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WINGS IN CLOSED CIRCULAR WIND TUNNELS -

By Bertram J. Eisenstadt

SUMMARY

The tunnel-induced velocities for yawed and swept-back airfoils
in a closed circular wind tunnel were determined. The calculations
were perfcrmed for elemental horseshoe vortices having one tip of
the bound voriex on the tunnel axis for a range of yaw angles and
bound-vortex lengths. From these results, the correction for com-
plete yawed and swept-back wings of arbitrary span loading may be
obtained by a superposition of solutions.

Charts and tebles of the induced velocity normal te the plane
of the tunnel axis and bound vortex are presented. In addition,
formilas are given for obtaining the tumnel-induced veloclty normal
to any other plane contzaining the tunnel axis. These velocities
are needed for swept-back wings at high angles of attack, where the
tunnel axis and the two halves of the wing do not all lie in the
same plane. Curves are presented for converting the tunnel-induced
velocities into corrections to the geometric angle of attack of
the wing.

For the case of the unyawsd wing, comparlison of the present
results for the induced velocities along the tunnel axis with those
obtalned by Irmgard Lotz and by J. M. Burgers shows agreement with
Burgers' results. Since the method of Lotz was used in the present
study, it would appear that her computations were incorrect.

A proof of the validity of the method presented by Lotz is
given in the appendix.

INTRODUCTTION

Wind-tunnel testing of yawed and swept airfoils has con-
siderably increased with the development of masnsuvers involving
flight at large angles of sideslip and with the development of
interest in the use of swept wings for transonic, supersonic, and
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tailless alrcraft. The corresponding Lunnel corrections have
been difficult to derive, inesmuch as the problem is not reducible,
a8 with a straight unyawed airfoil, to that of a two-dimensional
potentlal flow. Rectangular tunnels, however, may be treated by
the method of lmages, as was done in reference 1 1n which correc~
tiong for 7- by 10-foot closed twmmnels are given. The boundary
conditions for tunnels of circular cross-section cannot be satis-
fled by the use of images alone. The purpose of the present
gstudy 1s to develop a method for treating this case of the closed
clrcular tunnel and to evaluate the corrections for a renge of
condltions.

The method used follows egsentially that of reference 2 in
which the tunnel-induced potentiel is broken up into two parts -
that of 'a reflection vortex system which mekes the tummnel a
streamline far from the airfoil, and a residual potentlal, whose
effect is zero at infinity. In order that the results be readily
applicable to both yawed and swept airfolls, the bound vortex of
the elemental horseshoe vortex simulating the wing was assumed
to have one tip at the tunnel exis, so that, for example, &
swept-back wing with fairly uniform loading would be represented
by two such swept~back vortices, and a yawed wing with wniform
loading by one swept-back and one swept-forward vortex. Since
the bound vortices meet the tunnel axis, the results are applicable
only to wings with lifting lines that approximately fulfill thisas
condition.

Computetions were made for a range of sweep angles between
-459 and 45°, and a range of spans up to 0.9 of the tunnel radius,
go that results for arbitrary loadings may be found by superposition.
The induced velocities normal to the plene of the horseshoe vortex
were computed for a range of locations In this plane. In addition,
data are given by which the induced veloclty normael to any plane
containing the tunnel axis may be computed. These velocitles are
shown to be of interest for highly swept wings at large anglos of
attack.

No attempt has been made to describe the methode for converting
the induced velocitles to corrections to the measured aerodynamic
parameters, inasmuch as such methods are described in reference 1.
Methods for adjusting the results for compressibility effecte have
also not been discussed, inasmuch as the baslc concepts and procedures
are now well known.

SIMBQLS

v apgle of yaw or sweepback of bound vortex

VY, eangle of yaw or sweepback of bound vortex in horizontal plane
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Q

length of bownd vortex

“tunnel radius

CYEN

rectengular coordinates (see fig. 1)
cylindrical coordinates (see fig. 1)
x/ro, ¥/*os 2/rq

r/rg

varlable of integration

potential of elomentel horseshoe vortex
tunnel Induced potential

potential of reflection vortices
reeidual potential - &

circulation of" elemental horseshoe vortex

" hargd -
mﬁh Fourier coefficient of - o <¢O + Ql)
5@15: o ' : T dr r=r

r l z=0
30,
-a? { Z'-'—‘-O

Waq + Wy =3 —
1 e Z |z=0

engle of attack about fixed horizontal axis

‘engle between plane of airfoil and plane of horseshoe

Tortex

twioe angle between plane of horseshoe vortox ana
horizontal plane - -
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W =-__J:.’-_a_¢.l]:.

2 ToP 38 |g=magf
W, =:—_}__.?—¢2. :
29 ToP 30 |{g=n+df

wv =W, F Wy = EE" %9 ' .
" ¢ ¢ of 08 B= n:+¢
CL 11ft coefficient of wing
L 1ift of wing

S wing ares

ANALYSIS

The elemental horseshoe vortex 1s llluastrated in figure 1.
It consists of a bound vortex of constant strength, of length &,
and sweepback engle VY, with one tip on the tunnel axls and two
trailing vortices running in the dowmstresm direction from the
tips. The two coordinate systems used herein (fig. 1) are related
as follows:

¥ = r cog 8

Z =Y gin 6

and are dlsposed sgo that the x-axis coincides with the tunnel axls,
and the xy-plane is the plane of the horseshoe vortex.

Let ®o(x, r, 8) be the potential of the elemental horseshoe
vortex. The veloclty normel to the tunnel wall, » = ry, induced
by this vortex is .

Mg(x, r, 6)
or

r:-.ro
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The problem consists of finding & fwnction & {x, r, 6) vhich is
harmonic inside the cylinder r = ry and for which

(%o + &)

= =0 (1)

r=ro

The function @ 1s then the potential of the additional flow due
to the tunnel wells.

The particular externel reflection vortex system chosen to
mrke the tunnel a streamline at infinity is shown in figure 1.
It consists of two semi-infinlite vortex lines, one in the direction
of positive x, and the other in the digection of poasltive Yy,
7 Yo )
Joined at the point (x, ¥y, z) = ) T oon 0). The potential

of this vortex system is designated &-.

The residuval potential which makes the tunnel a streamline
everyvhere is designated @,. Then,
@ = Ql + @2

and by equation (1)

E?g a(@o + (b]_)

dr rer R @

r=rq

This potential ®, is harmenic for r <r,, because it is

the difference of two harmonic functions; moreover, the derivative
of &, normal to the tumnel wall approaches zero as Ixl approaches
infinity The function is sought in the form of an infinite series
of harmonic functions of the type [X(x) R(r) o(9)]. If for a
bounded harmonic function of periocd 2n in 6, and of arbitrary
pericd 21 in x, such a representation exists, it must take the
Tollowing form (reference 3, chapter 1):
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»

o, =- %ZZ{[EM mQ(Amn cos == 4 By sin—-ﬂ?—x>
n n

+ cos m9<cmn cos __1%1___:: + Dy 8in %)]Jm i_?_m r)

where J, I8 the m®h order Bessel function of the first kind, and

the A's, B's, C's, and D's are constents to be determined. Subsequently
t will be made to approach infinity.. .

It is convenient %o introcduce the nondimensionsl veriables:

(3)

The series for ®2 then becomes

@2 = -%ZZ Ein mB@mn cos -—’%—é+ an s_in -ﬁ%g)
m
+ cos mG(Cmn ccs 3}%2; + Dy 810 E%:;)}Jméﬁl,n p)} ) v
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Since

or =.1‘—0-57)—

formal differentlation gives

-~

r NN : s ms
=-H5Z%_é_ {S'inms(AmnGOBT"'anSinT)

Nt

|

& im o /i
+cosm9<cmn com ==+ Dy sin—i):—"’%] =~ n (T)> (5)

In order to satisfy the houndary condition at the tunnel wall, by
equation (2) this series must be made squel to

or r=r

This functlon, which is the velocity normal to the tumnel wall

induced by the horseshoe and reflection vortices, is cbtained by
the Biot-Savart law ag
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T ¢ cos ¥ sin @ K g g coslr
brry 11 - 20 cosy cos 6 + aecos%p ﬁ?oeaosexp+ 1 - 20 008 .cos 6 + a2cos2Y

_ & -0 sny —I
;[(é -osiny)® +1-20 cosV cos B + uecoseq;J

-Esinel;_+ gcosVW cos 8 - 1
§2 + 8in®0 ﬁececosap +1 - 20 cos cos @ + o°cCoBSY

T

' & cos ¥ sin 6 - E'siny + cosy cos 6
8in20 + £2c0s2y - £ sin 2V cos B + sin®{cos®d Vary i

EginW + cosy cos 6 - ¢ ']

‘/(g' ¢ sin §)2 + 1 - 20 cos | cos 6 +0200523¢j

(6)

C€oeT *ON NI VOVN
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In order to satisfy the boundary conditions on &, 1t 1is

necessary to determine the constents Ay, By, Cpps Dpn 80 that
equation (2) 1s metisfied. The first step is to expand the function

3B, + 27)

= " in a Fourler series in 8. Since this fimction is

r=ro _
an odd functicn of @, the seriles contains only sine ‘terms. Thus

3@y + B)
) Ar

=

S .
" o > &,(5) stin 28 (7)
Toom .

