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BASED ON THE LAPTACE TRANSFORM

By Harry E. Murray and Frederick C. Grant
SUMMARY

The lateral motions of aircraft are obtained by means of the
Laplace transform which gives solutions expressed in terms of elementary
functions for the free and forced motions. These equations permit the
calculation of the free motion of an aircraft following any initial
condition or the forced motion following the application of constent
external forces and moments. These forced motions can be used to obtain
by means of Duhamel's integral the response to any arbitrary forcing
function. All the classical stability concepts can be deduced from
these same solution equations largely by inspection. These equations
for the lateral motion are applied to the calculation of the lateral
stability of a specific airplane and to the calculation of certain of
its free and forced motions.

INTRODUCTION

The lateral motions of aircraft are represented by three simultaneous
differential equations which are generally assumed to be linear. The
fundamental problem of lateral dynamics involves the solution of these
differential equations in terms of the aerodynamic and mass parameters
of the airplane. The solutions can then be used to obtaln numerically
the motion of the airplane as a function of time.

The recent application of the Laplace transform to the solution of
systems of linear differentisl equations permits a more general analysis
of the problem of airplane motion than that of reference 1, which is
based upon Heaviside's operational calculus. Heaviside's operational
calculus permits & calculation of the forced motion, which is the motion
following the application of external forces and moments. The Laplace
transform permits these same calculations and also permits the direct
calculation of the free motion, which is the motion following finite
initial values of the variables and their first derivatives in the
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absence of externally applied forces and moments. This calculation
cannot be made by use of Heaviside's operational calculus. The Laplace
transform solutions, which include both the free and forced motions, may
be written in a closed form from which all the classical stability con-
cepts can be deduced largely by inspection. The form of the equations
of motions of the alrplane is indppendent'of such serodynamic parameters
as Reynolds number and Mach number, and these paremeters enter the equa-
tions only as they effect the values of the aerodynamic constants or
stability derivatives appearing in the equations. The values of the
stability derivetives must be obtained by actusl measurements during
physical tests or from aerodynamic theory before motion calculations can
be attempted. ' .

Investigations of some of the possibilities of applying the Laplace
transform to the study of aircraft motion have been reported in refer-
ences 2 and 3, and in iwo British reports, one by K. Mitchell, the other
by J. Watham and E. Priestley. The British papers do not give final
equations in a form suitable for calculation purposes. The analysis of
reference 2 closely parallels that of the present paper until the point
of taking the inverse Laplace transform is reached. At this point,
reference 2 indicates that the inverse Laplace transform can be teken
either by means of the relatively simple partial-fraction expansion
‘(used in the present paper) or the more complicated inversion theorem
of the Laplace transform. Nelther approach in reference 2 is carried
to the point of final equations conteining only elementary functions and
in 2 form particularly suited for computation. A solution similar to
that of the present paper is indicated in reference 3. Only the form
of the analysis 1s shown in.reference 3, however, and all the details
necessary for practical applications have not been carried out.

The present paper presents an anaslysis based on the representation
of the lateral motion of an aircraft by differential equations. The
results of the analysis are solutions in closed form expressing the free
and forced motions in terms. of elementary functions. These equations
permit the calculation of the free motion of an aircraft followling any
initial condition or the forced motion following the application of
constant external forces and moments. These forced motions can be used
to obtein, by means of Duhamel's integral, the response to any arbitrary
forcing function as shown in references 4 and 5. The solutions are
readily adaptable to calculation by digital-type calculating machines
and the calculation is an arithmetical process requiring no knowledge of
the theory of the Laplace transform. The solution equations of motion
have been applied on an automatic calculeting machine to the calculation
" 'of the lateral stability of a specific airplane and to the calculation
of certaln free and forced motions as illustrative examples.
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COEFFICIENTS AND SYMBOLS

trim 1ift coefficient (W cos 7/aS)
rolling-moment coefficient (L/qSb)
yawing-moment coefficient (N/qSb)
lateral-force coefficient (Y/qS)
ailrplane weight, pounds

rolling moment

pitching moment

yawing moment

lateral force

aileron hinge moment

elevator hinge moment

rudder hinge moment

dynsmic pressure (pV2/2)

wing area, square feet

wing span, feet

inclination of flight path to, horizontal (positivé
in climb), degrees

angle of attgck, degrees’

angle of pitch, degrees

mass density of air, slugs per cubic foot
free-gtream velocity, feet per second
airplane mass, slugs (W/g)

acceleration due to gravity, feet per second per
second
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(tV/b)

nondimensional time

time, seconds

inclination of principal longitudinal axis of inertia
(positive for axis above flight path at nose),
degrees

airplane relative-density factor -(m/pSb)

