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TECHNICAL NOTE 2108

ANALYTICAL METHOD FOR DETERMINING TRANSMISSION AND ABSORPTION

OF TIME-DEPENDENT RADIATION THROUGH THICK ABSORBERS
IIT - ABSORBER WITH RADIOACTIVE DAUGHTER PRODUCTS

By G. Allen

SUMMARY

A theoretical treatment Q@ ebsorptlion problems is presented
in which the following cases are simultaneously considered:

(a) Radiation is normal to an absorber of which the stations
are plane parallsl swuxrfaces.

(b) Radiations are of several polyenergstic types.

(c) Induced radiocactive isotopes decay to stable atoms in
multistep deqay processes.

(4) Rediations from the absorber affect the time-dependency
of the source activity.

", INTRODUCTION

Matrix methods have been applied to the problem of calculating
transmission, reflection, and conversion to heat of time-dependent
nuclear radiations (references 1 and 2). The analyses that were
made, however, assumed single-step decay of induced radioactive
atoms to stable ones. Many lsotopes decay in several steps to
stable materials, emitting a variety of types of radiation during
the process. The transuranic radioactive isotopes are examples of
multistep decay elements, as are certain isotopes of elements
commonly used as structural materials such as iron and copper.

The matrix methods of references 1 and 2 developed at the
NACA Lewls laboratory were therefore extended to include the multi-
step decay processes. The sddition of these rrocesses to the prob-
lems considered in references 1 and 2 makes the defining equations
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quite lengbhy even though matrix notation 1s used. In order to
facllitate presentation, tensor .notation and the summation conven-
tion, when feasible are used. ’

The assumption 1s made in references 1 and 2 +that the source
intensity is umaffected by beck-reflected redlation from the
absorber; that 1s, the time-dependency of the source is assumed
to be known explicitly for all times of interest. In practice,
however, the radlation back-reflected to the source includes radi-
ation from the radiocactivities within the absorber. Thus, although
it 1s unlikely that the source will be noticeably affected by radi-
ation reflected in the literal sense, enough of the aforsmentioned
radiation originating within the absorber may quite possibly reach
the asource to induce a new raiioactivity therein. If the contri-
bution of the new activity to the total source intensity is not
negligible, the time-dependecy of the radiation from the source
will be significantly altered.

The change in source intensity as a function of time des~
ocribed in the preceding paragraph cean be quantitatively calculated
by methods shown herein.

SYMBOLS AND ROTATION
The following symbols are used in this report:

[a],[B],[c],[5] matrix coefficients

E energy
H thermal power generated
h rate of conversion of energy of nuclear radiation

absorbed to thermal energy

I power of radiation, g&ing to right, incident upon
or emerging from station of absorber

K number of radioactive atoms

n . number of stations In afsorber

P one-half of power of radlation from radicactivity

emerging from station of absorber
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qQ number of generations of daughters

R power of radlation, going to left, incident upon
or emerglng from station of absorber

r power. back-scattering coefficient

t power-transmission coefficient

K rate af conversion of radiocactive energy of parents
to radioactive energy of daughters

A decay constant

u rate of conversion of radiatlion absorbed to energy

of radloactivity
T time
Superscripts and subscripts: )

( )19’ad () of energy ¢ and type o in i%B station
that becomes dth generation radlation of
energy e and type s

8 82  generation of daughters

0 initlal condition

The following conventlous have besn adopted in the notation
used s

(1) If an index appears both as a subscript and as a super-
script in the same term, & sumation over the range of the index
is indicated. As used herein, "term" means any algebraic gquantity
or quantities separated from other algebralc gquantities by +, -,
or = gigns.

(2) In order to avoild confusion with the summation convention in
tensor analysis, the further provision is made that only repeated
Greek symbols will indicate summation. This provision is made
because English symbols may be repeated in the same term dut never
both as a subscript and a superscript and will therefore not indi-
cate summation.
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(3) A symbol like pi’é’%o denotes the rate of conversion of

radiation of energy ¢ @and type ¢ &bsorbed in the 1% gtation
to radioactivity of a parent atom emitting radlatlon of energy e
and.type 8. Transformations from energy ¢ and type ¢ to '
energy o and type 8 will be symbolically indicated as 1n the
preceding example.

. © ANALYSIS
The analysis 1s based on the followling assumptions:

(1) Stations of the absorber are plane parallel surfaces.

-

(2) Radiation is normal to absorber. -

(3) Part of the radiation absorbed at each station of the
gbsorber is transformed to thermal energy and part to induced
redloactivity in the absorber. '

(4) Radioactive atoms in the absorber decay in & finite num-
ber of steps to stable atoms.

(5) One-half of the radioactivity produced in each station of
the absorber 1s emlitted from each side of the absorber.