EBquating coefficlents in the expansions of eguations (5)
and (7) gives

gn(&) = Z (Am_cos +3B SiI_l _m@j_-_;_na-m '(!-.Tfrn
n

> ' )iy (1m)
= ™ , ZVirny t(im
0 (E!m cos +im &in % _R—Jm T

n

B A

These seriss are the Fourier expansions of the functions &(E)
and O, where these functions sre assumed to be of pmeriod 2\
in &. Therefore

- A .
1
Amn = ;-L[ gm(ﬁ) cos fiaslc) dag
iTm eriiﬁn) A N A

. >
B = 1 1l (B8) sin.’.@ﬁ.d_ﬁ

Can = Do = O-
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Thus, from eguation (4)

m

imn | X _
ZZsin m9 1215 (% gu(B) cos IF (B - &) ap

Conslder formally {gﬁn @2 The term %?’: a4 18 considered

. [o5]
a continuwous varisble running from O to «; then % = dg and EE
Py _

is replaced by with respect to g, so that the aforementioned
0

limit iq
' I 1ap) B
®, =‘711% ‘{ sinme%;f .__.E_...___. dq 8,(B) cos q(B - &) aB »(8)

A discussion of the convergence of this series and its formal

derivaetives to the desired function and derivatives is given in the
appendix.

The upwash velocity due to the tunnel wall at points in the
Plane of the alrfoll is given by
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The term
W, = _5'_@_3__[ - L J ooos ¥ |3 + é.—-.a- ooF \}L .
. az_. ’z=0 brrg J1 - q cos ¥ VE%2e0s2y + (1 - n? cos )2

-1 1 - . :!.- - )0 CO8 III : (9)
- & l/”s’,éaecosaxy + (1 - 1 0 cos¥r)?
is the v'slocity due 'bo .the reflection vortices;, The term
0 _
Wy = é-?z— o is obtained by differentiating the series for 4'?2,

term by term. The series (a Fourler series in 8) is very sultably
arrenged for this differentiation mormal to the plane of the
vortex, since '

% .1 %

oz z=0 ToP 30 8=0
y>0

%p 1 ¥,

‘5-2.—- =0 = -ﬁ ae

Thne, defining 8, (n) = 1 when 7> 0 and &, (q) = (-1) when
1 <0 glves '

W, I S T m 1 J, (-i ) | :
: 4o - n (0 T U, 10qTm (1Q) : fm sulP) co0 a(p - &) 0

(10)
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The total correction to 'bhe vertical velocity in the plene
of the alrfoil is then

Wa Wy o+ Wy i (11)

METHOD OF COMPUTATTION

The determination of Wy 1is dependent upon an evaluation of
the functions gm(é) and performance of the operations Indicated
in equation(10). In msking these calculations, it must be remembered
that the functions g,(&) and, thorefore, the final upwash
velocity dus to the timnel wall depends upon the parameters o
and Y; consequently, a different computation must be performed for
each coribination of these two parameters. The present computations
were performed for ¢ = 0.45 and 0.90 and for. ¥ = 0°, +15°, *30°,
and t45°. The functions gu(€) were calculated for these values
of ¢ and ¥ and for m= 1, 2, 3, . Only the first three
functions gp(€) were used, eince gm(é.) for higher wvalues of n
weres found to be too small to affect the results. The calculation
of gu(€) required the expsnsion of

(% + Pq) =72, 0)

I‘=f¥‘o

in a Fourler serles. For lg‘ > 10, this calculation could be
done analytically by first expanding F(&,0) 1in a power series

in X, Texrms of order T and higher were ignored. _In order to

to obtain gy(&) for ,5, <10, F{€,0) was computed for the desired

values of & and for 30° intervals of € and a numerical Fourier
analysis was performed for each value of &. The integral

f én(B) cos a(p - &) 4B

vas then evaluated by breaking &y(&) 1into two parts (fig. 2):
en(8) = en’(2) + ayli(2) (12)

L]

—— —y — = -
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For ng;_ 10, got(E) 1is taken equal to gu(&). For lé' < 10, gmi(g)
is defined by the three stralght lines intersectin_g the curve gm(g)

gt the points & = -10, -.339.; g = -%Q .J_-?:Q; and & = lQ 10. The
equations of these stalght lines are slso known ana.lytically The
function gy 1i(z) is then defined by equation (12).

Since gul(&) 1is thus known either as a linear function of g

or as an inverse powsr seriaes in -l the expression

/ gn (B) cos q(p - &) 4B

nmey be Integrated to give simple functions plus integrals of the
. lo<] )

form / Ei%.fl@_ df and / '_c_o_g__g_ﬁ d8. These latter integrels
0 0 '

are tebulated in reference 4. Each of the soparate loops of gmii(B)
was expsnded in a Fouriler series by numerical methods, and the
integral

/ 31(8) cos q(B - &) 48

wag then obtained analytically. The integral

f gn(B) cos q(B - &) ap

was then finally obtained in the form

2 sin ¢Sl (a) + 2 cos &Sk (q)

T
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The functions Zm(Q) and hm(Q) have been given in table I
for values of q ruming from O to 2x in steps of 0.05x.. Integra-
tion with respect to q over this range was enough to emsure
essentlally complete convergence to their limiting values of all

Jm{lqp
the integrals involving ¢. The functions ——2£~2—l—~ were

1pady'(1q)
obtained, for these same values of ¢ and various values of p,
by use of the tables of reference 4 and the relation between the
derivatives of Bessel functions and the functions themselves
(reference 5). Theme results are presented in table II. The
product .

In(ipg)

© Phaeg,(1d) [sin a&ty(a) + cos qgkm(Q)]

was deternined Ffor various values of the position parameters p
and € and of the wing parameters o and V. The final integra-
tion with respect to g was performed numerically by use of
Weddle's formula (reference 6).

The functions

m [ JIn(ipq)

X o EPCEIIET)) dq d/F” &n(B) cos q(B - &) dp
m . -

o]

obtalned as described are presented in table III. The velocity
correction wp 1is then obtained by summing these functions as
indicatod in equation (10); the velocity correction wy is
computod by use of equation (9), and the total tunmel induced
veloclty w 1is thus obtained.

An additional compubation wag performed to f£ind the tunnol-
wall corrections for the limiting case of a wing with zero span
but with finite 1ift. The functions g,(&€) simplified so that
the integral with respect to B reduced to an expression involving
simple functions and the tebulated Bessel fumctions, Kb and. Kﬁ
(rsference 3). The second integration was then performed in the
ggme way.

’
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RESULTS AND DISCUSSION

The velocities B n_ormal to the xy-plane have been

converted to .the nondimensionsl form .f.i__‘ﬂ'.ﬁ___ This function

cos
is presented for different valucs of the position and wing
parameters in figures 3 to 7 and table IV. The values given
for o =0.25 and ¢ = 0.7 were obtained by a numericel
interpolation. The reciprocals of the upwash velocitles were
used in this interpolation, since 1/w tends to vary linearly with
g, as is shown by the squation

l{-r:rgw ] = 1
I'c cos ¥ 1 - q0.

for the upwash velocity at an unyswed wing (reference T).

The variation alons the tunnel axis of the induced velocity
w has been computed by Lotz (reference 2) and Burgers (refer-
ence 8)1 for the special case of a wing at zero angle of yaw.
These values are not in ccmplete agreement with sach other. The
results obtained herein for this cass, Dy methods essentially
slmilar to those of Lotz, check the results obtained by Burgers
(fig. 8). In referonce 2, moreover, Lotz has stated that the
Induvced velocity obtained. by the calculations of Burgers (refer-
ence &) does not have a maximum. An extension of these calculations
showed, however, that o meximum is obtained. It must accordingly
be concluded thet Lotz is in error beth as to results and accusation.
Burgers' method wes not used in the present work because it :
sppeared from preliminary study to be very unwleldy. Closer
ingpection, however, hae since indicated that the computations
involved would probably have been less laborlous then those needed
with the method of TLobz.’ .