. t
angle of bank, radians (/p hs) df>
0

’ t
angle of yaw or azimuth, radians ( f r dt)
) o)

rolling velocity about stability X-axis, radians per
second .

yawing velocity about stability Z-axis, radians per
second

angle of sideslip, radians

rolling-moment coefficient of forcing-function couple
in roll

yawing-moment coefficient of forcing-function couple
in yaw .

lateral-force coefficient of lateral forcing function
periods of oscillatory modes, seconds

times to damp to half-amplitude of oscillatory modes,
seconds

cycles to damp to half-amplitude of oscillatory modes

aileron deflection, degrees

rudder deflection, degrees
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Be elevator deflection, degrees

Kx nondimensional radius of gyration about atability
X-axis (VKxoecos2q + Kzogsin2n>

Ky nondimensional radius of gyration about stability

Z-8xis (szoecosen + Kxozsinan)

nondimensional product of inertia between stability

kxz
- - 2 _ 2
X~ and Z-axes <(KZO KXO )sin 1 cos n)

Kx nondimensional radius of gyration about principal

Y X-axis (kXO/bs
Ky, \ nondimensional radius of gyration about principal

Y Z-axis (kZo/b)
kXO '~ radius of gyration about principal X-axis, feet
kZO radius of gyration-about principal Z-axis, feet
c Laplace transform of sp )
A stability quartic
xl,xg,x3,xh roots of A =0
Pgs9g polynomials in ‘o
qd' = d;q.q

do
Ay roots of g5 =0
Ry real part of x3 and A) when l3 and Ay are
complex conjugates ;
Il imaginary part of X3 and Ay vWwhen XB and Ay
' are complex conjugetes

Ryt real part of A} and XAy when A; and Ay are

complex conjugates
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C1,C2,C3,CL,C5
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imaginary part of Ay and Ao when A1 and ka

are complex conjugates
coefficients of stability quartic

Routh's discriminant

\

amplitude coefficients for ¢

amplitude coefficlents for ¥
amplitude coefficients for 8

real part of A3 and A) when A3 and
complex conjugates

<

Jmaginary part of A3 and A) when x3
are’ complex conJjugates

real part of B3 and B) when A3 and
complex conjugates

*

imaginary part of B3 and Bh when X3
are complex conjugates

real part of C3 and C4 when A3 and
complex conjugates

iﬁaginary part of C3 and C) when X3
are complex conjugates

real part of Ay and A, when X} and
complex conJugates

imaginary part of A, and A, when A
are complex conjugates

real part of By and B, when XA; and
complex conjugates

imaginary part of B; and B, ' when AN
are complex conjugates

and

and

Ay

and

and
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Ro'

Kg'

real part. of C; and Co when A and Ay are.
complex conJjugates

are complex conjugates

imaginary part of Cy and Co when A\ and X

amplitude coefficient for ¢ oscillation corre-
sponding to complex conjugate roots X3 and Ay

(2 22 + IAQ)

amplitude coefficient for

sponding to complex

<2 B2 + IBQ)

amplitude cocefficient for 8

sponding to complex

(2 V&e? + 3%)

amplitude coefficient for ¢

sponding to complex

)

amplitude coefficient for W

sponding to complex

(2\6312 + IBtQ)

amplitude coefficient for 8

sponding to complex

(2 \&;'2 + IC'E)

oscillation corre-

conjugate roots e and AL

oscillation corre-

conjugate roots A3 and A4

oscillation corre-

conjugate roots A3 and Ao

oscillation corre-

conjugate roots A; and Ao

oscillation corre-

conjugate roots A; and Ao

phase angle for ¢ oscillation corresponding to
conjugate camplex roots A3 and A), radians

