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Page 6, equation (6) should read as follows: 

a0 r = ~ X Elastic buckling stress for actual. value o( ~f 
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NATIONAL .ADVISORY COMMITI'EE FOR AERONAUTICS 

TECHNICAL NOTE NO. 1822 

EL..<\STIC .AND PLASTIC BUCKLING OF SlMPLY SUPPORTED 

MErALITE TYPE SANDWICH PLATES m CCMPBESSION 

By Paul Seide and Elbridge z. Stowell 

SUMMARY 

A solution is presented for the problem of the compressive buckling 
of simply supported,. flat, rectangular, Metalite type sandwich plates 
stressed either in the elastic range or in the plastic range. Charts 
for the analysis of' long sandwich plates are presented for plates having 
face materials of' 24s-T3 aluminum. alloy, 758-T6 Alclad aluminum. alloy, 
and stainless steel . 

A comparison of computed and. e:x:Perimental buckling stresses of 
square Metalite sandwich plates indicates fair agreement between theory 
and. experiment . 

INmODUCTION 

The necessary condition that the wing surfaces of modern high-speed 
aircraft remain smooth under high loads has led to the use of' the sand­
wich plate as a substitute for sheet-stringer construction. Sandwich 
plates consist of two thin sheets of metal separated by a low-density, 
low-stiffness core which, though contributing little to the strength of 
the plate, serves to increase tremendously the flexural stiffness of the 
load-carrying faces. The increase in flexural stiffness is somewhat 
offset, however, by deflections due to shear which became appreciable 
because of the low stiffness of the core. 

Several papers which extend ordinary plate theory to take deflections 
due to shear into account have appeared recently in this country. The 
extension is made approxilna.tely in reference 1 by. means of the assumption 
that any line in the core that is initially straight and normal to the 
middle surface of the core will remain straight after deformation but will 
deviate from the normal to the deformed middle surface by an amount that 
is proportional to the slope of the plate surface, the proportionality factor 
being the same throughout the plate. The theory is used to obtain approxi­
mate criterions for the compressive buckling of plates with various 
edge-support conditions. The criterions are corrected for the effects of' 
plasticity by replacing the Young's modulus of the face material every­
where it appears in the buckling formulas by a reduced modulus, 



2 NACA TN No. 1822 

this method of correction being partly- justified by the consideration of' 
its theoretical eff'ectiveness in connection with the plastic buckling of 
simply supported sandwich columns. Reference 2 presents a SIDB.ll-deflect-ion 
theory for elast~c bending and buckling of arthotropic sandwich platea which 
considers shear deformations in a more refined manner. Reference 3 presents 
a large-deflect-ion analysis of elastic isotropic sand..wich plates and 
reduces the equations to small-deflection far.m to solve the problem of tte 
compressive buckling of simply supported sandwich plates. The theories of 
references 2 and 3 can be shown to reduce to that of reference l in the 
case of the problem of the compressive buckling of simply supported pla~s. 

In the present paper the theory of reference 2 is applied to the 
problem of the compressive buckling of s:llll.ply supported Metalite type sand­
wich plates. The particular sandwich considered is one for which face­
parallel stresses in the core may be neglected so that all the applied 
load is carried by the faces. Furthermore, the faces are assumed to be 
very thin compared with the core. The stability criterion obtained is 
s:llll.ilar to those given in references 1 and 3. The theory is also extended 
to the plastic range in much the same manner as was done in reference 4 
for solid platea and is used to determine the-plastic compressive buckling 
stress of s:llll.ply supported Metalite type sandwich plates. Charts for the 
analysis of long sandwich plates stressed in the elastic range or in the 
plastic range are presen,ted for plates having face materials of 
24S-T3 aluminum alloy, 75S-T6. Alclad al~num alloy, and stainless steel. 

