations, induced

velocity becomes
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tQ—}—(A—A)t o

1
B8O (1—kR E
)

T kG- AR (1—F) YA FE—T)
where

k_l——\1—~€02

=

The integration of equation (71) will be performed after
first considering two parts such that w,.,=w, - w, where

(k-7 ) tat

80, A=k (%

W =

2V, vE@—b) 1—F) )1 (—ke) yA—0) e—1)
and
b BC (O % (1—1)dt
F Ve WRG—BH - ) 1—FeYA—DEFE—T)

This separation is prompted by the fact that the integral for
w, 1s expressiblé in terms of elementary functions after the
simple transformation =2, -The results of such an integra-
tion lead to a value that is zero at the lower limit and infinite
at-the upper limit. However, an inspection of the original
integral in equation (70) shows that w,.., is finite so the
infinity obtained for w;, must be canceled by a corresponding
infinity of equal magnitude in w,. The actual proof of this
statement necessitates, of course, treating the combined
expressions as an indeterminate form where the upper limits

1
of the integrals for w; and w, are replaced by E—I_e and the

limit is taken as e approaches zero.
Introduce now in the integration of w. Jacobian elliptic
funetions and set

t=sn{u, ky=snu
so that
dt=cnu dnu du

The expression for w, becomes

_BC_ (1—F)k% IK“K’ cn?u
2V k(G —F) (1 —kD) dn®y

where K and K’ are the complete elliptic integrals of the
first kind with respective moduli k and ' =+1—%% Inte-
grating and combining with w,, one has

Wemo=11
8C, (- k% {l[ 2 SRUCNYU ]}KHK’
2V, Vklo—F = L TE "~ [y,

where E(u) is the incomplete elliptic integral of the second
kind. After substitution of the limits, induced vertical
velocity is

gC, (11— k2)E'
2V VEG—F) 1—F)

Wrao™= — ES (72)

where E’ is the complete elliptic integral of the second kind
with modulus &'=+1—%%. Equation (72) can be further
simplified by writing % in terms of 8, so that

Y [2 — , o
teom— £ [2AT A=) %)

— S1—A1—g2
where the modulus of E’ is 4/1—%? and lc=11'ﬁ#
0

For the loading in question

g
Pr—2u=rpolo— 1y =psCh \/—
90—3

and

By means of equation (73) the constant C; rmay be eliminated
and

Ap_ 2o [20(1—y1—8

= 74
¢ BE'N T 00 4
/"
6 5 5
° L
3
< na
= 3 T
.3 & “t-8 tan 8,9
4
R /)
/N
/ Z"/
7
V o = .4 & .8 Lo
__ . . B fon &

Ficure 15.—Load distribution over triangular plan furms of typo 1.
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. .. Ap .

Figure 15 shows the variation of g _QZ] with 8 tan § for values
of 8 tan §, equal to 0.3, 0.6, and 0.9.

From equations (74) and (49) the lift coefficient of the right
triangle wing with trailing edge normal to the free-siream
direction can be determined. It follows that

=B B NT=0D (75)
Since the aspect ratio 4 is given by the equation A=26,/8,
equation (75} can be used to find the lift-curve slope as a

function of A. In figure 16 a plot of B (fi% as a function of

BA is given.
Ay
Y
3
2 ]
K
k-1
< /
/
o S .8 £2 re 240
RA
FroUrrE 16.—Variation of reduced lift-curve slope 8 ‘ﬁ with reduced aspeet rafio 8.4 for

plan forms of tvpe I

Triangular plan form, type 2.— Figure 12(b) shows the
symmetrical type of triangular plan form considered in this
section. The semivertex angle is §; and 6§, is defined by the
relation

f,=0 tan &

The loading element used in the previous section can be used
again and equations (61) and (62) are applicable directly.
Because of the symmetry of the figure, it is necessary merely
to insure the constancy of w,-, over the left half of the wing
in order that the entire wing be a flat plate.