Ip
tan-1 =&
(an R )

phase angle for V

B3

oscillation corresponding to

conjugate complex roots X3

éan‘l IE)
Ry

end Ay, radians
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e phase angle for 8
conjugate complex
I
tan-1 =€
wh' phase angle for ¢
conjugate complex
1
tan~t Eé—
Ry’
wg' phase angle for V¥
conjugate complex
1
ta_n"l IL
Rp'
qc' phase angle for B
conjugate complex
1
tan-1 Eg;
RC .
oC
CZ = l
roy 1;@)
2V,
oC
Cp = —2%
")
2V,
oy
0, = —*
Cn
Cnr =
d(E2
(EV>
oC
Cp. = —=

NACA TN 2129

osclllation corresponding to
roots A3 and AL, radians

oscillation corresponding to
roots A3 and Ao, radians

osclllation corresponding to
roots A1 and Ao, radisns

oscillation corresponding to
roots A7 and Xo, radians
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CnB = EE»
oy
CYr = N 5
&)
oy = X
TR
oCy
RO
30:9-1}3-2:&3;134:35
bo’bl’bE’b3’bh’b5
COJCl’C2’°3’ClL
Subscripts:
0]
g

coefficients appearing in numerator terms of ampli-
tude coefficients for

coefficients appearing in numerator terms of ampli-
tude coefficients for

coefficients appearing in numerator terms of ampli-
tude coefficients for B

initial wvalue

transformed variable .

ANATLYSIS

The linear equations of motion, referred to the axis system shown
in figure 1 and representing the lateral motion of an ailrplane are
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21Ky Dy, - 107 Dy + 2Kz Dy ¥ - %CzrDb‘l’ - Oy - Cy =0
2uKgzDp%8 - 0n Def + 2KV - 0p DV - CpB - Cp = O

1
~Cr Dof - Cpf + 2uDy¥ - Cp, ten 7V - 0y Dyt - CygB +

2HpDpB - Cy, = O ' D

7 (1)

The terms Cz s> Cne» and Cy, are forcing functions which represent

disturbances imposed upon the state of motion of the airplane by control
movement or stmospheric turbulence. These terms, in general, are arbi-
trary functions of time, but for the purpose of this analysis, they are

considered to be constants applied at zero time. After a solution

has

been obtained in terms of constant forcing quantities this solution can

be used to obtain a new solution for an arbitrary forcing function
Duhamel's integral as explained in references 4 and 5.

Transformation of Equations

by

When the Laplace transform is applied (reference 6, p. 8), the

transformed equations become after multiplying through by o
~
2 1 2 1 2
(EHbe a3 - ECz o] )¢. + (E”Bsz°3 - 501 g )¢T + (‘Cl O)Bo =ry

= (2l~bon202 - %Czpﬁ) o + (Q%szde 1 0')‘l'o

(Q%KXQU) (Db¢)0 + (Q”IJKXZ“) (Db‘l!)o + Cy ,

> (2a)
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\
(Q“bKXZ°3 - %Cnpde) Bo + (2%Kz2°3 - %Cnrdg)‘l’c + (-CnBO) Bg = T2

ro = (Q%KXZUQ - %‘Cnpd) By + (2ubKZ202 - %Cnrc) Yo + > (2v)
(211bech) (Db¢)0 + (QIJJOKZZO') (Db*)o + Cp_ y
(—%—Cche - CL0)¢U + (2%02 B %C.Yrce - Cp tan 70)*0 + )

(2%02 - CYBo)ﬁo, =r3 ‘ > (2¢)

3" (_%-CYI;U> %o * (2“’0“ y %CYrC’)‘”o + (2mp0)80 + Cy,

Solution of Transformed Equations

After equations (2) are solved by determinants, the expression for
g. 1is ’
. )

- 8.00'5 + 8.10')4' + 8.20'3 + 8.302 + 8.)4_0' + 8.5
ocA

B (3)

where

A=Ack + Bo3 + Co? + Do + E (%)
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and the constants are given by

Ky® )
a0 = $o|8rn> .