(6) At scme instant of time, the time-dependency of the inci-
dent radiation is known explicitly.

Mothod.. - Diagram (a) is included to clarify the discussion
in the followlng paragraph.

As In references 1 and 2,

Ii 'Ii 1 the absorber 1s considered as
—_—] ] belng arbltrarily divided into
n convenlent stations normal
to the path of the radlation,

Rediation of power Il fram
e = the (i-1)th st%}:lion is inci-
dent upon the 1 station of
the absorber; whereas radia-
tion R! from the ith gsta-

Rri ri+l tion is incident upon the
* | (1-1)t8  station.
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In the treatiment presented herein, the values of the follcnring .
physical constants must be known:

h  rates of conversion of energy of nuclear radiation absorbed to
thermal ensrgy

r power back-scattering coefficients
t power-tramsmission coefficients

K rates of converslon of radloactive energy of parents to radlo-
- active energy of daughters

A  radiloactive decay constants

i rates of conversion of radiation absorbed to energy of radio-
actlivity

In addition, the following boundery conditions must be known
for a complete solution to the problem:

[Hi]o Initlal thermal power being emitted from 1% gtation
of absorber
L_Il(’r ﬂ 0 initial radiation power incident upon absorber from
’ source )
1], one-half of initial power of raiioactivity in

1th gtation of absorber for all 1

Rm'l('r)] o rediation power incldent upon absorber from side of
- absorber opposite source -

The problem is to find I, R, and HEl 1n terms of known
gquantitlies. The d.ef:lning equations incorpora'bing the preceding
assumptlons are:

ti+l,e8 _ 1:j.gs ries rigs gitl,€8 | ples (1)
ries . rigs Tles tigs gi+l,es | ples | (2)

1. pleo (g1 1+1
E' = b'€0 (1% 5+ BT ) (3)

e e ———— e e e —————— =
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ples _ Piesg (4a)

where the range of & 1s from O to q and q 1s the number of
gonerations of daughters.

1es0
dP;T _ “12%9 (Iiec + Ri+1,€0) - Aieso PiesO (4b)

and for 4 2 1,

1esd o
d.PdT = KiEB.E,d{-l PiEZ',d.-l,_ )\1356. Piesd (40)

The derivetion of equations (4b) anmd (4c) 1s presented in the
appendix, ,

In the preceding equaetions: t1¢8 1s the power-transmission
coefficient for rajiation of type s end energy € Incldent upon
the 1%® gtation, which is transmitted with energy e; ri%8 is
the -power back-scattering coefficient for radlation of type =&
and energy € incident upon the i station that is reflected as
radiation of energy se; nl€0 ig the rate of conversion of energy
of nuclear radiation of type ¢ and energy € In the 1th  gta-
tion of the &bsorber; piggo is the rate of conversion of radi-
ation of type o and energy ¢ sabsorbed in the 1tR station to
radioactivity of a parent atom emitting radiation of type s and
enorgy o; A1®80 ig the decay constant for the radiocactive parent
i1sotopes in the 388 gtation that emits radiation of type s
and energy e; Kiggfdfl is the rate of conversion'of radioactive

energy in the i'® gtation of the (d-1)*® generation of the iso-
tope emitting radiation of type X and ensrgy E to radioactive
energy of the ath generation of this isotope that emits radiation
of type s and energy e. Capital Greek subscripts are used here
to emphasize that only a single type and energy is indicated

because the increase in P165d is due entirely to the decay of
one particular isotope.

The interactions of radiations with the absorber that result
in change of type are all contained in the radloactivity term P.
The inclusion of all the interaction terms into P 1is physically
plausible because a change of radiation type can occur only by
means of & nuclear reactlon.
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In order to solve the problem, the set of eguations (1) and
(2) are used to express all the I's and R's in terms of the P's,

and the boundary conditions [Il('r)]o and [Rn"‘l('r)jo. The
resulting expressions are then substituted in equation (4b) and
the set of equations (4b) and (4c) becomes expressidble in the fol-

lowing form:
aptes '
& - ales ples | ples [Il( T)]O + gles {Rn-hl(.rﬂ o + Dios
(5)

If the indices are omitted, the solution to equation (5) may
be written in the matrix form

[p] = ofAlT {[15_10 + |o=[AT [r(7) d.T} (6)
where , '
[#(n)] = [8] [22]g + [o] [F+2r)] + ]
and |
[a],[B],[c],[D] matrices all the elements of which are constants

After all the P's have been found, I', R!, eni E! may ve
found as in reference 1.

Example. - Assume that:
(1) The absorber is three stations in thickness.

(2) The initial incldent radiation is -

7l 1 7| = (10 ~5 cos nT) roentgen per hour’ .
=0

reo = (100~ 50 cos xT) roentgen per hour

T= 0

(3) The alpha-radiation induces a 1 Mev ganma-emltting iso-
tope in the second station; this isotope decays to a 3 Mev neutron
emitter which, in turn, decays to a stable isotope.