The theory is checked by a comparison of computed and exper:illlental 
results for square sandwich plates with 248-T Alclad aluminum-alloy 
faces and end-grain balsa cores. The experimental results were obtained. 
from. reference 5. Fair agreement---is :f'o1md. between theory and experiment. 
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SYMBOLS 

coordinate axes (fig. 1) 

Young's modulus for face matrerial 

secant-modulus for face material 

tangent-modulus :for face material 

Poisson's ratio for face material 

shear modulus of-core material 
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n 

B 

a 

b 

r:rcr 

k 

k' 

~l 

k' pl 

r 

S 

m 

face thickness 

core thickness 

flexural. stiffness ~er unit wiath of sandwich berun 

~ftf(hc2 + tf)? 

~late length 

plate width 

~late aspect ratio (a/b) 

buckl.ing stress 

l 
elastic-buckl.ing-etress coefficient based u~on ~f = 2 

plasti~uckling-etress coefficient 

l plastic-buckling-stress coeffic.ient based upon ~f· = 2 

(3 b
2

r:rcrtf\ 

\~ ~- J 
core shear-stiffness parameter for sandwich ~late ( ~D ) 

b chc 

core shear-etlif'ness ~ram.eter for sandwich col.umn ( ~ ~ 
\b chc} 

number of half-waves in buckled plate deflection surface 
in direction of loading 
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RESULTS .AND DISCUSSION 

Compressive buckling for.mulas for simply supported flat rectangular 
Metalite type sandwich plates are derived in the appendixes for buckling 
in either-the elastic range or in the plastic range. The equation for 
compressive buckling in the elast-ic range is obtained in appendix A by 
use of the theory developed in reference 2. The theory is m.od.if'ied in 
appendix B to obtain the equation for can.pressive buckling in the plasti.c 
range. 

E.last·ic range.- For finite plates the buckling-stress coef'ficient 
is given by equation (A7) of appendix A as follows: 

(1) 

Consecutive integr-al values of' m are substituted into equation (1) until 
a minimum value of the buckling coef'ficient is obtained for given values 
of 13 and r. For inf'inite plates the coefficient reduces to 

and 

4 
k =----

(1 + r) 2 

1 
ka­r 

{r ~ 1) (2) 

(r ~ 1} {3) 

When the core shear stiff'ness is inf'inite- (r = O)., equat1ona..- (1) and (2) 
reduce to the well-known buckling criterions for isotropic plates with 
deflections due to shear neglected. 

Equa~ions (1) :to (3) are presented graphically in figures 2 and 3· 
Figure 2 shows t~t-the effect of f'inite core shear stiffness is not only 
to decrease the buckling stress but also to increase the number of half­
waves in the buckled plata. If the core shear-;:st-i:f'fness parameter is 
equal to or fOB' sa tban 1. 0, the wave length of buckle 'tlecan.es in:fini tely 
small, in which case the restraint ·to buckling of'f'ered by the side 
supports has no effect. The buckling-;:stress coefficient is then inde­
pendent of' the plat~aspect ratio 13 and is determined by the shear 
strength of _the core. 

Elastic range.-When the buckling stress is in t4e plastic range the 
buckli~ coefficients are given by the appropriat~one of' equations (BlO) 
to (Bl3) of' appendix B. Since the buckling coefficient is given by these 
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eq_uations as a function of the buckling stress, a graphica~ method must 
be used to analyze a given p~te. The buckling coefficient given by 
eq_uations (BlO) to (Bl3) is defined as 

(4) 

5 

Eq_uation (4) can be rearranged to give 

~ 3 acr 
-=--- (5) 

2 2 1 

b tf' k pl 

so that is now given in ter.ms of the buckling stress, the shear-

~ 
---, and the plate aspect ratio 
b.%chc 

stiffness parameter all of' which 

are contained in k' pl" For a given value of' 13, 

buckling stress can be plotted for various va~ues of the shear-stiffness 

parameter i2H Then for a given plate i2B and n2B are defined 
b2Gchc b2tf b~chc 

by the p~te dimensions and material properties and the buckling stress 
may then be obtained from the appropriate curve. 