Summing the elements over the type 2 triangular wing,
induced vertical velocity over the portion of the wing for
which —1<{9<{0 1s

VI—n%, dm o
W) so= 9"%[ [n(n~L9 fng(?h: Vi—mn ]C’(e)d@

or, since C(6) =C(—6),
Ji—g d
wlnmo=—17, f [6'—71 f—l 71(6°—m%) x’l_’“zj 0(9)?'-86)
7

The function C(8) in equation (76) must give a constant
value for w(n):.cq so that 0w,_,/0n will vanish. Imposing
this condition it can be shown that 2 solution is given by
the relation

C,

&) ——————,6 i 77
and, after substitution in equation (76),
‘;TT’TQ’wz:O_ G 41— 0,79 . R 7:;
8C, o (F—nd) VEI— B
& dp 7
[ [ = )
Jo 07— J-1 g 1 —n (6 —mnD)

The integration of equation (78) is to be performed under
the assumption that —8<(3<{0 so that the region of
integration in the %, plane for the double integral is as
shown in figure 14. Reversing the order of integration in
the double integral, equation (78) may be written in the
form

= VOWz=o_

8C:

= [ e -
o GV

f—ee dni J"ae do _ B
S aVI=n o (B Ve

f” d771 f& d@
—a gy 1—n2 Jo (62—n2) V62— 6

Evaluation of integrals of the form

I I'a d ; o
RGN )

(79)

is accomplished by means of the substitution

:r—f_
6o

After substitution, the integral becomes

1 fl dr
ezl 2 N
)

and, by straightforward integration,

0 for—2<l
fa
I= -

P o
20 !
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This result shows that the second double integral of equation
(79) vanishes (since 6,7>m2) as does also the single integral
in the equation. For the remaining double integral, however,
82<m? and

_BG, f - dm
wz:o_QVO -1 M \’1—7?12\'!’712 90 (80)

Setting

equation (71) transforms to

8C, f_; 23z A
1

W= 797,), VE D5
Introducing the modulus =86, and making the substitution
z=sn{u, k)y=snu

one gets the expression

180, [K+E
w2=0=—{3 m—‘f snudy

2Vodr
.8C LK
A USA0) P
BC /
=—are

where the prime again refers to the complementary modulus

k'=+1=F? of the complete elliptic integral. Since k=6,
BC

wz_0= 91 F,
where k' =+/1—6,2
For the loading in question

Pi—Pu_Ap__ 201
Y 2‘\1“‘90 V

so that, eliminating € between this equation and equation
(81),
Ap 46\:90

. sym_eE &

Figure 17 shows the variation of g %E with 8 tan & for values
of B tan & equal to 0.3, 0.6, and 0.9.

From equations (82) and (49) it is possible to find the
expression for lift coefficient of a triangular or delta wing.
Thus:

276
C=gr ~(83)
Since aspect ratio of the wing is
46
A==
B
lift coefficient becomes
A
Ce=3g: (84)

(81)
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‘FiGURE 17.—Load distribution over triangolar plan forms of type 2.

where the modulus of E’ is k’—\/ —i&-, This result

avrees " with that obtained in another manner by Slewart

(reference 8). In figure 18 a plot is given of 8 'a%as £
function of BA.

Triangular plan form, type 3.—Figure 12 (c) shows the
plan form now to be considered. Relative to the x axis or
free-stream direction the sides of the triangle form the angles

& and & so that the total vertex angle is &-+8=24. The

" variables 8, and 6, are also introduced satisfying the relations

The same loading element that
triangles may be used and
It will then be necessary to

fy=0 tan &, 6,=p4 tan é.
was used for type 1 and type 2
equations (61) and (62) apply.

determine the distribution of load so that the indueed vertical

velocity over the plan form is a constant. Since this induced
velocity must be the same on both sides of the §=0 axis.
two equations result:

For —1<4<0 ’

B 6o
27"170\[—51

Jowa

= /,1;7) fﬂ = dnl i
W) 2=0 me) —1 92(m 4 6) \/1'_7712

(85)