— e e N ————— e e s e -


http://www.abbottaerospace.com/technical-library

NACA TN 2108

(4) The 3 Mev neutrons induce 2 Mev gamma-rays in the source of

incident radiation.

(5) The other boundary conditions are as follows. At T = O °

R4°t=Hi=Iiz7=Pi=0

(6) The pertinent physical constentas are:

11

42 2

32

7

7

7

t127.¢217.20.9
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Solution. - The preceding data and conditions assume no

Induced alpha-activity. The elpha-radiations may therefore be found

M

0.5 second™L

H

2a0_,0270

- 1 second ™t

= 10"l secon:l'l

10 second."'l

= u3 et _ Al et ?d _ 0
17 =3 -1
2 a= 10 second

10~2 second "1

8lmply by solving the simultaneous algebraic equations involved.
The methods outlined in reference 1 are suiteble and when applied .

yield:

?;1 2 o

g2
L

[+ 2

10

—

The final results are:

Rl 2a

it

0.3364 L 2 @

1 | Jo oz | fw

8 7 7 5

8 1 2 1 .4 3

T 5l | T 1077 5
2 2%_0.8208 Tt 2@
132c.06178 11 8@
t2a0_4.3089 7L 2@

14 2 o
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2 2 l12a

R ¢ % - 0,205 T

R 2% 0,185 1L 2@

The neutron intensities may all be expressed in terms of the
3 Mev activity of the second-generation daughter product in the
second station. Thus,

14 3In PZ 3nl

3310 _ 10 2 3'n1l
9

23n_1l23n1l
9

pRl3n_p23n1l

g23n_10,23n1
9
B30 _ %_Pz 3n1l

The calculations of the intensities of the gamma-rays are more
 complicated; the methods of Case II (reference 1) are applicable to-
these computations and yleld the following results:

©17_ 0.900012 17

T2 27 = 0,9000 I 2 7

n

3172170811117

\I3 )

7 = 0.7200 1 2 7
1#17-0.8000p%2 17 +0.6480 1L 17
1427 -0.6480 1> 27

rre2ryr_g317_-0

gl 1 0.9000 P2 1 7

RZ 1y _ PZ 17 .

N R
it
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If P's are now determined, the problem will be solved.
P2 ly_p21l70
The differential equation satlsfled by PP1l70 44

a2 170 o3 (22a_gd2ay . L2170
dar 10

= 105 x 1.0149 11 2 @ . {%-Pz 170

This equation ls integrated and the given boundary condltlions
are substitubted to result in

P2 1 7 0 _ 31,0149 - 0.005136 (99%551 + 7 ein nﬁ)

Similarly,

szsnl

=£P2170_10P23n1
ar 2

If the integrated expression for P2 1 7 O 315 substituted
into this equation, it 1s found that

p2 30l _ 0,05075 + 0.0002073 cos =T - 0.0007269 sin =T
Finally,

ar

i}

Therefore,

P9 2 7 0 = 0.0005075 + 0.000002292 cos =T - 0.0000000696 sin T

All the P's are to be evaluated at T = 1 day = 86,400 seconds.

The values resulting therefrom are substituted into the preceding
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expressions for the I's and R's, TInasmuch as
1127902790270 the following results are readily
obtained :

T2 2 @ - 43,48 roentgens per hour
13 2 @ _ 30.89 roentgens per howr

14 2 @ _ 15,45 roentgens per hour
Rl2a - 16.32 i’oentgens per hour

R 2 @ - 14,78 roentgens per hour

RS 2 @ - 9,265 roentgens ﬁer hour

12 3 n - 5,662 X 10-3 roentgen per hour
13 3 1 . 5,662 x 10™2 roentgen per hour
14 3 - 5,0057 x 10~2 roentgen per hour
Rl 3 0 . 5,0957 x 1072 roentgen per hour .
Re 3 0 _ 5,672 x 10~2 roentgen per hour
RS 3D - 5,672 x 10™3 roentgen per hour
12 1 7 = 4.500 roentgens per hour

12 2 7 = 4.588 x 10~% rosntgen per hour
13 1 7 = 5.064 roentgens per hour

123 2 7 = 3.670 x 10~% roentgen per hour
1¢ 1 7 = 4,052 roentgens per hour

14 2 7 = 3,303 x 10~% roentgen per hour
RL 17 - 9,130 x ‘10‘1’roentgen per hour
Rl 2 7 = 0 roentgen per hour

RZ 1 7 - 1,015 roentgens per hour



http://www.abbottaerospace.com/technical-library

WACA TH 2108 13

RZ 2 7 = 0 roentgen per hour
R3 1 7 = 0 roentgen per hour
R3 2 7 = 0 roentgen per hour

DISCUSSION

Many induced radioactive isotopes decay to one or mors inter-
medlate radiocactivities before becoming stable atoms. Because, in
many cases, the radiations from these intermediate 1sotopes are
more harmful than the original activity, the entire gamut of radi-
etlons must be accounted for.