Since eq_uations (BlO) to (Bl3) are valid only for p~tes with a 
Poisson's ratio of l/2, the buckling stresses computed by the foregoing 
method from those eq_uationa are in error fer plates having other Poisson' a 
ratios and must be corrected. The correction process used in the present 
paper is the following: For a given p~te the plastic buckling stress 
baaed on a Poisson's ratio of l/2 is computed by the foregoing method. 
The buckling stress for a perfectly e~atic plate is a~so computed by using 
the appropriate one of eq_uationa (Bl4) to (Bl6) which are also based upon 
a Poisson's ratio of l/2. It is assumed that for given values 
of n2B and ~B 

b2tf b~chc 
the ratio of the plastic and elastic stresses is 

independent of_ Poisson's ratio. Then for any other value of Poisson's 
ratio the corrected buckling stress is given by 
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acr = ~ X Elastic buckling stress for actual value of ~f 

1(~ k 
=~-·----

2 2 
,.'2.b tf l - ~f 

where ~ is the ratio of the :plastic and elasti.c buckling stresses 

( 6) 

computed on the basis of 
to (3) as 

l 
J.!f "" 2 and k is deter.mined from equations (1) 

k = 
(W + ~2 

(7) 

for finite plates and 

(8) 

(9) 

:f"or infinitely long plates. 

1f.2B 
Curves of' b2t __ against-the corrected buckling stress for various 

n2B f 
values of 2 may now be drawn. Different set-s of curves are obtained 

b Gchc 
for different values of J.!f• 

Charts for the analysis· of' infinitely long sandwich plates were 
constructed by the foregoing method for face materials of 24s-T3 aluminum 
alloy, 7~6 Alclad aluminum alloy, and stainless steel and ar~ :present~d 
as figures 4, 6, and 8, respectively. ~n each case ~f was taken 

as l/3. These charta are based upon tn>ical face-material stress-strain 
curves which are presented as figures 5(a), 7(a), and 9(a). Since the 
eq_u.ationa usecl clo not cle:pencl on the stress-strain curve itself but upon 
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its shape as given by the curves of Es/Ef and Eor/Ef as functions 
of stress (figs. 5(b), 7(b), and 9(b)), Metalite type sandwich plates 
having faces of any .material for which curves of Es/Ef and Et/Ef against 
stress are similar to those of figures 5(b), 7(b), or 9(b) may be analyzed 
by means of the correspond.ing chart. 

The charts of figures 4, 6, and 8 for infinitely long sandwich 
plates may be used with little error for finite plates whose aspect ratio 
is greater tban 3. An extension of the curves of figure 2 would indicate 
that in this range of aspect ratio the buckling coefficient is essentially 
given by that for the infinitely long plate, especially 1f the core shear 
stiffness is low. 

Comparison of theory and exper:Illl.ent .- An exper:1mental check of the 

equations derived in this present paper for the compressive buckling of 
simply supported Metalite type sandwich plates was obtained by a campariaon 
of computed and. experimental buckling stresses of square plates having 
248-T Alclad aluminum-alloy faces and end-grain-balsa cores of various 
thicknesses (fig. 10). The ex.per:ilnental results were obtained from 
reference 5· 

The computations involved in the determination of the theoretical 
stresses were shortened by using the typical stress-strain curve of 
figure 5 for 24S-T3 aluminum alloy instead of the stress-strain curves 
presented in reference 5 for 248-T Alclad aluminum-alloy sheet of various 
thicknesses. The stress-strain curve used. is approxl:mately the average 
of the actual stress-strain curves. 

As indicated by figure 10 the agreement between computed and exper­
imental stresses is fair, the computed. stresses being on the average 
8 percent higher than the experimental stresses. In individual cases, 
however, the d.eviation is as high as 25 percent on the uncanservative 
side. An investigation of the experimental data reveals that same of this 
deviation can be traced. to a scattering of the experimental buckling 
stresses for plates having essentially the same dimensions. Same error 
too is involved. in the computation of the buckling stresses with the 
use of an average stress-strain curve for the face material. 

