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NATIONAL ADVISORY COYHEITTEE FOR AERONAUTICS.

TECHNICAL NOTE NO. 205.

THE LOGARITHMIC POLAR CURVE - ITE THECRY AND APPLICATIOXN
TO THE PREDETERMINATICN OF AIRPIANE PERFORMANCE.

By Val. Cronstedt.

Intreoduciion

The logarithmic polar curve has for eseveral vears been used by
the most prominent aerodynamical lsboratories as well as by airplane
mamufacturers in Europe.

The vast possibilities of the method, when once thoroughly mas-
tered and properly used, and the saviang of time and expense in-
volved in the analytical treatment of performance, amply justify
its use. Any one who familiarizes himself with the method will,
within a short time, find a large number of wpplicetions, not men-—

tioned in this note, which, however, will come up in connection

with airplane design. As examples, some addiftions to <The original

method which T have rmade myself and which may increase the useful~
ness of the method for performasnce estimation, are described and
their construction shown.

To show more clearly the practical application of the polar
curve, a series of examplesg are appended rereto with suggestions
for solutions. I am indebted to Mr. Elliott G. Reid of the N.A.C-A.

Langley Memorial Aeronautical Leboratory for his thorough checking

of the manuscript and also for the valuable suggestions he has made.‘;
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In making up the appended chart, engineering uvnits have been used
throughout, as they are more convenient to use in a design office,

giving directly the results in easgily visvalized units.

In working on the problems connected with aerodynamics and re-
lated subjects, graphical solutions are often used due to the facil-
ity with which the designer can obtain from them hig data and thence-
forth make suitable changes in Eis design, if needed, to meet cer-
tain requirements. To show graphlcally the relations between the
air forces acting on an alrplane, its velocity, angle to the rela-
tive wind (angle of attack), climbing ability, etc., is therefore
desirable - and several attempts have been made to obtain a satis-
factory graphical method.

One method was demonstrated by Eiffel in his work "La Resist-
ance de L'alr et Ltaviation" and mentioned in his later works, among
others, "Nouvelleg Recherches sur la Resgistance de L'air et Ltavia-
tion, " and in a modified form in "Zeitschrift fur Flugtechnik und
Motorluftschiffahrt," by Dr. E. Everling, but they are lacking in
several details. The last named, especially, has the undesirable
feature that certain values necessary for the design cannot be
solved, but only approximately estimated. One method, based on vec-—
tor algebra, which has great merits and shows in a very neat way
the variations of the performance properties of an alrplane sub-

jected to different arrangements of power plant, supporting surfaces,
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etc., has been suggested by Rith, of the Eiffel Laboratory at futsuil,
' France. .

I have attempted by this note to outlinz the thecry and to show
some of the possibilities of the Rith method, generally known as the
"logarithmic polar curve' for the predeterminstion of airplane per-
formance, and also to snow some modifications required by more re-

cent conceptions of performance.

I. The Theory of the "Iogarithmic Polar Curive.!

In the study of airfoil profiles, several orgenizations make use
of a polar curve in Cartesian coordinates which muet not be confused
with the polar curve in logarithmic cdordinates, the latter being
used solely for the study of complete airplanes. The different
forces acting on an airplane may be replaced by one force R which
in turn may be divided into the two components D, or drag, parallel
to the direction of flight, and L, or 1ift, perpendicular to D-.

We can obtain the common polar by plotting the values of L and D,
for unit velocity, along the axses of a Cartesian coordinate system.
Herein a line drawn from the origin to any point on the curve repre-
sents the direction and magnitude of the resultant air force R-

If, instead of plotting the values of 1, and D themselves,
we plot their logarithms as Rith has suggested, we obtain a continu-
ous curve, the 1dgarithmio polar curve.

To plot the polar curve, we must, therefore, kmow the values of

these forces for different angles of attack. These values may be ob-
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%han they have

been obtained, one way or another, we plot their logarithms along

the regpective axes in a logarithmic coorcinate sysihem.

with the

help of the graduations found on a glide rule, or better, by usiag

logarithmically graduated plotting paper, this can easily be done.

For routine work it is advisable %0 bave blanks made up similar to

Plg. 14 of Appendix TII.