Wings at High Angles of Attack
In general, a yawed wing in a wind tumnel is rotated about

its q_uarter-uhord line and this angle of rotation o i1s the angle
of attack of the wing. In correcting for the tumnel-induced

1 A1 though reference 8 is published vmder the joint authorship
‘of von Ksymdn end Burgers, the preface states that the chapter
cited herein was contributed by Burgers.
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velocity, it ig assumed that only the velocity normal to the plane v
of the l1lifting line end free-stream direction, the xy-plane, has

eny effect on the 1ift. The correction ig made to the angle of

attack and is given by - )

AT e ten AF = e (13)
V cos ¥
where w 13 the tunnel-induced velocity normal. to the xy-plane
and V cos v 18 the component of the free-stream velocity normal
to the axis of rotation. It 1a this velocity{b w which 1is ~

- AW
tabulated herein in terms of the parameter - 7 2 = Then,
o cO8

N = Ghnrow To

o cos Y bwrgV
or, by using the relation.between circulation and 1ift coefficlent
(if the wing can be assumed to be adequately represented by a
single 1ifting line of uniform circulation)
Cr, = %g (201, cos )

the correction may be rewrltten as

Y
s [TV s | (24)
I's cos ¥ 16mr “cos Y

Special consideration must be gilven to the case of swept-back
wings. For this cese, the wing is rotated about a fixed horlzontal
axis normal to the tunnel axis, the y,-axis. Asg this.angle of
rotation « varies, the angle of yaw Y (deflned as the angle
between the 1ifting line and the piane perpendicular to the free-
stream direction) eand the angle ¢/2 between the xy-plane and the
xy,-plane vary aleo (fig. 9. The xy-plane is still the plane of
the x-axis and the lifting line.) The dependence takes the form

cos Y = cos Y, i tanexpo sinfa,

cos Vo (15)

=Ecosz : ‘

2


http://www.abbottaerospace.com/technical-library

NACA TN No. 1265 ' 17

whaere \!lo is the angle of yaw at zero engle of attack. This
variation of the yaw angle must be taken into account in using
the charts and tables of this repoxrt.

The desired corvectlion to o 18 still the one associated
with the change in 1lift and therefore depends again only on the -
veloclty w mnormel to the xy-pleane. A change in the angle «,
however, involves a chenge in the verticel veloclty normal to
the xy,-plane.” In order to obtain the same 11ft, the correction
to the angle a must be ~uch that the additional vertical
velocity assoclated with 1t must have the component w normal

w
to the xy-plane. This veloclty is __Q end thus

cos
2

Mz ten Ao = W

Vcosg—

Lhrrow T‘\ o cos "{j
To cos v LatroV cos

The circuletion a‘bou‘b sach semigpen of the swept~back wing
results in a force normal to the xy-plene. The lift force measured
in the tunnel, however, is the verticel component of this force
and, therefore, the equatlon commecting the 1lift and circulation is

(16)

L = oV (20':‘0 cos \1!)
cos Z

The angle correctlon then becomes

Jae A hnrmz) 50y, secag (17)
W H

\I'c cos 16mr,2

The drag correction does not involve ¢ dlrectly and 1s merely
wio cos V.

Plots of V¥, ¢, and s'ecag egainst |, end a are given
in figures 10, 11, and 12.
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For swept-back wings at an angle of attack a, +there 18 an asdditicnal difficulty.
For these wings the tunnel axis and the two quarter-chord lines of the wing do not lie in
cne plane. The correction to & om each half of the wing l1s etill obtained from the
Induced velocity normal to the pleme of the tunnel axis and the quarter-chord line. The
velocity normal to the plene of 1ts own quarter-chord line induced by & half wing 1s
exactly the velocity w which has been found (equation 11). The veloclty induced by
this same half wing normal to the plane of the turmel axls and the other guarter-chord

1 :
line, however, ls not “Fop % but 1s

(22514
= s _.l_. a¢
w¢ : Yop .55 9=1T+¢

The function g — 3% 15 given by

r.p 08

O=1t+f

; ccosllrEos(ﬁ-ercg_s ] 1 e £o_cos ¥ _
o _E:os ¢ - po cos 14,;]2 + sin2¢ 1/§20,2coﬂgy + E’DB ¢ - pa coB 1!02 + s:Ln2¢

‘W1¢=

) coB: 7 - 1l - pg cos¥ cos ¢

2+ 0% : .
S k4 lé20'20052'\[f+ [cos # - po cos ‘l’] 4 s1n%

(18)

gT

G9ST ‘ON NI VOVN
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The fumction

5=
&
2
1
B
&ﬂ
G92T *ON MI VOVN

-l - " _Inlteq) '
s Zﬂ:( 1)%cos mff B . m dq £ En(B) cos o(p - &) ag|  (19)

The required velocity correction is then

w¢nwl¢+w2¢

It wes considered neither fsasible nor desirsble to compute and tabulate the fametion wqg
Tor a renge of valves of ¢ For any particilar case desired w1¢ nay be computed by

equation (18), and w2¢ may be computed simply by using table YIT and equation {19).

61
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For velues of @ of about 30° or less, w¢@3,p) ig, to a
good approximation, cce @ w(&,-p cos @) and therefore can bte
obtalned readily from figure 3 or tablé IV. This approximation
i moet accurate for amall valuwes of ¢ vhere w¢' is compearatlvely
large, and 18 least accurate for large values of "p vheve wz 1is
a very small part of the total correction. For this reason, the
approximation may be considered adequate over the entlre range of
valuss of p.

The preceding discussion concerns only one of tha 4ifficulties
asgocinted with calewlations for high angles of attack. At
least two other sources of comperable Ilnaccuracy may be pointed
out, although no effort has been made here to evaluate thelr
effecte: (1) the pronounced distortion of the trailing vortcx
gystem at high sngles of attack, and (2) the fact that the csuter
of a swept~-back wing masy not be on the tunnel axis at high
angles of attack, because the axis of rotation of tne wing 1s
usuelly behind the wing roots.

Langley Memovial Aeronautical Laboratory.
National Advisory Committee for Aesronautics
Lengley Field, Va., October 9, 19u6
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APPENDYX
PROOY OF VALIDITY OF METHOD

In this appendix the formal expressicn of géua'bion (8) for

the tunnel-induced potential will be called Qe‘l . The derivatives
obtained by the formal differentlation of thils expression will be

called the derivatives of @2(1) and will be written as ordinary
derivatives. The harmonic function which satisfies equation (2)
will be called &o. :

1
It 15 necessary t¢ prove that ‘132(1) =% and V@‘e( ) =W2.
The proof will conslst of the proofs“ of the following statements:

) The. function @2(1) converges to an harmonic funection
for p<1 eand v@e(l) converges o V@e(a for pg R, < 1.

(2) .
uw 9% 3By

ror, 3. Or

(1
2,0

(2)

I‘=I‘O

Then by the uniqueness theorem for harmonic functions (rofer-
ence 9), it follows that @2(1) = @pn. This theorsam and the others

used herein, which are derived in reference 9 for bourdsd reglons,
are immedlately extensiblo to the infinite regicn of the present
problem for functions which approach zero as & approaches infinity.

In order to prove the Tirst statement, it is sufficlent to show
that the infinite intograls and the infinite series sppearing in (1)
converge uniformly with respect to &, p, 6 (Harnack's first
theorsm on convergence, reference G).

The convergence of the infinite integrals depends uwpon the
characteristics of tho functions gu(€). The characteristics
used in the following discusslon, which are easlly verified by
cxpension of F(&,0) in a Foprier series are:

(a) The functions gu(&) are bounded and continuous for all
velues of & and approach zero ae |&| apprcackes infinity

(b) The derivatives dg (2)/3%. exist and are absol t - .
from minus infinity to plus rfni“giz/:ify. bsolutely integrable

(e) hs 2w, g(2) + gn(-8) = 0(1/22)
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An Integretlion by paris gives

(<]

Q

- CO

fm £.(8) cos a(p - &) ap = EB) 910 afB '§)1

-1 fm g, (B) sin a(p - &) ap

It follows from properties (a) and (b) that the integral convergss
for q > 0. From property (c) it follows that the principal valus
of the integral converges for q = 0. Since E’Z?g}'%%‘ is
bounded for all values of ¢, +the function m

I (ipa) fo -
m) L[m &p(B) cos a(p - &) dﬁ__

has no singularities and the convergence of the Integral

-

® Tl ? N
[ [ e e a0 -2 8]

with respect to q need only be conaidered in the infinite region
of gq. Since for pg 1 (reforence 4),

Ip(ipg)

1Ty, ' (1q) £

—
=

it is sufficient to prove that

f fmem(ﬁ) cos q(B - &) a (&
K - ) a
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converges in ordef to jrove that the otiginel integral converges
uniformly in &, p, 6 in the region p $1. From the integration
by parts end properties (a) and (b) it follows that

d.q_< dq
-~ < C

o - .
d
which converges. Therefore J\ I f &nl{B) cos (B - &) 4 l (-l-g-' converges «
E -

J‘m g,(B) cos g(p - &) ap

In order to complete the proof of the first statement, the  _
infinite series of Infinite integrals must also be shown to converge
uniformly in &, p, 8 for p< 1. .