VOLTERRA'S SOLUTION OF WAVE EQUATION AS APPLIED TO THREE-DIMENSIONAL SUPERSONIC AIRFOIL PROBLEMS 583

A

3 /
o
QR X
[We
CY /
/ ’
! //
V.
g .8 LE 2.4 3.2 40 :
BA
FIGURE 18— Variation of reduced lift-curve slope & algl—' with reduced aspect ratio g4 for

plan forms of type 2

and for 0<5y<1

S 41 ——17 T dny :I
® (77) =0 OTV \J b [77 (7? J: m- (?h‘L 3 v ] M 009)6{6
(86}

From the solutions to the problems of type 1 and type 2itis
possible to construct a solution of the more general problem
by expressing the loading function in the form

A6+B

Cpy—— B
0= %T0 =0

(87)

where 4 and B are constants that can be determined in terms
of w,-; from equations (85) and (86). Equation (87), in
conjunction with equations (85) and (86), yields the expres-
sions

Waa —g— [AE (6o, 61) -+ BH:(6s, 61)]

wz=o=§ﬁ, [—AH. (6, 00) + BH: (61, 60)] (®3)
where
& dny
H, (6, 6 89
(61, bo) = [: 70y (1 —n:%) (m—64) (- 6o) 9
dn,
(61, 6 .
H, (81, 60) = L 12V A=) (m— ) (.t ) ©o

The evaluation of H;(f;, 6,) and H.(6:, 6,) is acecomplished
in the same manner as has been used previously: first, a
reduction of the quartic under the radical to canonical form
and second, transformation by means of Jacobian elliptic
functions followed by direct integration. Since the calcu-
lations for both equations are quite similar, only in the case
of H,(6;,6,) will the detalls be mentioned.

L hs
By means of the transformations m=aT‘,—bsi and s=%; where
ny
—
1 9031—\(1—302)(1_31) L (91)
Go—6;
p=l=bbtNUI—6)(—00 (g9
G,— 0,

The introduction of the symbols R and & defined as

R= b—a ©3
VTG00 )
.14 6b ,
k= 5L (949
equation (89) reduces to
L 14
Ho=aRE E [2+t{a—b)—1di (95)

1 (1=’ V@E-1D0-k%)

even powers and one containing odd powers of t in the nu-
merator. Thelatterpart integratesintoelementary functions
after substituting {=v? and equation (95} thereby becomes

1
. b —1, (*
H= Rl”[ V=" J: (1 —k%‘-’)] (96)

Setting

(E—1)dt
—ePYE—1{

(e t2—1)dt S
z—fl (1—a*)/(E— 1) (1—F%D ' o

and substituting
z=sn(u, k)=snu

LK+iRK’
Ia— Zf [1 T

If sn 7=%; I, now may be written as

one gets

. dny f“‘ﬁ’&-smcn'ydn-ysnu
s Gy
fy=—K'— Y Psnyeny 1 —E%sn’ysn? du
or
L, . =1 .
Li=— '—’é—\/m[ﬂ(u,?)]?"x o7

where M(u,y) is the fundamental elliptic integral of the
third kind.
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The evaluation of II{(u, k) is best achieved by means of its
expression in terms of theta functions and zeta functions.
Thus

I(u,7) =4 log 2?;“ S buz)

and the bracketed term in equation (88) is

8K 1K' —v)6(K+y) +
8 5 E—6E+iK +v)

1K Z (v}

KK, ) —T(K, v) =5

The theta functions are quasi-periodic, that is, they satisfy
the relations
6(u+2K)=6(u)

% (K'—iu)

Out+ 2K y=—e o)

From this property, together with the fact that ©(u) is an
even function, it follows that

O(K+1K'—7)0(K+7) e"”’
O(K—v)0(K+iK'+7)

Moreover, since

Zo)=El)—v %

there results
(KiK', v)— H(K,v)—%K’E(v)—w e —I-'a

and
Li=—K+ [ oh {5 B [ B — K]S (98)

The expression for equation (96) can now be written
P—1 ~1 .
Hi—a ZRk\/ [K ]+K [Em 'yf{]}—angK
(99)

where the moduli are % for the nonprimed functions and
k' =+1—F for the primed functions. By definition, y=arc

sn E:F (F lc) where F is the incomplete elliptic integral of

the first kind with argument % and modulus k.