Let
PY:
W ==

(6]
It

wherein

L =

D =

us adopt the following notation:

Thrust power in 1b.-735. vper second.

Teight of airplape in pounds.

Wing area in sqg.ft.

Velocity in feet per second.

= L

@ = °

Q =

The two

fundamental aercdynamic eguatlons are:

P’ = ¢p

» W= 0g

wherein

Cp
Cr,

Sg =

Sq

Sa
D_
Sq

712

2

Sqv =

i

sq

Drag
Lif+%

Mo Wlo

1Lift coefficlent, absolute).
3

(Drag coefficient, absolute).

Lift force in pounde.
Drag force in pounds.
= Dynamic pressure in 1b. ner sq.f%.

Macs density of air (slugs per ca.ft.)

cp SV

Cyp, V! *?

(1)
(3)
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If the following values be subgtituted:

0 4
5= Cp 8 = K'y (Drag in 1b. at V = 1 ft./cec.)
% 0, S = Kty (Lift in Ib. at V = 1 ft./sec.)

the original eguasions become:
Pt = k', VI® (3)
¥ = Kt yr? (4)
writing (3) and (4) in lZogarithnic foriat

Log P' = log K'x 4 3 log VI (5)

i

Log W log ¥'y + 3 log V! (8)
and transposing, ve have
log K'x = log P' ~ 3 log V! (7)
log X'y = log W - 2 log V! (8)
Thege cquations define the logarithmic polar curve.
considering log K'yx and log K'y as abscissa and ordinate,
regpectivelv, the above equations show that each hag a component
ewpreseged in terms of log V!'. Tke componerts of 1log K'x and
log L'y aTse plotted, diagrammatically, in Fig-. 1.* NoOw as V! Thas
the game value in both equaiions, 1.e., the eguations are simultane-
ous, and as the components in log V' Dbear a constant reiation 10
each oiher, the addition of a third axis to the diagram makes 1%
possible to plot the resultent of the two components, -3 log V!
and -2 log V', directly. This "velocity exis" has the slope 2/;

and is aleo gradusted Jogarithmically. Its modulue is

* gee Page B for footnote.
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ab =,/ 3% + 3% gt (or 1

3.605 times the medulus of +he n'y and X', axes.

)

I

To make the chart wore directly applicable, the scales are grad-
uated doubly, i.e., along the Eyx =scale we have P 1in horsepower,
along X, there isa W scale Teading in pournds, znd the V scale
may be graduated both in M.P.H. and ft. per second, 1if desired.

When a refersnce value {Vo) 1is chosen on the V axig, the re-
lations between the other double sceles bécome fixed. (It is worthy
of note that only the directicns, end not the positions of the loga~-
Tithric scales are essential to the use of the chart.) For practical
work T have found it advisable to use a value Vo = 200 M.P.H.

Ag the M.P.H. scale on the V axis will be most generally used

* It will be noted thas -3 og V' and -2 log V' have been plotted
as positive guantitles, if referred +o the Kty end XK'+ axes. The
reaeon Tor doing this becomes evident from en examination of equa-
tionsg (3) and (4). There one will gees that Kt varies with

1/ve and Ky Wwith 1/vi®. It then becomes nececssary to graduete
the V axis 80 that this inverse variation will hold. Tais 1s cone
DY giving the axis the elope 2/3, a modulus 3.50%5 timeg that of the

¥x and Ky axes and making its positive sense toward thé left and
downward:

That this process is the rational one mey he coniirmed by the
following case. Tet us suppose that the polar {Fig. 1) intersects
the V axls at the point (lcg Pf, log ¥). The <V components are
then zero andé, under these conditions, the sirniene represented by
this polar will maintain level flight at the velocity Vo, Chosen
as reference on the 7 axis. Now 12t us suppose that P!' and W
are increased in such proportion that the point (log P, , log W, ) is
on the V¥V axis, but to the right and atove the point first consid-
ered. In this case, the resultant of tke velocity components wmst
be directed dowaward and to the Left. That this vector must repre-
sent a velocity greater than V, 1is evidsnt from the fact that both
conditione of flight involve the same attitude and, consequently,
the same values of 0p and L/D. As in the second a greater weight
is being supported, the velocity of flight must be greater to pro-
vide the additionsl 1ift necessary.