Ir

o0 loe]
, p, 6) s Binmd _J’EQ'f_q;)__dqf B) cos q(p - %) ap
Slg, o T do 147 '(iq) - fal
| ,

can be shown to be less in absolute valus than K/m® where K
1s an arbitrary constant, the proof will be complete, for then

i“’z Gu(E, 0, 8) émz
=M =

for M sufficiently large. The functions gp(%) ars the Fourler

[22]

=M

bser
coefficients of a function - -I-r~c—’ ®{&, 6) which has continuous

first and second derivatives. Therefore SJ:;eferenc-e 10, p. 84),
thers exists a sequence of functions, ¢y &), wniformily bounded

in m, esuch that

12gn(E) = op(E)

a (& o, 6)&KZ;§‘§<G ’

.-
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The integrals

15w mef “‘xﬂ f cp(8) cos q(B - &) &8 = n°Gy(E, o,6)

are therefore miformly bouwded In m. Thus

Gu(E, b, 0)

and the proof cof the first shtatement is complete.
The proof of the second statement proceeds as follows:

a2 d ]
e ey o1 3 LZM/T ?af’riﬂ" d [ a(B) ode -9 ?)

i

lsp)
In the proof of the first etatement 1t was shown that |q f " gn(B) cos g{B - &) ap
X' . ;

bounded. A second integration by parts shows that, eince gmﬂ(ﬂ)- 18 bownded enfd ebsolutely

integrsble from -oto +w IC_I‘QJ.’CD gn(B) cos g(p ~ &) dB} 1 bounded. Thue the integrand

obtelined by differentisting under the integral eign is such thet the integral. corve.ges
uniformly for p £ 1, and the differentiation is therefore velld. Simnoce the infinite
series also otnverges uniformly, it follows that

(<]

6927 *ON NI ¥OVH
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N BQ2<2) p o) - @
Im -
Fed 1y 3 = -lm:ro > sin wh %L dq‘/:wgm(ﬂ) cos g{p -£) 48

From the remark following theorem 7, reference 11, 1t follows that

(2)
1im B.Qﬂr - - L S—ainmeem@)

r~>»¥o 3Jr - brrg

Somama—

and sgince the Fourler expansion of a function which is continuous
and has continuous first derivaetives converges to ‘the gencrating
function, :

-

{2)
1m e 0%

=
Ty Ty Ar or —r
T=Xp

The second statement has thus been proved and the validity of the
operatlons performed in tho enalysis has been esteblished.


http://www.abbottaerospace.com/technical-library

26

\O

10.

NACA TN No. 1265

REFERENCES

. Swanson, Robert S.: Jet-Boundary Corrections to a Yawed Model

in a Closed Rectengular Wind Tunnel. NACA ARR, Feb, 1943.

. Lotz, Izmgafd: Correction of Downwash in Wind Tunnels of

Circular end Elliptic Sections. NACA TM No. €01, 1936.

. Gray, Andrew, Mathews, G. B., and MacRobert, T. M.: A Treatise

on Bessel Funcitions and Thelr Applications to Physics.
Second ed., Macmillan & Co., Ltd., 1931.

.- Jahnke, Eugen, and Emle,; Fritz: Tables of Functions with

Formulae and Curves. Rev. ed., Dover Publicatbions (New
York), 1943.

. Churchill, Ruel V.: Fourier Series aund Boundery Value

Problems. McGraw-Hill Book Co., Inc., 19kL.

+ Milne-Thomson, L. M.: The Calculus of Finite Differences.

Macmillan & Co., Ltd., 1933.

« Glavert, H.: The Elements of Aerofoil and Airscrow Theory .

Cembridge Univ. Press, 1937.

von Kafmah, Th., and Burgers, J. M.: General Asrodynamic
Theory - Perfect Fluids. Influence of Boundaries in tze
Fleld of Motion around Airfoil Systems. Vol. IT of Aero-
dynamic Theory, div. E, ch. IV, pt. C. V. F. Durand, ed.,
Julius Springer (Berlin), 1935, pp. 265-273.

. Kellogg, Oliver Dimon: Fowndations of Potential Theory.

. Julius Springer (Berlin), 1929.

Tamarkin, J. D., and Feller, Willy: Partial Differential
Equations. Advanced Instruction and Research in Mechanics,
Brown Univ., Summer 1041.

. Titchmarsh, E. C.: Introductlion to the Theory of Fourier

Integrals. The Clarendon Prese (Oxford), 1937.



http://www.abbottaerospace.com/technical-library

NACA TN No. 12865 27
TABLE I.- VALUES OF THE FUNCTIONS 1Ip(q) amd k,(q) FGR
VARIOUS VATUES OF o, ¥, q

[Zm(‘b g, \P) L4 lm(Q.: ) '1/)5 km(q: g, 1) - 'km(q’ g, '\lf)]

o = 0.45, ¥ = -U5° 0 = 0.45, ¥ =-30°
a/x |13(a) fin(e) [1a(a) |ka(a) |23(0) [k5(e) |3(Q) [ky(a) [2a(a) {Eox(a) |2(a) |ksla)

-

o} I (o1 ] PESUPNDE NVIVEVIOIR) PIFIEPIUEY PIPIUIINIS PPN PRGOS PRIIIon PINNUPII PSR PCII FR,
.05]1.1663 |0.0509 [0.156k4 |0 .0208|~0.0283] -0.0093]1.2716)|0.0446{0.1819]/0.0219] -0.0350|~0 .0107
10| .9013] .0523| .1683( .0211] -.0347| -.0079{1.0151| .ohs52] .203h| .0209| -.0ML3| - oogg
15| 6006} .0522| .1198| .0224| -.0259| -.007T1| .6834| .0462| .1500]| .0202| -.0350| -.009
20| .3900| .0518| .078%| .023k| -.0180] -.00Th| .B473| .0L6B| .1038| .0189] ~.0302| -.010%
.25} .3219| .0516| .o7h0| .0226| -.0191| -.007B| .3843} .ok61| .1018| .o0170| -.0302| -.0107
30| .3343| .0509| .084%5{ .0217| -.0228| -.007h| .3 Okl 1365F .0152| -.0356) -.0097
.35) .3026| .okg2| .0816| .0210] -.021g| -.007L) .365k| .ok2k .1133 0142| -.0347| -.0088
Aol .2233] .ok70} .0686) .0207| -.0185| ~.00TL| .2931| .0kOB| . .0142] -.030k| -.008
A5 .1977| ObSL| .0612| .0200| -.0166] -.0075] .2hhks5| .okol| .0875(| .0151) -.0285| -.0092
50] .1822| .okk1| .0585| .0182| -.0166] -.007h| .2265] .0386| .0842) .0163] -.0283| -.0090
551 2607 .ou18| .ou83| .o177| -.0153] -.0069} .1997| -0362| .o7hb| .oi7h| -.0264| -.0083
.60] .12u7! .0389) .03 0172| -.0121| -.0065] .155T| .0336] .0594| .0188| -.0219| -.0079
.65( .0978| .0358| .0314| .o170| -.0107| -.006k| .1234| .0315| .oko6| .0200] -.0189] -.008L
.70 .0879| .0333| .0291| .0159| -.0096| -.0061| .1121| .0297] .ok63| .020%| -.01E0| -.0079
75 .07rTh| 0311 .0257| .0146| -.0089| -.0057] .0993{ .o277| .okik| .0197} -.0168| -.007h
8ol .0621| .0289| .0203| .0139} -.0072] -.0053| .0801| .0257| .o3h0| .0182| -.01Lk| -.0069
.85| .0505( .026k| 0173} .0132| -.0059| -.0050| .0654| .02i0] .029%| .0164]| -.0125| -.0067
90| .ok88| .o2ks5| .o17k| .0125| -.0057| -.00k9| .0632] .0230| .0292| .01ko| -.0119| -.0065
.95) .0u66| .0225 .016k| .0112| -.0056] -.0045| .0593| .02ih4] .0273| 011k -.0113 - ,0060
1.00| .0377| .0208| .0134| .olo2| -.o0k7| -.00B1| .oko3! .0197| .0228| .o091| -.0099| -.005hk
1.05| .020k| .0o192| .o112} .0096] -.0038] -.0039| .039L| .0181} .0lg2| .00T5| -.0085| -.0051
1.10| .0270| .0175| .0108| .0088| -.003%| -.0036| .0352{ .0168| .o18:| .0068| -.0078{ -.00ky
1.15| .o2k2| .0162| .0097| .0075| -.0030| -.0033] .0330| .0152| .016L| .0070| -.0072| -.00L5
1.20{ .0175| .0154| .0072| .0066 -.0027| -.0029] .02k9| .01h2; .0126 0078} -. - .0040
1.25] .0115| .o1ke| .0052{ .0060| -.0021| -.0026| .oi7hk| .0128] .0098| .0090| ~.00k9! ~-.0035
1.30] .0108| .o130} .00k8| .0055| -.0020| -.o02k| .0n6k4| .0117| .0096| .0103] ~.00WT| -.0032
1.35| .o113| .0118] -.00k7| .00LB| -.0021] -.0022| .0167| .0109| .00%0| .011€| -.0Qkk| -.0031
1.50f .0085!| .0108{ .0036| .ook2| -.c017] -.0020| .o13%| .0101} .co7h| .0124| -.0036 -.0029
1.45] .0121] .0098| .0028| .0038| -.001k| -.0018| .01l0j .c090] .0063| .0124) -.0033} - 0026
1.50| .0067| .0086| .c034| .0036] -.001k| -.coLl7j .0116]| .0082| .coT1} .011T| -.0031| -.0025
1.55] .0085| .0o79! .0037) .0031] -.0013] -.0015| .0139| .00Th| .00TT| -0103] -.0031j -.0023
1.60] .c0o75) .0068| .0030|{ .0029] -.0013| -.0015} .0120 .0065( .0085! -.0026| -.0023
1.65] .o045| .00s8| .0023| .0027| -.0011] -.001k| .0087| .0057| .0053| .0065| -.0023} -.0022
1.70} .ooko| .00k8} .0020| .0027| -.0011} -.00Lk .oog ook8| .0050| .00uB| -.0023]| -.0022
1.75) .00k5| .00ko| .0021) .0026) -.0011| -.0013] . ookl| .0050| .003T7| -.0021| -.0021
1.80] .0o29) .0032] .0015| .0023| -.0009] -.0012] . .0034| .oobi| .0033| -.0018{ -.0021L
1.85| .0005| .0024| .0008| .0022| -.0006] -.0012} .0039} .0028| .0030|{ -0037 -.0015} -.0020
1.90| .0002| .0017| .0008] .0022| -.0006| -.0011| .0033| .0023| .0027| .00LA| -.001h4| -.0019
1.95| .0012| .0011] .0011| .0021| -.0006| -.0010| .0OL5]| .0018| .003L| .0063 -.0014| -.0019
2.00 o | .oook| .0011| .0o21| -.0003| -.0009] .ookl| .00L3| .0030| .00f0| -.0012| -.00LT