In addition, the possiblility exlists that radloactivity from
the ebsorber will induce a rediocactivity in the source itself that
differs from the original radiation. Theorstically, this consider-
ation may be as important as the ome in the preceding paragraph
because the decay of almost all the induced radioactivities can
be predicted from the avallable data, whereas the effect of the
back-reflected rediation on the source 1s not as readily obtained.
Furthermore, any change in the source results in possible subse-
quent changes in the radiation at the various stations of the
absorber.

The methods of references 1 and 2 have been gensralized to
include the preceding two considerations. The main limitations of
the method are:

(1) The assumption of normal incidence at all stations of the

gbsorber

(2) - The assumptidn of stations of the absorber as plane
parsallel surfaces

(3) For any practical problem, a large number of physical
constants are required for solution. A great many of the
required constants are not yet available in the literature.
Nevertheless, the method should currently prove useful for
obtalning approximate results in absorption problems In
which reasonable estimetes of the constants may be made.
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SUMMARY OF RESULTS

The problem of determining trensmission and gbsoxrption of time-~
dependent radiatlon through thick absorbers has now been generalized
to include the following time-dependent casess:

(2) Radiation is normal to an absorber of which the stations
are plane parallel surfaces.

(b) An arbitrary number of energies and types of radiation
are Involved In the sowrce and in the radiocactivities of the
absorber. ’

(¢) Radioactive isotopes decay to stable atoms in & finitse
number of steps.

(d) ‘The source is an arbitrary function of time and its activ-
ity may be affected by the back-reflected radiation from the
absorber.

Thus, the emount of heat and the activities in various portions
of an gbsorber can be calculated for problems of complexity embody-
ing cases (a), (b), (¢), and (d).

Lewls Flight Propulsion Laboratory,
National Advisory Committee for Asronautics,
Cleveland, Ohlo, December 9, 1949.



http://www.abbottaerospace.com/technical-library

NACA TN 2108 15

APPERDIX - DERIVATION OF EQUATIONS 4(b) AND 4(c)

Let N,'9¢ oqual the number of atoms in the 1% station
of the absorber in the dabt goeneratlion that are capable of emit-
ting radiation of type s and energy e and let the number of

particles of rediation be denoted by Ki®84, fThe following equa-
tion may then be written:

d Niesd = ciesd _9'_ Naiesd (Al)

aT aT

where €198d 35 a constant that accounts for the posgiblility that
in the decay process an atom may emit more than one radloactlve
particle of type s and energy e.

L ghe following two équations define the rate of changs of
Naes:‘ N

ies

a
&y 1es0 - €9 (11€0 , pi+l,€0) 1880 , 1680 (42)
ar Elag,

where the 0 generation 1s defined as the original induced member
of the radiocactlve decay series. The term aigg is the fraction
of the energy of radiation of type O and energy ¢ absorbed in form-

ing redioactive atoms of Néieso and EiSRO is the energy required
to change a stable atom to thse radioactive parent of the series.

For 421
dE; N, lesd _ ples, d-1 y les,.d-1 _jiesd y lesd (43)
Now

ples _ Piesg (a4)

where the range of & 1is 0O to q.

However,

iesd i 1esd - lesd iesd
piesd - g RqRy,1 c N N, (a5)
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vwhere EL R.R 1 is the energy emlitted when a radioactive atom of
d d+
the dbh generation changes to a radioactive atom of the

(a+1)*!  generation. Therefore,

iesd
de 1 clesd ;lesd & y, lesd (26)

dr Rde+l arT

If egquations (A42) apd (A3) are substituted into eguation (A8),
there results:

les (- iec i+l,ec
& I ’
aples0 i 1050 y1es0 |~ €0 (T * R )
dr RoRy i
E g,

7\1930 NaiesO ’ ( A7)

and for 4 2 1,

aT Rde-l

gplesd i glesd 5 lesd [%ies, a-1 163, d-1

Alesd g 135(1] (a8) .

Finally, if equation (A5) is substituted into equations (A7)
and (A8), they may be written

1es0
& —- w1080 (71€0 ; pl+1,€0) _ plesO plesd (49)
and for 4 2 1,
ead
22%?,_.= Ki;;f @-1 PiEZ, d-1 _ jlesd plesd (A10)

where pigzp is
i 1680 41680 _ies

SRg
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ies, d-1
and K EZ‘.’ is «
Ei Ciesd }\igsd

R<3.Rd.+l .

E:[R R. cies, d-1
d-1d
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