The theoretical buckling stresses obtained by using the results 
of the present paper agree reasonably well with the theoretical results 
obtained in reference 5 by using the stability equation of reference l. 
Differences in these theoretical results arise mainly because the 
flexural stiffnesses used. in the present paper are theoretical while 
those used in reference 5 were obtained experimentally. 

Langley Aeronautical Laboratory 
National Advisory Committee for Aeronautics 

Langley Air Force Base, Va., December 29, 1948 
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APPENDIX A 

DERIVATION OF COMPRESSIVE BUCKLING EQUATION FOR 

SIMPLY SUPPORTED MErALITE TYPE SANDWICH 

PLATES STRESSED IN THE ELASTIC RANGE 

The compressive buckling criterion for simply supported Metalite type 
sandwich plates (fig. l) stressed in the elastic range may be derived 
by means of equations (5a) t-o (6c) of reference 2. In the equat-ions seven 
physical constants of sandwich plates (two Poisson's ratios, two flexural 
stiffnesses, a ·twisting s~fness, and two shear stif£nesses) must be 
specified. In order to deter.mine the physical constants, the following 
assumptions are made in the present :paper: 

l. The faces and core are isotropic. 

2. Face-parallel stresses in the core may be neglected so that the 
applied loads are carried onlY by the faces. 

3· Vertical shear forces are carried only by the core and are 
distributed unifor.mly across the thickness of the core. 

4. The faces are assumed to be very thin cc:a:o.pared t-o- the core so 
that-· the variation of face-parallel stresses across the thickness of the 
faces may be neglected. 

Under these assumptions the physical constants of Metalit-e type 
sandwich plates are 

(Al) 

DQ =DQ =Gh 
X y C C 

Equations (5a) to (6c) of-reference 2 may ~hen be writt-en as 

(A2a) 
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(A2b) 

(A2c) 

(A2d) 

Qx=-~+2Mx 
dy ox 

(A2e) 

2M 2M 
Qy=-~+..J... oy oy 

(A2f) 

where Mx, My, Mxy are the bendiDg and twisting manents, ~' Qy are 
the shear forces, and w is the middle-SUrface deflection at the 
point (x,y) in the sandwich plate. ·Equations (A2) constitute the six 
fundamental differential equations for elastic buckl.ing of Metalite tYI>e 
sandwich plates. 

An equation in ter.ms of the mdddle-aurface deflection w alone can 
be obtained. Substitution of the expressions for Mx, My, and Mxy given 
in equations (A2a) to (A2c) into equation (A2d) yields 

But, from equations (A2d) to (A2f), 

(A4) 

Hence equation (A3) reduces to 

'V 4w + ( l __ D_'V 2\ 20'crtf ?F-w = 0 
~ Gchc ) D ox.2 

(A-5) 

Equation (A5) is identical with equation (71) of reference 3 for a plate 
under compression in one direction. 



(:->SA) 
(A6) 

(eSA) (A7) 

T~~;x~lue of m to be used iM6e[~t~-(~7~i~s that which yields the 
lowest value of k f'or gi venv,~lueftGOf' r and. J3 • _ 

and 

(fA) 0 w45 . ,-_ ("yp5 - :x$) s cr -.u rr -j3 C.' •• . '1_ .. : l;)v.::. - / + --~ 7--- + V'V u-

--~f.() " "0 Xb ~...., m '· - ~ ") v 
r ~ 1 (A9) 

k = 1 . ( 'tS .) ~.t (_.tSA)-·'enolJaupe mo'l1 • J.uff 
r 

The buckling coefficient giv~ by e~uati~ (A9)_.corresponds to failure 
of(-tfliJ core material under f:h€h:~q~t,QD.."o:f~~'J:u~ cd£e shear forces. 