NATTONAL ADVISORY
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TABLE I.- VALUES OF THE FUNCTIONS In(q) AND Ik(q) - Continued

o= 0.90, = -i5° o= 0.90, Y= -30°
afx [ta(a) |ka(a) |2o(e) [kola) | 23(a) | k3(a) [21(a) [ky(a) [va{a) {ko(a) | P3(a) | kslq)
o |o 0.158%{0 0.1722| 0 ~0.1139/0 0.1319|0 0.1597| O -0.1214
.05{1.52h9l 1861 .2266| .17L7} -.0205| -.1134|1.5956| .1573| .2ub7| .1578} -.0273( -.1239
J10[1.2838 .18k .2672f .169h| -.0384| -.1128]1.3801| .1622] .2995| .1598| -.0Loo{ -.1232
5] .8786 .1978( 2017l 167k | -.0520| ~.1119| .9550( .1707{ .2365| .1609] -.066k| -.1232
20| .5770] .2075| .1W8L} .1557) -.0561| -.1106] .6373) .1791| .1845| .1611| -.oTh1| -.1226
25! .5059 eogs .1563) 1644 | -.0512| -.1088| .5662{ .1793| .1982] .1594| -.0682| -.121%
.30 .53@ 999! .1813] .1608]| -.0500] -.1067| .608%{ .1718] .2300} .1567{ -.0736] ~.120
.35 .hg .1988] 1773 .1559| -.0502} -.1ohl} .5680| .1620| .2253( .1543| -.0759f( -.11
bo| k038 1837 .ilkak| L1510} -.0500| -.2009| .B6hs5! .1561) .1963] .1516) -.0776| -.1163
A5 .3394 1821l L1243 k71| -.0b5h| -.0980( .3954] .15hk2] .1802| .1lh93] -.07E6| ~.1143
50f .3125] .1760f .1192{ .14101{ -.0385) -.o9kk| .3676| .1kg9| .1760| .1hhkg| -.0688{ -.1117
55| .2688( .1650{ .2037| .1336| -.0331( -.0906]| .3210} .1k2h| .1605{ .1395| -.0643| -.1086
60| .2033] .1541) .o782| .126hk| -.0279] -.0865) .2487 .13%0| .133%4( .1341{ -.0597| -.105
65 .1566] .1uh6| .0600| .1193| -.0223] -.0823{ .1966| .1266| .1132] .1290] ~.0543] -.lo1
70| 13881 .1350( .0524| .1115| -.0159) ~-.0778| .1766| .1197| .1035| .1233] -.0478| -.097
75| .1166) .1251| .ok29) .1032| -.010T7| -.0733| .15k0{ .1124{ .09l7| .1168{ -.0k20| -.093
.80} .0862| .1163] .0293] .09501] -.0070| -.0687| .1232] .10%3]| .0753] .1099| -.0375{ -.0897
85| .0652] .1090} .0202| .0872| -.003%} ~-.0641] .1002| .0978| .0637} .1036| -.032%| ~.08%k
.90] .0622! 1025 .0173{ .0796{ .000T} -.0595| .0948} .0899] .05 L0976 | -.0269{ -.0811
.95] .0560| .0954| .0130{ .0723|{ .0039{ -.0550| .0854]| .0865| .0522| .091k| -.0221| -.0768
1.00] .0383] .0886| .o05L1| .0654| .006L| -.0503]| .0676| .0802{ .ok1s| .0851] -.0180( -.0T24
1.05] .0230] .081%1-.0006] .0589| -.0084} -.o462] .0539f .o7h9| .0332] .0792] -.01k3| -~.0682
1.10| .0101| .0732]|-.002k] .0526| .0109] -.0k20| .0kos5| .0670| .020L! .OT34| -.0L10{ -.0639
1.15) .01kl .0633]-.0052] .ok7l{ .0122| ~-.0379| .Ok21| .0618{ .0238} .06B80{ -.007h| -.0597
1.20|-.0015] .0529|-.0105| .ok1g| .0135{ ~-.03%0| .0266{ .0566| .0163}{ .0627! -.005k| -.0557
1.25{-.0139{ .ohiki-.o1ke| .0368]| .01u5]| ~.03%02| .0145| .0521.] .0100| .0577| -.0031] -.051T
1.30|-.0161] .0287|-.01k0| .0320] .015G6| -.0267} .0126| .ok73| .0073] .0328] -.00C8| ~.0480
1.35{-.0158{ .0157|-.0135| .0275{ .0163| -.0234| .0113] .ok23| .0052{ .OMEL{ .00L3| ~-.OWk
1.ko}~.0210f .0033{-.0153]| .0236| .0161} ~.0203| .00kL} .0382| .001r{ .0M38} .o027| -.0kO
1.45]-.0248}-.0073[-.0160] .0201| .0159| -.017h|-.0007{ .0346]-.0001{ .0391} .ook2| -.0376
1.50] -.0206]-.0159|-.001k1| .0167{ .0161} -.0148| .0031] .0317|-.0013] .0362] .0063| -.03h45
1.55{-.0152]-.0217{-.0120} .0137| .0161| -.022%] .0070| .0200{-.0012| .0328] .008L{ -.0715
1.60|-.0161]-.0239|-.0126| .0111| .0153{ -.0102{ .0029( .0266]-.0035| .02961 .0090| -.0287
1.65{ ~.0190|-.0223|-.013%| .0091| .o142} -.0082|-.0025| .0247|-.0056] .ca67] .0092| -.0261
1.70{-.0177{-.0182{-.0128} .0o7%| .o137] -.006k{-.0028] .0225|~.0061] .02h2{ .009L4| -.0236
1.75) -.0136]-.0128(-.0125| .0060] .0L3L1[ -.004T|-.00Lk} .0207]-.0062] .0221| .009%4| -.0212
1.80]-.0136]-.0066|-.0119| .oo48] .0123{ -.0032|-.0040| .0191]|-.0077{ .0201] .0088| -.0190
1.85|-.0153]-.0001]-.0221{ .0039| .0112{ -.0019{-.0083] .0178{-.0092| .01™5} .00€0| -.0L69
1.90| -.0129{ .0057}-.0109{ .0031| .0105] -.0007]-.0080] .0060]-.0092| .0170| .0073{ -.0150
1.95]-.0073] .0097|-.0091} .0023| .0100] .0cOk]-.004s5| .o1hkk]-.00f2]| .01%0{ .0073| -.0133
2.00|-.0037| .0116{-.0079| .0015| .009%]| .0013]|-.0035{ .0132}{-.0080{ .0L36] .00T3| -.0116
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TABLE T.- VALUES OF THE FUNCTIONS 15(q) AND k;(q) - Continued
o = 0.45, = -15° o= 0.45, = 0°
o/ |13(e) Jla(a) |1p(a) jka(a) | 23(a) | kg(a) [2a(a) [ky(a) [1a(a) |kz(a) | 23(a) | is(a)
o 1.5708{ ~~=nen [sracacfomcacafanacacamencaaa 1.5708{ 0 |-e-c-- 0O | ~meena- 0
.05|1.3232]0.0243 {0.1894 {0.0130{-0.0393|-0.0084 |1.3563 0 |0.1956f O |[-0.0802{ O
10{1.0722| .0248{ .2176( .0118{ -.04 -.0073{1.1086| o 22611 o -.0526| ©
A5] 7268 .0283] .1662) .0126] -.0k09] -.0068] .ThT79 0 1728 0 -,0432} o
.20} .h790] .0313] .119%| .01k5) -.03hk| -.0081} .4888} o 1256 o -.0366]| ©
25| 4161} .0313] .1206] .01uB} -.0386] -.0086} .ke75) o JAz56| 0 -.0k2k! o0
.30f 1350} .0286| .1371} .014O} -.0Lhg| -.0074| 4515 o] .1438 o} -.0501} ©
.35] .4003] .0258] .1345] .0133] -.0b4S5| -.0063| .lkikg 0 L2k 0 -.0k90 o]
Jo| 3228 .0243) .11 0135} -.040k| -.0063] .3327 V] b2k 0 -.0438( o
A5) .2712| 0231 .108%| .0137| -.0385] -.0068] .2816 o 1157 o -.0k21 0
50| .2323| .0206| .1048| .0133| -.0384| -.006L| .2665 0 1123 o] -.0lk7 0
55| .2233] .0181} .0939] .0122| -.0361} -.0055| .2383 o 21017 o} -.0k02 0
60| .A75L] 0367 .07TH} .011T7| -.0312] -.0051] .1833 o} 0851 0 -.0345 0
65| .1395] .0161) .0668| .0119| -.0280| -.0053] .1hklL o 0736 (0] -.0311| o©
.70y .1266| .0152| .0623] .0118| -.0268| -.0053] .1322 o) .06 o) -.0305 0
&5) J126] 01391 .056%) .0118] -.0248] -.00UB| .1196 o} L0620 0 -.0291 0
. .0918! .0133] .ok78| .0108| -.0219] ~.0045] .07k o} L0524 ) -.0260 0
8] .0758] .0133 .oke6| .0105| -.0198] -.o0k2| .0T99 o] .0l60 o} -.0233 o]
.90} .073%| .013%| .okr3}{ .0102]| -.0188] -.00u5{ .OTTS o] 0l3g o] -.022k 0
951 .ot0k| .0127] .03 0096 | -.01781 ~-.004k| .0738 (o) .0ko8 0 -.021% 0
1.00{ .0588| .0120] .0333| .0091L| -.0159| -.o0k0 ] .0602 0 .0353 0 -.0191 0
1.05] .o483| .0116| .0290] .0088| -.0141| -.0039] .oLk8Y4 0 .0307 0 -.0166 (o]
1.0} .o453] .o111{ .0272| .0084| -.0130] -.0038] .ok70 (o4 0289 0 -.0152 0
1.15] .ok19} .o0101| .o2kk| .007T| -.0119| -.0037| .Obkl o] .0262 o] -.0140 0
1.20] .0330] .0091| .0196} .0072] -.0103] -.0035| .0326 o) 0218 0 -.0122 0
1.25] .026] .0084] .0159| .0069] ~.0089| ~.0032| .021kj o© 0183 © -.0102! o
1.30f .0230| .0076| .0142| .0065| -.008L| ~.0030] .0206 0 0173 o} -.0092] ©
1.35) .0233 .0135] .0062| ~.0075| ~.00268] .0241| O 0163 o} -.00% o]
1.ko| .0195{ .0056] .0108] .005T| ~.0066| ~.0026| .0222 o] .013L o} -.007k ! 0
1.45] .0146| .00k9| .0090| .005k)} ~-.0056| ~.0023| .0182 0 L0117 o} -.0064k| O
1.50| .oi71| .ook&f .0091} .0050) -.0052| -.0021| .0197 0 L0116 o} -~.0059 o)
1.55f .0193] .o0kl| .009k| .00k6| -.00k9| -.0019| .0232 o] Ol1k o] -.0055 0
1.60f .o172{ .0038| .0076] .00LL| -.00kK1| -.001T| .0213 o} 0093 o} -.0046 | ©
1.65] .0133] .0035| .0058] .0036] -.003%k| -.0016} .0L65 o] . (o} - .0037 0
1.70} .0120]| .0036] .0052] .0032] -.0029) -.001k] .0LhE 0 .005k o} -.0030 0
1.75f .o12k] .0032| .ook8| .0028| -.0027) -.001k) .0155 0 .0048| o© -.0028] ©
1.80] .0105| .0025] .0037} .0024| -.0022| -.001k) .0133 0 .0023 o} -.0021| ©
1.85] .0068] .0020] .c024] .0020| -.0016| -.001k4] .00&9 0 00187 o -.001%| ©
1.90| .0065| .0017{ .0019] .0016| -.0015| -.0013| .0076 o] .0015 o} -.0012 [¢]
1.95| .oo17} .0011| .0023| .0013}| -.001k| -.00Lk| .0090 0 .0022 0 -.0012| o©
2.00] .0077| .0003| .0019| .0010] -.0012| -.0013] .008 0 .0025 0 -.0010 o]