81 = Pol2m2|Kgy ¥zZ  Cny o2l T + (Dp@)g (BHo>
0 1 -2Cy CDP w2 R
B
K cy. Ex2 C
15 C1p, Kxz 15 xz 1. o1 2
ap = folHp Cng Cnp K72| + 1 Cng Fxz Cngf - Ly o x +
ng Kxz
CYB CYP 0 CYB o ¢ -
c c i(xg KXZ CZI'
1 1
%"‘b P T+ (Dpf)ol2m Ky Kz2 Cn. ||+
Cn, Cny
0o 1 20y,
C1.. K Cip, Xxz Ci. Kyxy
(Dov)o[2m?| ol P TN+ O
n. Kz : Kz, Cn, Xz
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Cig €1, Kx?_ Cig C1p Cip
a3 = Po|Hb Cng Cny Kxz, -%Cns Cny Cnp| |+
0 -2tan?7Cp, 1 CYB CYP/ Cy,
C1q Kx? Ci, S
(Db¢)olr'¢anB Kxz Cn. —%ECB.K +
ng Kxz

Cis Kxz
#O<2ub tan 7CL, B 5 ) + (D-D\V)O Hp Cnﬁ KZ2 Cnp | =
X
Z
o o CIB Kxy, Czc
Cia K 1 1
hyn 2 B Xz + Bol-tp| P r\ + [2mp [Cng Xp2 Cng | +
CIJ.B & CDB Cnr Cy 0 Cy
B c
" Ci. Ci1.
Cnr Cnc
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2Hy

C1
P+ (Db¢)o 2, tan 7Cy,
Cnp
C1 ’
T+ (op¥)g (2w ten ocy,
Cny.
Cig C1
C
it B
Cy Kxz,
- o2 J e .
n, ¥z
0 Kx2 Kygy .
1
. 1 P
Cn‘3 CnP Cny. + 5Hp o
lnp

NACA TN 2129

2
Cig Xx .
Cag Kyz
CZB KXZ .
Cny Ky2
2
Ciy KX
T 21" °B
- lH.xb .
r CnP X7
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Cy. Ky K C C c
D = 2mCL [Cny Kyp Kz2 -%CDB Coy Cop| + b B P
o} 1 tan 7 CYB CYP ch
c, ¢ c
lg “lp “lr

=
!

0]

1

= -1

tan 7

The expression for V¥, is

Yo

boo? + bro*

+ b203 + b302 + blo + b5 (5)
LN ’

where the constants are given by

Ky KXZ
Kyy Kg?
Kx2 Kxz Ci,
5 * Ci Kyy 5[ 2 Kyy
by = Yo |22 Kxz Kz°  Cn. | - 2w P ||+ 9|81 .
Cnp, KZ X7 KZ
0 1 «-ECYB

e - U VAU S ——


http://www.abbottaerospace.com/technical-library

16 NACA TN 2129

0 Ky° Kxz Cig Cip Cip
Ci1.. K ’ >

bo = (Db¢)o -2pp2 P + ¥o|Hp CnB Cny Cop| + M| O Xxz Kz=| -
P Cyg Cyg CY,. CYB CYP Cy_

2
Cig K Cy
by P +%“b P OTY 4 (Do¥)o [-2mP[Kxz  Cng Kz2| | +
K Cpn. € :
CnB X7 np “Ip 1 -ECYB 5
C1, Kx° c1. Kx°
Bo |-t2| P e
Cog ¥xz, Coc Kyz
Cig C1p Kx~
C1q Kx®
b3 = o | ~2MoCL, + (Dp@) g {Hb Cng Cnp ezl 1
Cng Kxz o o 0
g “Ip