··:•b vb xh -

Equations (A7} to (A9) are similar to equations (76)_, (79)_, and. (79a) 
of reference 3. o.1 88~.1Jb~--r (FA) !"'!o t.:tAJ!J:•Eo s!:>iro:-.H 

(r'.A} 

-ro'l: F eona-re1.e'l: 'to Ctrl rJOlj.B.Upe Ifjlv i.s:Jl.t.aebl ~l (~·J...) not.Ht.-rp:<r 
•:t\r.~~.c:'"'f!.f) t::trr~ ~.!. .!"!OlEr~'::'r:!'..!!..:.!!lr: ~~(:fr!~n..tr 
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APPENDIX B 

DERIVATION OF COMPRESSIVE BUCKLING EQUATION FOR 

SIMPLY SUPPORTED Mm'ALITE TYPE SANDWICH 

PLATES STRESSED IN T:ill!: PLASTIC RANGE 

When the faces of sandwich plates are stressed in the plastic 
range, the buckling theory used in appendix A is no longer applicable. 

ll 

The equations of equilibrium, equations (A2d) to (A2f), remain unchanged 
but the deformation equations~ (A2a) to (A2c), must be modified to include 
plastic effects. This modification may be readily made by means of the 
plastic buckling theory of reference 4 which is based on the plastic 
stress-strain relations characteristic of the deformation theory of 
plasticity. The stress-strain relatione involve the assumptions that the 
plate material is isotropic and incompressible and that no part of the 
plate unloads during buckling. 

Since in the sandwich plates considered in this paper the applied 
forces are assumed to be carried-only by the faces and the stresses 
arising from these forces are assumed to be distributed uniformly across 
the thickness of the faces, the bending and twisting momenta are given 
by the expressions · 

Mx= ~crxu - 5crl') 
tf(hc + tf) 

2 

My= ~cryu - 5cry~ tr(h0 + tf) (Bl) 

Mxy = ~ u ~ tf C he + tf) 
- 5-rx:y - 5-rxy 2 

where 5cr~ 5cry, ffrxy are ems.ll variations of the average stresses in 
the faces when buckling occurs from their values before buckling. The 
superscripts U and L refer to the upper and lower faces, respectively. 
The positive direction of Mxy is taken in accordanpe with that given 
in reference l and is the negative of that given in reference 2. 

Expressions for the variations of the average stresses 1n the 
faces may be o"btained from the general treatment of reference 2. For 
the case of' a plate compressed in the x-direction these equations are 
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variations o~ midd~e-eurface strains 
parts of plate bending and twist-ing curva:tures 

that-cause stresses in the faces 
coordinat~-of neutral surface or plate 

(B2) 

The upper and lower signs refer to the upper and ~ower f'aces o~ the plate, 
respect-ively. 

The deformations due to vertical shear consist merely of a sliding 
of the plate erose aections ~th respect to one another and hence do not 
contribute to the face stresses. The curvatures due to shear deflections 
therefore must be subtracted from the total plate curvatures to give the 
curvatures used in equations (B2). Then, if the core is assumed to be 
stressed in the elastic range~ 

x1=~~-G:~) 

X2 = .Q_ (Qr,r - 3:z_ \ 
cy- ~Y GchcJ 

x3 = ~[~t (~- Gl) +~(:-C.:~~ 
The substitution of equations (B2) and (83) into equations (Bl) yields 
the modif'ied deformation equations 

(B3) 
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(B4) 

E~uations (B4) together with e~uations (A2d) to (A2f) of appendix A 
constitute the six fundamental differential e~~tions for plastic com­
pressive buckling of Metallte type sandwich plates. E~uations (A2d) 
to (A2f) are 

(B5) 

Unlike the elastic buckling theory, the theory for plastic buckling 
does not yield a sin.gle e~uation in the middle-surface deflection w. 
The number of e~uations necessary for the determination of the compressive 
buckling load may be reduced to three if e~uations (B4) are substituted 
into e~uations (B5), so that 

dQx dQy t d2w 0 - + - 2ricr ~ = ox oy ox2 

(B6) 
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The conditions that must be satisfied at the edges of a simp~ supported 
sandwich plat-e-are 

(at x = 0, a) 

(B7) 

(at- y = O, b) 

Solutions of equations (B6) that satisfy these boundary conditions are 

~ = A COB ~ Bin ~ 
Gchc 2 a b 

G:~ = A3sin m::z cos f! 