In the same notation, the equation for H, is as follows:

By~ 2 +5 (% Nk

Formulas (99) and (100) can now be combmed with equa-

tions (79) to give
o’wz -0
(60 01) \/9 +el

(100)

(101)

and
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FIGURE 19.—Load distribution over triangular plan forms of type 3. (a) 8 ian &;=0.3.

. t70w2=0 ‘J 26’1
B=—- 3Ei 26004 m

V-6 (1—6
-6,
and E’ is the complete elliptic integral of the sceond lxlnd

with modulus v1—G2.
From equations (87), (101), and (102)

(102)

where

g=1E00— (103)

Pr—Pu Ap 20(0) _ _de+B
%Pngz ViV x/(fH 6) (6,—06)

20 2G (8a—61) 6+ 26,6,

5E'\/ kB NG D) G 6)] (104)

It should be remarked that the slope of the loading curve
is zero at §=0. Figures 19 (a), 19 (b}, and 19 (¢) show the

variabion of B AEP with 8 tan § for values of 8 tan § equal Lo

0.3, 0.6, and 0.9, respectively, and for 5 tan § equal to 0
0.3, 0.6, and 0.9. ’
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FigrrE 19.—Continued. (b} 8 tan 81=0.6.

From equations (49) and (104) the lift coefficient for &
type 3 plan form is obtainable. Two cases will be developed
here: first, when the trailing edge of the wing is perpendicular
to the stream direction; second, when the trailing edge of
the wing is perpendicular to the line of symmetry. The
first configuration may be referred to as a skewed wing w hile
the second configuration may be referred to as a symmetrical
delta wing at an angle of sideslip. Thus for a skewed wing

Er 5 ‘\,/(60+91)2G
where @ is given by equation (103) and £’ has the modulus
J1—@® This result agrees with that given by R. C.
Roberts in an abstraet in reference 13.

For the more practical case of the delta wing at an angle
of sideslip, figure 12 (c), the lift coefficient can be expressed as

Cr=—rre (105)

2ax G tan A

CL—'—, Ccos A—\/—B— (106)

[

SCEUE EECLP BERRE

ge |\
@y

o

(&)
&)
~—|

TR
2 -
N

B tan G5 = O]
; 1 \\\

fe)
¢ ~8 -4 a K2 .8

B8 tan &

FicceE 19.—Concluded. (¢} Btan &=09. .

where A is the angle of sideslip and 2A the angle between the
leading edges, and ( is expressed in terms of 6 and 6, which
are, in turn, ex—prexsed in terms of A and A by the following
equations

=4 tan (A-+A) } 107

6,=p8 tan (A—A)

Since the pressure distribution has been computed only for
wings with leading edges behind the Mach cone springing
from the apex and with a trailing edge ahead of the Mach
cones from the wing tips, formula (106) is valid only for
cases where

1 AL90°
A+A<p (108)
A—A>0

These restrictions are practically always met, however, for
angles of sideslip likely to be encountered in flight.
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FIGURE 20.—Variation of reduced lift-curve slope 8 dd—gL with angle of sideslip A for some

plan forms of type 3.

Equation (106) is plotted in figure 20 where 8 %% is

REPORT NO. 8890—NATIONAL ADVISORY COMMITTEE FOR AERONATUTICS

e

shown as a function of sideslip and A. The figure shows

{8/ . .
that up to 15° of sideslip g ?f remains practically constant.

AvEes AERONAUTICAL LABORATORY,
NartoNAL Apvisory COMMITTEE FOR AERONAUTICS,
Morrerr Fiep, Cavrr., April 14, 1947,
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