NATIONAL ADVISORY
COMMITTER FOR AFROFAUTICS



http://www.abbottaerospace.com/technical-library

NATIONAL ATWISORY

TOMMITTEE FOR AERONAUTICS

0 NACA TN No. 1265
TABLE I.- VALUES OF THE FUNCTIONS 1,(q) AND Xk,(q) - Concluded
0= 0-90, ’4{- '150 o = 0.90, 1’]- o°
a/x |15(0) |ky(a) [2x(a) Jky(a) | 15(a) |i5(a) {23(a) [knla) | 2a(a) |ka(a) | 23(a) |k3(a)
0 0 0.0683[0 0.08671{ 0 -0.0691{0 0o 0 0 0
.05(1.6383| .0878] .2574 .0883| -.0317( -.075L|L.6663 0 2672 o] -.0L460 o]
10(1.4343] 0863 .3161| .0915} -.0486 | -.0736|L.4620 0 .3286 o} - &1 o}
A5(1.0071| .0927| .2575] .0905] -.0799.] -.0728]1.018 0 .2686 o} -.0 0
.20( .685k| .1o42| .2091| .0905] -.0912!| -.0725| 6872 O 2204 O -.094% | ©
25| .6183] .1069| .22T72| .0902] -.08571 -.0T21] .6270 0 2434 o} -.1038 0
.30| 661k .1022] .2636| 087} -.098 | -.0717| .6802 o] 2847 o} ~.1106 o]
35| .6229) .0876| .2622; .0932| -.1010} ~.0T1l| .6425 0 2746 0 -.1202 o}
Lol .5189) .0862| .2355( 0883} -.1076 | -.0TOL] .5300 o] 25913 0 -a211{ ©
45| kBT .0866) L2210 .087T7| -.1066 | ~.0694} .4563 o] 2563 o} -.1209 o
50| .hig7| -08631 .2080| .0863| -.1023 | -.0683] .4k300 0 2479 0 -.1195 [0}
55| .3716] .0832) .203k] 08451 -.0990 | -.067L} .3839] © .2321} © -167| ©
60| .2979| 07871 1772} .082L[ -.0953| -.0658| .3106 (o} .2059 o] -.1128 0
65) .2h53) .07h6| .1576| .080k| -.0906 | -.0646] .2585 o) 1866 © -.1108) o
70| .2202} .o707! .1484] 0783} -.08k6 | -.0629] .2380 0 1761 (o} -.1037 s}
751 .198%| .066k| .1367] .0758( -.0792| -.063%| .2132 o} .1662 (o} -.0991 0
Bof .1632] .0623( .1206] .0728] -.0753 | -.0598] .1771 ° .1488F o -.0950 o]
.85 .1408] .0587 .1092]| .0 -.0708 | -.0581} .1523 0 1362 0 -.0907 ]| ©
.90} .1353| .0552( .10k5{ .0669 | -.0657 | -.05651 .1hg2 o .1307 o} -.0866 0
951 .1280] .0517] .0978{ .06kl | -.0611 | -.05L8] .1k21| o d229) © -.0826] 0
1.00| .1069| .0i8:| .0B70| .0611| -.0572| -.0531{ .1201] © 101} o | -.0t8:§ O
1.05} .0890] .0k55| .078L| .0579| -.0531 | -.0503] .1012] o© 0993 o | -0k | ©
1.10| .0836] .ok22{ .07%6] .0551| -.04B6 | -.0kok} .0959] O .0931f © | --0699| ©
1.15| .0760( .0387| .0673] .0522| -.0uk6 ¢ -.0u76) 0855 o 082| o -.0653| 0
1.20| .0592| .0382} .0588] .ough| -.0815} -.057| .o115] © .07 o | -.0633| O
1.25| .ouk&{ .0325{ .0512{ .0466| -.038L | -.0437{ .0568] o 0651 o | -.0567| ©
1.30| .0k13{ 02971 .0478| .04391 -.0346 | -.0418] .05k2 o} 0596 o] -.0526 o]
1.35] .0b05| .0270| .okb7] .0B13( ~.0317 [ -.0398{ .0538} © 0546 0 -.0488 | ©
1.k0| .03 .0248] .0397| .0387] -.0295 | -.0378] .oké6 0 .0h76 0 -.0450 0
1.45) .0269| .0229; .0358| .0360| -.027h | -.0358| .0k08] o Oh15 0 -.0815 1 0
1.50} .0295| .0213}! .0349! .0337| -.02k9 | ~.0338} .0k3g| © .03871 O -.03 0
1.55( .0332] .0196( .0339] .0315] -.0225 | -.0318] .0481| o© .0360 0 -.0335| ©
1.60| .0290| .0188| .030%| .0257| -.0209 { -.0299 | .Okk1 o] L0311 0 -.0327 0
1.65] .0224¢ .0180} .0268] .0270} -.0296 | -.0281| .0373 ) 0263 0 -.0302 0
1.70{ .0204| .0172} .o2kg| .o243| -.01L80 [ -.0262| .035k 0 .0235 o} -.0277 0
1.75| .0207| .0163| .0232] .0229] ~.0161 | -.02kk{ .0356| O 021k © -02581 0
1.8/ .0166{ .0155| .o201| .0212{ -.0146 | -.0226| .0308| © .018| o -.0237 | ©
1.%5]) .010k] .0151] .0188| .0193| -.0133 | -.0210! .0262 o} .0151 0 -.0219 o
1.90| .0090| .014h| .0152{ .0176{ -.0119 | ~.0293| .0217{ O 0139 0 -.0202 | ©
1.95| .0098| .0134| .0246] .0151] -.0101 | -.0177| .0228 o} 0139 0 -.0188) o
2.00| .oooh{ .0128] .0131| .0L4E| -.0087 | ~.0162] .0212 0 L 0125 o} -.0173 0
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PAECE IT.- VARG GF TR TONCTIOSS —————— JFOR VARTOUS VALIES o AMD g
g7, (19)
Ja(1pa) Ta{1pg) Tq(1m)
1pa¥y '{10) 1007,"(1q) qu,:?"(iq)