Cia Cip K
Cig C1p Kz Cig Cip Cip 13 Cip xz
1
¥o (Mo |Cog Cn K22 - Ecnﬁ Cnp Cop| |+ (Dv¥)o|Mb|Cng Cnp Ky,
0
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. Cy ' 15 Kx® Cig C1
by=fgolFon| P |} e uf)g(-amern| T T r¥o[fon| P
Cng Cnp S Cha Kxz Cn, Cn
ng ng Dg T
o « CIB C'LP Clc
¥ IB X7 1
(Db )0 —el-kbCL o + -é- CnB Cnp Cnc
Cny Ky
C C
b5=-CL IB zc
Cng Cnc
The expression for B4 1s
4 3 2 '
CAOTH + €100 + CH0° + Cq0 + C
By = 2 1 €t 3 4 (6)

oA

where the constants are given by

Ky* Kz
co = Bo{BH>

Kyz Kz

e e e m e = A e . T e S T T T e
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2 2

cy = ¢O )-H.leC]'_, + (Db¢)o 2%2CY +
Kxz Kz°|/ Plcry Kg?
kx> Kxz Xy Kxz
Vo {2tan 7 Cr, ot (Dp¥) o 212 (CYI. - lﬂlb) ol +
Kxz Xz Kyz, ¥z

Cy, Kx2 Ci, K P
co = Bo[mCr, - PCr, + (D)o %‘*b Kxz Cnp Cpn.| -
Dy X7 Cnp Xz
P r
Ky® Cy1_ Kygy
b N CZ KX2
2m2lKyz Cn, KzZ| |+ ¥o|mp tan 7o | ¥ -
n Kxz,
o =2c; 1 \
c Kt Kxz. CZP Czr
My ten ycr] ® + (Do¥)o| 3 [Kz, Cpy Cnp| +
Cn, Ky 0 o
Yy, v, ’
2
Kx 1, Kxz,
2 L |C% Cir
2k, [Kxy, Cny, Kz2[ [+ Bo[5Ho +
1 -2+tan7C, O '
0 Kx2 K C;. Cy. C
. Cc
-#p[Cn, Cnp Cnp| - Bp[O Kxz Kg2| - h®
Cy G Cy Cy, Gy Cy
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Ky €1, Ci,

Ciy, Cip \
c3 = ¢O %CL P + (Db¢)0 HuCr, Ky, Cnp  Cnp +
np Cnp
0 1 ‘tany
¢ o Kyz Cip  Ciy
¥o[Ll ten ycr| F + (Do¥)g MmCr[Kz2 Cp Cn. || +
Cn Cn P
p Or :
0 1 tan 7
Ci. - Cip Cip Cie Kx2 Ky,
Cy,, C1
1 e c
T[Cnc Cnp Cnp| - 2unCr|Cn. Kxz Kz2 | + iy o ¢
P n
Cye Cyp Cyy O 1 tany ¢
C; Cy C
e %1, 1, .

ch = 0L [Cn. Cnp  Cnyp

0 1 tan 7|

All the determinants given in this paper are expanded in the
appendix.

In order to obtain the actusl variables ¢, ¥, and B from the
transformed variables an inverse LaPlace transformation must be applied
to @y, Vg, and By. The expressions for g, VY5, and By are of the
form Pc/qo where py; and qg are polynomials, the degree of Qg

being higher than that of py;. Reference 6, page 45, indicates that the

inverse transform of a function of this type is (1n terms of the varlables
used herein) .

-1 _q) - o Pg(ln) elns'b
<§0 p=1 95'(Apn)

This equation assumes all the roots Ap of gy = O to be distinct. All
roots of qy =0 are distinct for Bg; however, for @; and Vg,
4y = O has double zero roots. (See equations (3), (5), and (6).) The



http://www.abbottaerospace.com/technical-library

20 NACA TN 2129

terms in the equations for ¢ and V¥ resulting from the two zero roots
of gy =0 are given according to reference 6, page )+9, by

420) + 2(0)sp
do

where

The analysis takes three forms depending upon the character of the
nonzero roots of gy = O which are the same as the roots of A = 0.
Four real roots, two real roots plus a pair of conjugate complex roots,
or two pairs of conjugate camplex roots may exist. )

Four Real Roots

The inverse Laplace transform of ¢0. is

X3sb Ays

Msp M28b + Aye b, Agsy + Ag )