http://www.abbottaerospace.com/technical-library

‘N.A.G-A~ Technical Note No. 305 7

we must transform equations (3) and (4) accordingly. Also we will
now express P in horsepower rather than 1b.-ft. per gecond. The

eguations then become

Ky =250
550 P = ”EE%@?? (v .%7§%} (2)

(3555 )

or K = 550 P X 2600 - 57? P (9a)
5280 ¥ v
K =330°

and ¥ = —=¥e<e (V250 (10)

(3@6@/
or Ky = %? (10a)

wherein ,
P ig power in HP

Kx is8 drag in 1b. at one M.P.H.
Vv 1is veleocisvy in M.P.H.

Ky ig 1ift in 1b. at one ¥.P.H.

Arbitrarily assuming P = 100 HP and W = 1000 1b., we now
golve (92) ané (10a) and find
| Ky = 0.00468
0.035

Qo
3
oy
bt
&
il

Thus,

=
e
!

= 0.004€8 corresponds-to 1CO HP and
KY = 0.025 %o 10C0 1. at 200 .P.H.
To still wore increase the value of the system we will add two
more scales.

The first scale, or rather, scale gysbtem, is designed to obtain

*Yhe thrust horsepower when propeller efficiency M, and engiune
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borsepower P, are lmown. This scale systcem is originated bv tha
writer, and its application is shovn in Fig. 3.

To obtain thrust horsepower wien cngine horsepower and propeller
efficiency ars knbwn, draw a line parallel to the lines shown on *he
append.ed graph from engine horsepower at a. A line from propeller
efficiency at b wvarallel to the H-axisg intersecting the oblique
lins 2% & will give thrust norsspower at ¢. The graduation on the
proveller efficiency scale is netursally logarithmic, with a modulug:
independent of 2ll the other scales, and can be given any value suit-
ing the individual user. This system is introduced for the First
time here and'has worked out very well in praotioe’ The influgnce
of wropeller efficiency on the various performance factore can quick-
1y be shown and the correct propeller efficiency chosen for each con-
dgition.

The other scale is a size scale. If we wigh %o imrestigate the
performance of en airplane which is peometrically similar to the one
whosge polar curve ig known, we need not dyaw a2 new éurve but @mey use
the gize scale for this purpose. Our new axis vill be graiuated in
terms of the ratio betwesn corresponding linsar dimensions of the
two airplanes. |

Agsume that we want to lncrease thé linear size of an airplane

n  times. The supporting cerea in the new case will be

Then equationeg (2) and (4) may be written

it

P=af K V°

—~ —
;_J
b &

W

1l

n= K& V=
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or logarithmically
log Ky = log -3 15g V-3 Zlog n (13)
log Xy = log %2 log 72 lcgn (14)
Tith the seme deduction as befere, ve find the slope of the new
axis to be 2/2 = 1 (Frig. 3).
The logarithmic modulus of this axie iz therefore

/2 2 /

~ 8 + 3 =,/ 8= 2.825 times the modulus of the
Ky anc Ky axes.
Thls axis ig £leo greducted as an sltitude scale on the basis
of the following principle:
If engle of attack and velooi%y remain constant, the forces on

an a2irplane vary directly with air density. Therefore e may write

&}

P, = ﬁi— Ky V° (15)
DZ 2 .

e =g Ky ¥ (18)

viaerein the subscript 2 denotes quantities existing at tThe altitude
at which air denegity 1s Pz, oand Py is the density at ground level. -
Equations (15) snd (1€) may e vut into logarithwic form as

P
log Ky = log Pz — 3 log V - log 52 (17)
)
‘ o) '
log ¥y = log ¥y - 2 log V - log & (18)
e

Tere, asg in the cese of the n scale, we have equal comoonents

of orcinate ant: abecigsa, but thisg time in termg of the densitv raiio.
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A Vdeneity ratio axis" will then have the same slove ag that of the
n scale, i.e., +1, ond a medulus V[g‘ times that of the Ky and Ky
scales (See Fig. 4).