1] 0.2 0.5 0.7 ; 0.9 0 0.8 0.5 0.7 0.9 0 0.2 3} 0.9
1.000 1.000 1.000 | 1.000 1.000 0 0.100 0.250 o.% 0.8 [ 0.013 0.083 20
2R Bl AIB| ] B R B 8|3 BB B
% g a g 0%3 0 096 . -} ) k0 0 013 .ofg ﬂ

g . . 003 0 L9L 2% -333 :ga 0 013 080 .
B .b 2y , o o2 229 = . 8 013 o79 \BAL
38 E:: fr I v [} 220 . 13 [ 019 JOT7 oY)
L0 Ao 1 et 55 (1] % L1 .30 ho o 012 075 a5k
£01 o8 £33 £63 . 0 202 V29, 390 0 L1 073 m
.237 3 TR 606 ] .g; oL 279 E 0 011 070 k
WY B ] i L] 553 605 0 . Al B . 0 o1 068 239
o1 L Xe A6k .0 .06k . 250 5 1] 010 063 233
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A08 153 23k 28 1361 [} 039 ful] . ]R 257 [} 007 103 196
8L WAL ~anh 25 +338 [} 035 JA01 . .:za 0 006 OhS B
ks 51 - a8 2% 5 [\] 038 .15 E 0 ,006 O3 K al
a3 130 156 a5 295 [} 02 1t ] o 006 0lo 77
v ‘. 48 Bt 277 [ 026 078 k1Y ] 1] 003 037 .0 TR
% % 132 Al (261, o o3 ﬁ K173 22 a 05 033 Oa 11g
K 0 118 A5 296 [} Ll 26 208 o 00k 032 o716 20
O70 106 2L g ! [ 019 ) 109 21 [} 0% 030 '.oogg .
060 f@ zg: 138 48 0 Q17 035 T A | 0 00k 028 '
el EloEN S M| @ BB S| || =) R
QL% ﬂg .ilog ..Lg o .01 J 0 003 i 13!
01 Oh3 o . B! [} e :glﬁ ..g% L g ﬁ% .ga;]e. t&a oL
0 w ol s] 01 . fl + .
029 .o§'§ %% % .1;'? e 010 0T o2 .:1.28 [} 002 019 ip1 ﬁ
23 098 ‘ 083 -150 0 032 067 aka 0 4002 ) 120
-] 025 3:? £78 .i.& [ .'ggg 009 06 139 [} 002 QLT OMS 115
019 oL 050 o7 . [} 007 026 088 230 o .00g ﬁ]’i .M:?. ) ﬁ
05 |- .09 03 067 Ll [y 005 Orh ] 15 ] 00 ) 108
01k 016 £L3e 062 32 ] 003 02 o B0 1] 001 013 .336 1o
019 L1k 029 38 Al 0 .g O o8 :]]i.g [\] 00l E 'Olh poos
010 10 096 33 4120 [} . .018 (Ol 0 0L 011 @ o
.ﬁ 0L Fo-3 ﬁg 115 [ 00k 017 Ol 106 0 O0L 010 .'Dn
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Iu(i0q) '
TABLE III.- VALUES OF THE FUNCTIONS F, = -m—%“—%/; TpT‘;_"(i—q)' dq [ @u(B) cos g(p - &) dp
. n -0

FOR VARIOUS VALUES OF p, &, o, A¥D ¥

[Fm(c, ¥, 5, p) = ~Fy(o, ¥, -&, n)]

. 0= 0-’45 —
e ¥ - b5 ¥ = 30° U = 15° V-0
Fy F, Ty F, Fp Ty m T, rq L% £ ry
Pw0 _
-0.9}0.6738 [+) o 0.7678 0 0 0.5832 [+ 0 0.2511 0 0
c-.61 .5591 0 0 6266 0 o] 462 0 o] 4187 0 ¢]
B N 1 1 o) o} Lo11 0 o) 3483 o] 0 2973 0 0
L =21 .312k 0 0 2653 0 0 .2107 (s} (o} 1547 ° o
0 .15%6 [0} 0 1116 0 0 0582 o} 0 o 0 0
.2+ ~.0107 0 0 - .0hg3 0 0 -.09% 0 0 ~.1547 0 0
A -a7sh 0 0 - 0 0 -.2k57 0 0 -.2973 0 0
6] -.3253 o] o] -.34h9 0 o] -.3745 0 0 -.1187 o] 0
o 9| -.%072 0 0 -.5083 o} o { -.8197 0 o} -.5511 o} o
p=0.2 _
-0.9{0.67631 0.0418| 0.0019| 0.6341| 0.044L| 0.0023] 0.5912 | 0.0453| 0.0025| 0.5547{ 0.0kk2] 0.0029
-.6] .5537] .0396| .0031] .5155] .0398} .0028] .65 0h39 0 h2o2| .0353
- Lh513) L0346 I B R o B .3508| .0336 0 3002| .0 0011
B I I B 3390] .0303 0 | =mmeem | =-- ren| cocean] cceea | mamcne] cmocna
-2 3149 | L0267 0 | =rmume| comeen| e 2128 .o221 0 564 .0149 0
| —meren | mrmmne | cmmeae Jdo17] L0185 0 B Ll T B B m| memee | mommee
o] A57L1 L0167 0 1127| .0126 o] 0587 | .0082 0 0 o 0
b e I T el REEE TP 0316 .0062 0 | =emmmm | cmomme - - “ | mme—-
21}-.0113{ .0033 0 | memmaef mowcme] —emnme ~.0991 | - .006k ¢ | -.156k] -.01k0 o
3| memmm f e | e -.1306| -.0077 L I B el et kel R B
A -a779 | -.0069 o J [RFRN JY [ — -.2491 | ~.0207 0o | -.3002{-.028} -.0011
6|-.3199 | -.0170{ -.0031 ] -.3482] -.0234]| -.0028] -.3780 | -.033% 0 -.bez2t -.0353 0
r .9 {-.5110 | -.0280| -.0019 | -.5166 | -.0354| -.0023| -.5268 | -.0k03 | -.0025 | -.5547 | -.0kk2 | -.0029
-y
-.7
-6
-5
-
~-.3
-.2
-1
0
.1
.2
s
A4
5
.6
7
9
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TABLE ITI.- VALUES OF THE FUNCTIONS F, - Continued