¢ = Aqe + Aye + A3e

where the constants are

_ agh? + alxll‘ + aph3 + 8‘1)’1,2 + a)h + ag

A
6a%7 + SBAM ™ + Uoag3 + 3002 4 2E)
a. A’ + & l"+a. 3+a M2+, +a
ap = 02 i R Y- S v M - B
a2 + SBAM + hoag3 + 3DA2 + 2EN,
a.ox35+all3l*r+ a27\33+a3).32+ah7\.3+a5
Ag = :
3

Ea%g0. + 53134'+ keag3 + 3DA52 + 2Edg
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aolh5 + alxhh + aexh3 + a3xh2 + 8\, + a5

Ay =
6ary0 + 5BAY + hony3 + 3002 + ZEN,

Ag = Lfa) - asl
6 E(u 5E)
The inverse Laplace transform of V¥, 1is

¥ = Bpe 1% 4 e’ My,

X3 B'b
+ Bge + Ble + Bssp + Bg
where the constants afe

L Saa 2
By - boM2 + Dyrgt + bohy3 + barg® + DY + b

€an D + 5BA M 4+ dong3 + 3002 + 2B

5y - boro? + blkal" + bohy3 + b3x22 + By + g

6800 + 5BALY + IoAy3 + 3DA,2 + 2EA,

bx5+bx

Ba — 173
3 5 A 4CAo3 py SE
%+%3+ 33 + 3004° + g

h+bx3+b)32+bh7\3+b

bomP + byt + boM3 + D302 + by + by

B, =
Gand + 5By + Uony3 + D02 + 2B

(8)
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R
$he inverse Laplace transform of By is
A
B = Cie 1% + Ceeleb + C3ek33b + Ch_elll-s'b + C5 (9)
where the constants are

Coxl5 + Cl)vlll' + C2Xl3 + C3X12 + C)_;_A-l

¢y =
6A115 + 5B)\1LL + hcx13 + 3ny2_+ SEN
c cOX25 + clxeh + c2X23 + c3X22 + ch}a
2 =
6ANSD + SBAot + BCA3 + 3DA,2 + ZEAy
C3 - ?OX35 +‘olk.3lL + c2X33 + c3x32 + chxa
ars? + 5]3)»3lL + heag3 + 3DA32 + 2Erg
Cly = COX)_P + cll)_'_)‘l' + 02)\.)4_3 + c3)\.)+2 + c)-l-k')-l—
anyd + 5B + bony3 + 3002 + 2B,

E


http://www.abbottaerospace.com/technical-library

NACA TN 2129 23

The quentity Db¢ can be obtained from equation (7) by differentiation
ag .

: s :
"Dpf = Ay'e’1% Az'exesb + A3'ex3sb + Ah'ekhsb + Asg' (10)

where the constants are

A" = MAq
Ap' = dohp
A3’ = Mg
AT = MAy
A5' = A5

The quantity Dp¥ can be obtained from_equation (8) by differentiation
as

Dp¥ = Bl'ellsb + Bg'eXQSb + B3'eX3Sb + Bh'exhgb + By’ (11)

-

where the constants are

B;' = MBy
By' = ApBo
B3' = A3B3
Bh" = M—I-B’-L
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The quantity DypB can be obtained froﬁ equation (9) by differentiation
as

DpB = Cl“eklsb + Co! 12 C3'e 3% CLI_'e)"hsb (12)
where the constants are
Co' = Alo
C3' = X3C3
Cy' = MLy

Collecting the equations of motion (equations (7) to (12)) for the case
of four real roots gives

¢ = Alexls§ + Aaexesb + A3ex3sb + Ahexusb +'A55b + Ag

¥ = Ble)vlsb + Bzexesb +‘B3ex3Sb +.Bhelhsb + Bgsp + Bg

Mo

xls‘b ’+ Ceeles-b + C3€X3B‘b + 05

B ='Cle + Cj_l_e

y (13)
Dpd = Al'eklsb +.A2'eXesb + A3'ex3sb + Ah'exhsb + Ag' ?