As 1% is more convenient to work with altitude than density
ratio, a logarithmic density ratio scale has been made up, the squiv-
glent density ratios noted thereon and the scale of 7 in thouegands
of feet used on the chart.

(The density ratlos used are those adopted by the U.S: Navy
Bureau of Aeronautics as "Standerd Atmosphere." A table of %these
ratios iz given in Appendix I.)

It mast be borne in mind that the altifude scale canndt e used
directly, but rus: be used in connection ﬁith a method of correcting
the available engire power for the influence of the reduced density
at an altitude.

Let us first assume that engine power varies directly with dengi-

C s P s
ty ratio, i.e., P~ &. To represent this variation we use the con-
o

struction shown in ®ig. 5. The power at ground lsvel is represente

by the vector AB. To find the power at any altitude, we erect a
perpendicular at B and the length of a horizontal line, such as
D, from the g axis to thls perpendicular represents the power
ot the altitude ¢.

In most modern aviation eagines, however, the power decreases
somewhat more rapidly than the densiity ratio and the general average

geemg to be best expressed by
pz 11
w2~ ()
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Therefore, if the correciing line has a slove of 1.1 with re-
spect to the Z-axis, the variation is taken care of. To this end,
the scale in the lower right corner of the chart has been provided
and 1s.greduated directly in *terms of the power of ize density ratio
essumed o govern the variation of engine power. This scale 1lg ei-
tended in both directions so that the aliitude performance of all
engines, vwhether supercharged, "over-dimensioned" or not atteining
the 1.1 ratio may be followed. The methods emploved in the use of
this system are self-explanatory and can be readily followed on the

complete example worked out in Fig. 14, Apperndix ITI-

I7. The Practical Application of the Polar furve.

To show some of the methods of aoplying the polar curve to prac-
tical problems, a series of problems will be given velow and methodsg
suggegted for solving the same.

(1) Given: Airplane gross weight W

Engbre Horsepower P
To find: Velocity V eand angle of attack o,
We asgsgume that the polar curve for the airplane is known and is the
one shown in Fiz. 6.

Along the respective axis are plotted W and P and the point
a obtained. From a we draw a lins perallel to the V-axis until
this line intersects our volar curve. This havpens as we see, in
this cese, at two points b and c. This shows that this airplane

can sustaln flight at +two different angles using the same engbne


http://www.abbottaerospace.com/technical-library

N.A-C+4& Technical Note No. 205 13

poer. The angles of attack are of course the oneg correspondianc 1o

Tae velocities are represented by the vectors ab and ac e~
spectively; their mumerical veluss are obtained vy laving off, from
Vos the vectors in the direction in which they are drawn from a.
(2) Given: Ailxplane gross weight

To Find: Minimum power For level flight and corresponding

angle of attack znd velocity.
The construction is given in pig. 7. A parallel to the V-axis
is drawn tangent to the polar curve. The tangent intersects a hori-
zontal line from the point W at a. The vector Wa rTepresents
minimim power, ab, the velocity, and the angle of attack is dete;-
mined from the position of b on the polar.

This is algo the condition for maximum duraticn as minimum power
corregoonds to minirmm gross fuel consumption.

(3) Given: Lirplane gross weight

Velocity
To Tind: Reguired eagine power and angle of attack.

As in Fig. 8, the krown vslues V and W are marked along re-
spective axes and hersby we obtain poiat a. Theresfter, a line is
drawn parallel with the Pp-axis until it intersects our curve. The
angle of attack corresponding to the point b is the required fly-
ing angle and a-b is the required horsepover.

If wve move the line a-b parellel with itself we are reaching

as a 1limit, the point where the line is a tangent to the polar curve.
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This gives us the maximum weight of the airplane for a given velocity
aﬁd 30 we have gone over to problem 4.
(4) Given: Velocity
To find: Maximum possible gross weight.
~As shown in Fig. 9, if we draw a tangent line parallel to tne
P-axis, it will intersect at & a line Grawn parallel to the W-axis
from the given velocity and we have hereby our W maximum.
(5) Given: Engime power and velocity
To Find: Gross welight and angle of irncidence.