33

¢ = 0.9
¥ w450 v = 30° ¥ - 15° ¥ 0°
£
By Fp Fy Y ¥, Fy L Ty Fy T T Fy
p=O
-0.9 | 0.6128 0 0 0.5271 0 0 0.4659 0 0 0.ko76 o} [0}
~-.61 .5646 o] 0 L4725 0 0 3957 0 Q 3157 o] 0
-~k 5019 0 0 .40g0 0 o .3206 0 0 2267 o o]
-.2] ke V] 0 321k 0 0 2208 0 0 1162 (o} 0
0 .3008 0 0 .2117 0 o .1078 0 o} 0 0 0
.21 .1697 0 0 .088% 0 o | -.01k6 0 0 -.1162 0 o}
.h | 0270 0 0 -.0k03 L} 0 -.13k0 0 0 | -.2267 0 (o}
61-.1133 0 ) -.1620 0 0 -.2397 s} o |-.3157 0 0
.9 | ~.2970 0 o} -.3110 0 0 -.35%9 0 0 -.ho76 0 0
p=0.2
-0.9 | 0.6186 | 0.059k | 0.0068] 0.5325 | 0.0567 | 0.007L | 0.1710 | 0.0507 | 0.006k4 o.lu.gg 0.0451 | 0.0036
-6 56761 .0677| .0105| .4756| 06521 .0112] .39881 .osh2| .0087{ .31 okl2 | .ookR
-4 5057 | .0TAT| .0086 .3268| .051T§ .00TL| .2291 ] .0319 ] .00LO
-3~ 3708] .0661| .0092 -
-.2] K69 .0702] .0090} ===-==| cmcmmm | mmmaaa 2250 .o428] .0062( .1178| .o176| .0020
-]~ 2708 | .0622} .0089[ w--mem | wmmmem -
o] .3033 0536 .0090{ .2139] .0532} .co9l} .1088| .028¢| .0051 0 o 0
I I R R 1520 | .ok32{ .0089 el Boeae RS
21 1705} .0514 | .0090 | ~=--=v| -=ceun ~—-e-e i -.0154 | .0113| .0031{-.1178 |-.0176 | -.0020
N e el ———— 023k 02f6| .0067] - ccomma | comcea | aaen — } -
A4} 0270 039 L0064 --m-=c | cmonns =eeon | -.1395 | -.006L} .0005 | -.2291 | -.0319 | - .00LO
H4-.1150 | -.0159]| .0071L| -.16Lk4| .0008| .0060] -.2426 | -.0211| .0007 | -.2188]-.0k12 |-.00k8
.9 j-.208k|-.0079| .c02k|-.3177}-.0200} .0020{-.36kg | -.0328] -.0030 | -.4136 | -.0451 | -.0016
p=05 :
~0.9 | 9.6278 | 0.1482 | 0.0314 | 6.5409 | 0.1416 | 0.033Y4 | —~~-mn | mmvemc | mommoc Jommcoe f cmee faemoae
-7 60901 . .0ko2 - o el I e e T L L L
=B e [ mmmmem e Q1o L1656 0bol ] 0.4152]0.1395 [ 0.083L | m=amer fcmeme | amaaes
-5 05721 cmmmem | meeeee 0.2919 |0.099% }-0.0917
R e Rl i 2Pk | 1727 ] 0603 | -o—m | mmemme | omemee P e | meee | s
S e e R - 201k | azma| .ol | --~--- ——— | —————
-, ——— 23 1654 | L0631 | meeeme | momeee --————| .1283 | .0k78} .0169
A N e el el R A755 ] 09TL] 0420 | —----- el e
0632 .22h7 1hok 06261 .11b7 0767 | 0435 0 o 0
e D mamm | mmeem b 0867 0534 0284 | —ceeee e Bt
—emmem ! 0919 .0977| 050k | mmeome | cmeemm | comeee -.1283 | - .0l78 | - 0169
------ cmmmem | cmemne | e 1 -.0034 | 0036 L0100} ~mm-m- | mmmmem | mmemee
- -.0661 .obT0| 0328 ---mee | momeme | emmmmn [ emes — | -me-- s
037k | ~-=re- eed Rrnetl Raivunrd Rl Rt -.2919 | -.099% | -.0317
--mm~~ ) 1787 -.0022{ .0220} -.2576 | -.0586 | -.0125 -
Q15h | mmmeme | mmmeae | e PSS (NI R [E—. SONSIEPEN, (S
00731 -.2717 | -.0583 § - .00Tk - el el et
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TABLE III.- VALUES OF THE FUNCTIONS F, - Continued
C= 0.)4-5
¥ = 450 ¥ = 30° Y= 15° ¥ = 0°
3
Fy F, Fy r, F, Fy P, F, Py Fy F, Fy
p=0.7
-0.9(0.7115{0.249310.0314 [0 .6659] 0.1576 [0 .0305| ~=====|======|=m=me=| mcmmefommannammnnn
I B T T B e e i bl bt Rt td L L BT L L R L
I R R R R EEEEEE 5576| .1519| .0434]|0.5061[0.1583|0. 0488 —r-cuulmnann]manan
-.51 5537 1417 .0333|--=--=|=c-wws|mmmmmn] oo [ e e e 0.4038{0.1322{0.0k11
o] R L e R e L4l7l 01350) LOUOS| =emmmelmmmmas | ummma e ere e o m e e s
O] L e e e B e Rttt 3179| .1143) .0377|------}--=m-cjomnem-
Y- ) R EE L .2977| -1008| .0318[------j--anunfovnann 1769| .0618| .020k4
S R D P Rt L] EEET T Y R 1539 .0637| .02Lhf---cnnjemcmnn|amane-
o | .17u1| .0663} .0189| .1252] .0531| .0198| .0653| .0334| .0127] O 0 0
N e R R e Rl Retantutl ERn -.0246{ .0030| .0035|=--=-==|===s==}jo-m-m-
= T R -.0585(-.0033] .0046|-==mnn]|mcmanfouaun- -.1769} - .0618} - .0204
o R R Rl S e el bd Sl -.1997 |~ .0577| - .0156] - ====-| ===~ e
N il el Rttt -.2343}-.0580 [~ .0108] ~---==]mmmemu|ommma mmmmao]| meamee o
51~ .0866{ - .0487| ~.0075[-===mm|=mmmmu|mmcmaefmcancn | cmmean [eomaan -.4038) - .1322¢ - .0k11
N R R et LD LD -.3872| ~.1016]-.0218} - .4159| - .1252 | - .032T | ======| mom=mmimommnn
STH- 8371 - 0855 - .0151 e mmmnm] mmmmmm feamcma [ mmeme s e [ me e [ e e e s
9 ]-.5537] - .1097] - 0207}~ .5540| - .1350 | ~ .0308} ~=eemu|comonnfccmnc] e cemeen e
p= 0.9
-—-....—I.‘.- e - - P —— =
R R R B R Rl Rty 0.5859[0.2225{0.0835{ ~~=nmn| =mm=mn|mmmmnn
N Y E T B Bt 0.5905{0.204R10.0739)~==-==|~mmmmm|cemm] mmmm e e e -
T 3 T e B el it ol ittt Etid Eattd EEEet] LTS 0.4367/0.1853/0.0736
-.4lo.5273]0.1712]0.0549] L778] .198| .0734| .he2h| .1286] .07%0|--mmmnfmemmonfommoa
-] B B Bttt 3231} .1kho| .0600] .2613f .1295| .0571| .1951f .0898| .0387
o | .1889) .0930] .0339| .1363| .0770| .0364f .071l] .0uBS| .o2k2 0 e} 0
] B R L e -.06kg|-.0069| .0062{-.1270{~.0b21|~.0138]-.1951}-.0%8]-.03°7
U )-.2206] - .0431) - .0069] - 2581} -.0852] - .0216] - . 3064 | - .1210| ~ .Obbl ) wmmomc o mmmmm e
Y B g Bty EEET T PR Ty EE T Pt R R -.4367]-.1853]-.0756
- S B s P 7.y B 3173 Y o 1 e B Bl B el B
R e it kbt ELE Ll B bt ] ity -.5082]-.1939| = 0679} - === ======|=====-
— —— — ]
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TABLE III.- VALUES OF THE FUNTIONS Fp, - Comcluied
¢ = 0.9
¥ = b5° ¥ = 30° ¥ = 15° 4 = O°
k3
Fy Fo Fy Py Fp Fq ¥ Fp Fy Fy Fp Fs
p= 0.7
-0.9}0.64%24]0.2110|0.0635|0.5547{0.2017]0.0652] -~-—-~ | ~===== |cemecce]sarmnc | mecncn | ~omemn
-7} .62u0] .2360] .0798f--mmec|omacen|cmmean e e femmmee fm e e oo
) R R ] EEEL e .5092| .2367| .0962[0.4339]0.2242|0.0870 |-~==c=|mmcmmnfmanaa
.51 5784 .2561] .0990|~=-==c]em=men|-mecacfaccac|amacan jamane- 0.3112{0.1510 [0.0682
RSN CE R RS R T L8861 .2507] 1192]-emeecjrenarn [ermcac |ormncn]emncea frnana-
] e B e R Rt R o .3105) .1911} .1018f-v-~=-]mcmeacjoosons
R R EEEEEEY PR .3589| .ek35] .1339)-----=}emooacfomoaan 1390| .oth2} .0376
s N R B B ) R et RO A906] k75| .089Bfecmman]ecacan jacann-
0 3334] .2h36] .1304] .238¢] .2089) .1307] .1224| .1154] .076%: o] o] o]
R T Rttt R ] Reatlaitd Lkl 0512} .0785| .0588)--mc-rlacacen|aemmam
7Y [ESUNRENS PR PR .096k| .1463] .1050|--=--|--ccac|omam- -.1390|~.0742|-.0376
o R R e R sl Rl Esend Rty -.0919| .0008| .0185]-----~{~=me=m|-m=n
R e Ed e EE s -.0534] .0662] .0643)~cmccr]amaccaloncmac]icemnn]emnaan foeame-
5{-.0588] .0011| .070U|---mc-lommmmafecec el mm e e e -.3112}-.1510|-.0682
] Rl St Rt -.1926|-.0117{ .0213{~.2745{-.07T17{-.0306]---~-=|===mm=|-=m==
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