Dp¥ = Bl'exlsb + B2'el25b + B3'e)'3Bb + Bh'ehhsb + Bs'

A A AqB A
DB = Cq'e 1°%b + Co'e 2% + C3'e 3°b 4 Cy'e 4%p ’)

Two Real Roots and a Pair of Conjugate Complex Roots

If a pair of conjugate complex roots X3 and M) exists, the

coefficients of the terms of @, V¥, and B (equation (13)) corresponding
to A3 and A4 are conjugate ccmplex The complex number k3k can be
written

A3¥ = Rk + Iil
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Thus,

A3 = Ry + Iji

]

R2 < I?.i

L4
W
|

Ry + I3l
A3t = Ry + Iyl

x35 = Ry + I5l

The coefficients of the terms of @ resulting from the complex roots
are

B a'ORi"' a1R) + a2R3 +a3Ro +alR] + a5+ (a.oI5 +8a1ll+apl3z +a3lp+ a).,_I]_) i
~ 6ARg+ 5BR), + UOR3 + 3DRp + 2Ry + (BAT5 + 5BI), + MCT3 +30Tp +28T )1

A3

or after retionalizing

A3 = RA + IAi
and.

Similarly, the coefficients of the terms of ¥ resulting from. the
complex roots are

]

By = Rg + Ipl

Ry - Ipl

By,

and the coefficients of the terms of B resulting from the complex roots
are

C3 =R + Il

and
'Ch = Ro - Ici
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The terms of ¢ corresponding to the conjugate complex roots are

A A R ,
A3e 3% + Aje 45b = KAe 1% cos(Ilst; + mp)
wWhere
Kp =2 \’RAE + Ip°
and

(I)A = tan’l ;A'
Ry

Similarly, these terms for ¥ are

A A
Bge 3°b 4 Bpe Wb _ KBeRle cos(I1sp + wp)

where
KB = E\IRBa + 132
and
I
wp = ta_n“l _]2
Rp

and for B are

CBe)"3sb + ClLeM'st = KCeRlsb cos(I s, + ap)

where

and
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The final e.qua.tions corresponding to two real and two conjugate complex

roots are

A A
¢ = Aje 1% + Ape zsb + Kpe cos (Ilsb + an) + Assp + Ag

¥ = B]_ex'lBb + B2e)”28b + KBeRlsb cos (Ilsb + “)B) + B5sb + B6

B = cleXle + Cze)\asb + KCeRle COS(Ilsb + (DC) + C5

Al'e)"lsb + 1\.2'e)”25‘b + KA\’Ela + 112 eRle cos(Ilsb + @y +

Db@

Dp¥ = Bl'e)"lsb + Ba'e)"es‘D + KBVrE-{lE + 112 eRle cos <Ilsb + o +

tan-l 22\ 4 Bs
Ry

A R
DpB = Cq'e 1% Cg'ekzsb + KC\!I_(le + Il2 e 1% coe;<Ils<,~J +ap +

ta.n"l L
Ry

R]_Sb —\

_1> 4

e e e e e e —— e —— e e e —_— —— ———
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Two Pairs of ConJugate Complex Roots

If two pairs of conjugate complex roots, A1, A2, and A3, Ak
exist, another cosine term is introduced into equations (14) in place
of the exponentials so that

g = KA'eRl'sb cos (Il" 8y + a)A') + KAeR:st cos (Ilsb + ‘DA) + Asey, + Ag

V= KB'eRl'sb cos(Il'sb + a)B')' + KBeR]-Bb cos(Ilsb + (DB) + B5sb + Bg

B = KC'eRl b cos(Il'sb + a)c') + KCeRlShb pos(Ilsb + (DC) + Cs
1 12 12 ersb 1 1 -1 Il'
Db¢ = KA Rl + Il e co Il By + (DA + tan R_-_I +
1