As in Fig. 10, the values P and V are plotted along thelr
respective axcs, therepy obtaining the point s. From a 1s drawmn
a line varallel 4o the W-axis until it intersects the curve. The
angle of atback corresponding +o point b is the angle sought and
the digtance z-b the maximm possible gross weilght with the given

DOWET.

Lo

Kecping the engime power at the same value but moving a-b o
the left we note the velocity increases. With the help of Fig. 11,
we can therefore solve problem B.

(8) Given: Engine power

To find: Maxirmm horizontal velocity and corresponding
optimum weight.

Draw a line parallel to the W-axis and tangent 4o +the polar.
Its intersection with the line of the velocity vector at d fixes
Vv and dc represents the optimum weight.

(7) To find: Angle of attack and L/D ratlo for flattest

glide.
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Tne only forees acting on an airplane during a steady glide ars
welght and total air reaction, propeller thrust being zero. The +tvwo
forces are, necessarily, collinear, egual, and opposite. It is
known that the 1ift vector forms the same angle with that of the to-
tal air force as does the horizontel wish the line of flight. Lot

us denote thie angle by Y. Tken the best gliide possible 1s that
in which Y is minimum. ¥ow, as Y = tan™* %5, this condition is
. v
attained when the ratio %K- le winimanm or the 1,/D ratio is maximum.
as
Lebt ug write L% = C.
v
Tnen 1log Kx = 1log ¥y - log ¢ (19)

This 1s evidently the eguation of a line varallel to the line

1o
log Ky =/Ky, whose slope is on2, and at a distance ¢ above it. To
reach %ﬁ minimam, ¢ wmust also ke mirnimum. From this fact and
Y
equation (19) we see that as ¢ decreases, the line of slope = 1

Ky

(489) will move toward the left. Therefore, we will find a mini- _

mum, or L/D maximum at the point of %angency of a 45° line with the
polar curve. This defines the angle of atteck for best glide.*

To find the 1/D ratio of this or any other point of the polar, .
a scale has been provided as shown in Fig. 13. As -log ¢ is taken
in the direction of the Ky exis and 1s a first degree term in the
equation, the ¢ or 1/D scale has the same modulus as that of Ky

We take as reference value, (%}., any point of the chart for which

(@] .
* It is known that any straight line which passes through the origin
of a system of Cartesian coordinates will appear as a straight line
of slope = +1 (45°) when plotted to logarithmic ccordinates. As the
value of L/D maxiium is obtained by drawing a volar tangent to the
Certesian K. vs. ¥y curve, the 459 tangent is the logarithmic repre-
sentation of” thig line.
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Tx = Xy, 1i-e., at which %: 1.
To find the value of the 1,/D ratio for any point of the polax
it is only necessary to draw a line at 45° through the point and

note its intersection with +the T1./D scale.

Problens Inrolving ¢limb.

To solve problems involving cliub characteristics with the aid
of the logarithmic diagram, we ruet make the following assumptions:*
(a) ZErgine speed remains constant regardless of altitude.

(b) Enginepower varies with a given power of the density
rasio.

(c) 1In clind the eugine develops only S04 full power.

In justification c¢f the firct assumption there is the fact that
in climb tests the variation of sagine speed from sea level to ceiling
is very small, the average drop being zbout 5 per cent. With regard
% (b), it khas been found that the proper exponent for the density
ratio is slightly different for different cnginesbut a good average
value is 1.1. The third assumption is less reliable than the other
two becausc it depends upon =0 many factors, the most important being
propeller characterigtics. While 90% is a fair value for the average
airplane which has a cénsiderable specd range and good climb, the
selection of thig factor for any new airplare of unusual character-
igtics will require the use of sound judgment and may vary consider-

ably between different types.

* If it 1s chosen to work out altitude problems "egtep by step” these
assauptions wmay naturally be disregarded.
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To obtain the ceiling of our airplane, we use the constructicn
shown in Flg. 13. gnowing gross weight, maximum power and propeller
characteristics, we locate the point &A. Drawing the tangent U,
which is the velocity vector for horizontal flight at minimum nower,
we intercept the distence (@A, which reprcesents the power available
for climb. Yow we draw tac rower-correcting line through 4, using
the scale systewm in the lower right corner of the chart to determine
its slope.