Substitution of equations (B8) in equations (B6) yields the set of 
equations 

(B8) 

(B9) 

Since Al, A2, and A3 must have values other than zero, setting the 
determinant of the coefficients of A1, A2, and A3 equal to zero yields 
the stability criterion 



k'pl = v (ll(l + ~1B) + (&}~ + JlB~l- 1] 1f~l + ~~l- 2] + flta 
(ff ~ + its + ~a~ + (~t~ (401 + 1) + ~s2 (201 - ~ + ~1t2s2 . 

The plastic oampressiva buckl:l.ns load of :tni'inital,y lODg BBDdwich plates My be obtained 
by m1n1m1zing equatiOD. (BlO) with respect to ~/m. This procedure yields 

+(~)4~7t3s3(acl2 -101 + 2) + ~a2(16c12 + 1501- ~ + ~s(2- c1)- c~ 

(BlO} 

+ (~t{~ite[~s2 (2cl-l)+ ts- ~} + ~l"fe2~1ts- 1) = o (Bll) 

EquatiOD.B (BlO) aDd (Bll) then determine the campreaaive buckl:l.ns load af infinitely long Bana.­
wich plates, Fat' aey gi Veil value a at' the buck:J.lllg a tress and the shear stiffness parameter s, 
equation (Bll) is used to find the value af ~/m that yields the minimum value af k'pl. 
This value of ~/m is then BUbstituted in equation (Bl.O} to determine k'pl• If all the values 
af ~/m given by equation (Bll} are 11IIB.ginary; that ia; if 

s > 3. .J,_ (Bl2) 
4- c1t 

~ 
~ 
~ 
• 
..... 
f8 
1\) 



ajm must be taken equal to zero 1n equaticm (BlO) which becanes 

k' }. 
pl"' 4s/3 (Bl3) 

which is identical with equaticm (A9) if Poiason1 a ratio is taken equal to 1/2 in the equaticm (A9} 

If the buckling stress is in the elastic range, C1 and v are equal to unity and the 
buckling equations reduce to 

(Bl4} 

for compressive buckling of finite Metalite type sandwich plates and 

(Bl5)' 

and 
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k' = _1_ 
4s/3 

(Bl.6) 

i!=o 
m 

for compressive buckling of infinitely long sandwich plates. 
Equations (Bl.4) to (Bl6) are identical. with equations (A7) to (A9) if 
Poisson's ratio in equations (A7) to (A9) is taken to be 1/2. 
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• 

Figure 1.- Simply supported Metalite type sandwich plate under 
compress ion. 
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f3 ~ 
Figure 2.- Compressive-buckling coefficients for Metalite type sandwich 

plates stressed in the elastic range. 
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r 
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Figure 3.- Compressive-buckling coefficients for infinitely lang 
Met ali t-e- type sandwich plates stressed in the elastic range. 

k = 4 
2 

:f'or r ~ l; k = ! for r ~ J.. _ \ 
(l + r) - r - - ~ ' 
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Buckling 
stress, 

ksi 

2J:. 

F~e 4.- Design chart for long Metalite type sandwich plates with 

24s-11'3 aluminUJI~,-S.lloy faces. l-tf = 1. 
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v 
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10 

a 
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1/ (a) 

0 .002 .004 .006 .0 

(b)~ 

L2 08 0 ~ .8 

Strain 
Er or Es 
Ef Ef 

Figure 5.- Typical stress-strain relations for 246-P3 aluminum alloy. 
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160 

Figure 6.- Design chart f'or long Metalite ty:pe sandwich plates with 

75S-T6 Alclad aluminum--alloy :faces. IJ.f = 1. 
3 

70 

60 

50 

40 
Stress,. 

ksi 
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/ 
~ 

""' " k'~ f'... 
v 

~~ ~ 1\ 1- . 

{CI) (b)~ 
0 
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Figure 7.- Ty:pioal etreee-etrain relatione for 75S-T6 Alcl.ad aluminum 
alloy. 
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Figure 8.- Design chart f'or long Metalite type sandwich :plates with 

stainless-steel f'aces. ~f' = ~. 
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