The distance between the tangent defining winimim power and the
power-correcting linz represents the surplus power available for olim!
at the altitude read from the anxiliary scale ¢7, and we see that
at B, all the available power is required to mainiain level flight.
This, then, is the absolute ceiling and the airplane flies at the
speed BD.

To compute the rate of cliub, we have only to solve the equation

cligb (£%./min.) = HPgy X 33,000/%
Therein HPgx Is the surplus power available. In scaling off this
quantity it is essential that the ends of the horizontal 1line repre-

senting surplus power be projecited parallel to the Z-scale onto the

sea level power vector. The values of thrust power available and
thrust power required may “hen be read by direct projection onto the
thrust power axis.

The location of gervice ceiling follows directly from this proc-

cess.* Ve merely determinc the surplus power necessary to give climdb

* gervice ceiliang ig defined as thet altitude at which the maximum
climbing velocity attainable is 100 f+t./min.
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of 100 f+t./min. and locate the altitude at which this excess exists.

The Problem of Speed at iltitude.

We have developed the solution for meximum speed at sea level
end now have a close apvroximation for ceiling. Using these quanti-
ties, We may now solve for maximuim and minimim speeds as well as the
speec of besgt climb for any altitude.

It is known that the H:P.il. of the cngine, for maximum level
soeed, will decrease with altitude and =t ceiring will heve the same
value as those for minimum and best climbing spesds, the three bzing
coincident. Also, as V/ED decreases, the propeller efficiency for
meximum speed will aporonch thet in climb and the two will become
identical at% celling. Then we may represent *the maximum thrust opower
avallable at any altitude by a line connecting the points ¢ and v,
as shown in Fig. 14, Appendix TII, and the velocitv vectors repre-
gsenting Vygx for all altitudes will originate in this 1ine.

The speed of beet climb at anv altitude is easily found as this
is the sveed of minimuin power required for lovel flight.

The minirum speed, being that correcponding to maxinum 1ift
coefficient, will be easily found for all sititudes until we approach
ceiling. - When such solutions are Cesired, care mist be taken to
have the velocity vector origirate within the limits of available
pover. An example of thisg kird is shown in the sclution for minimm

speed at 30,000 feet in the problem of appendix IIT-


http://www.abbottaerospace.com/technical-library

“a

N.A.C.-A. Tcchnical Note No. 205 18

Appendix I.

U. S. Favy, Bursav of Aeronautics, Standard Atmosphere.

Altitude, feet.

0
10C0
38000
3000
4C00
5000
8000
7000
5000
8GO0

10000
12000
14009
16000
18000
=000
z3000
24000
28000
28000
20000
32000
34000
36000
38000
40000

Density,ratio

1-000
L9710
.9438
.81535
. 8881
8617
.8358
.8108
. 73860
L7619
L7384
. 3901
L6500
L8089
. BES8
5328
L4975
48]
L4324
L4074

- Y-

L3473
L3213
. 3980
.271
. 245
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fppendix IT.

Characteristics of Ailrplanc Analyzod in Appendix IIT.

fross weight W = 4800 1b.
Engine power P = Y00 HP

Engine power roemrins constant to 5600 £+. and then varics as
the densgity ratio %o 1.1 power.

Lift and drag of full sizt airplane at 1 Y.P.H.

Angle of attack Ky Ky
-3 . . 003 .0611
0 .270 . 0603
+3 . . 426 .DG30
+4 .611 L0 CO
6 -7E2 . 0823
8 - 935 .0960
10 1.098 <116
12 1.2340 .1329
14 1.5€8 . 162
16 1.478 . 191
18 1.5%0 .326

20 1.5280 268
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Notes to Appendix ITI.

In Appendix IIT (Fig. 14), a couplete example has heen worked
out according to the processes detailed in the preceding pages. L
The polar curve shown in this example was obtained by wind tunnel
measurements and refers to a two-seater obgervation airplene of
recent design.

Blank charts (blue line prints) in 1€ by 24 inch size may be

obtained upon request.
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