,\ T
KA\’gle + I12 eR]_S'b cos (Ilsb + Wy + ta.n"l ﬁl> +A5
1
R I
=Kg'\/Ry'? + I;'2 1% cos(1;'sy, + op' + tan™t 21| +
Dp¥ = Kp' Ry 1'° e cos|I; sy + &g 7).
KB\/gle + I12 eRls'b cos é:lsb + wg +_‘i:,za.n":L ;-—]->+B5
1
Rl . Il
2 2 M1 % -1 11
=K-'\[Ry'C + I3'“ e cos|I{'sy, + ap' + tan™" =] +
Do Kc\/ 1 1 (1% v Rl')

R48 I
KC\/R12 + 112 e 1% cos <Ilsb +op + tan'l R—i)
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DISCUSSION

The lateral motions of aircraft have been obtained by means of the
Laplace transform. This analysis resulted in equations from which the
free lateral motion of an aircraft can be calculated for any initial
condition, or the forced motion can be calculated for any constant lateral
force or moment applied at zero time. In general, the lateral forces and
moments applied to the airplane by control movement or atmospheric tur-~
bulence are not constant but are arbitrary functions of time. After a
solution has been obtained in terms of constant disturbing forces and
moments, however, the solution for the arbitrary forces and moments can
be obtained by Duhamel's integral as explained in references 4 and 5.

The nature of the motion indicated by equations (13) to (15) depends
upon the form of the roots of the polynomial '

A =0

which is commonly referred to as the stability quartic. The roots of the
quartic can take three forms - first, all four roots real; second, two

real roots and a pair of conjugate complex roots; and third, two pairs of
conjugate complex roots. In the case of the lateral motions of airplanes
the first form almost never occurs; the second form is very common; and

the third form occurs under rather rare conditions. The actual motions
indicated by equations (13) to (15) can be seen to be composed, in general,
of the sums of terms which are the amplitude coefficients (the A's, B's,
C's, and K's of equations (13) to (15)) modulated by exponential and cosine
factors.

All the classicel stability concepts can be obtained from equations
(13) to (15). Because stability is concerned only with the free motion
(motion due to initial conditions) the forcing or disturbing quantities
Czc, Cnc’ and Cy, can be set equal to zero so that the amplitude coef-
ficients As, Bs, and Cs vanish. The variation of the amplitude of the

motion with time, which determines the stability, is now dependent entirely
Aq8 A A A8 Rys
upon the demping coefficients e 1 b, e Esb, e 3Bb, e h'b, et b,
1
and eRl ®b, The motion diminishes with time (stable) 1f Ay, Ao, A3,

AL, Ry, and Ry' are all negative. Thus, these criteria for stability

are that all real roots of A = 0 and the real parts of all complex
roots be negative. These criteria have been expressed in reference 7 in
terms of the signs of the coefficients of the quartic A = 0 and the
slgn of Routh's discriminant which is written as

R = BCD - AD® - EB? , (16)
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These criteria in the present case can be expressed as follows: The
necessary and sufficient conditions for the real roots and the real parts
of the complex roots to be negative are that every coefficient of the
quartic and R should be positive.

If the motions contaln oscillations, the periods of the osclllations
in seconds are from equations (14) and (15)

3
p =21
IlV
(17)
pr . 2m
L'v _
and the times to damp to half-amplitude in seconds are
TN
b loge2
T = 26T
> (18)
T v _b loge2
1 A
and the cycles to damp to half-amplitude are
- _ Tl/2 _ Iy logg2 ‘\W
1/ P 21R1
, > (19)
N v Tl/2 B Il' logeE
1/2 Pl 21.[Rll
_
APPLICATION

The equations for the motion of an aircraft resulting from the
analysis were used to calculate illustrative examples of certain free
and forced motions of an experimental swept-wing airplane, a three-view
drawing of which is shown in figure 2. The calculations were made by
use of the Bell Telephone Laboratories X-66T74k relay computer available
at the Langley lLaboratory. The calculations were based upon stablility
derivatives measured on a model of the experimental airplane in the
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Langley stability tunnel aend presented in reference 8. Motions were cal-
culated for true airspeeds of 140 and 200 miles per hour under standard
conditions. The stability derivatives, other related aerodynamic quen-
tities, and the mass characteristics of the experimental airplene as used
in the calculations are shown in table I. The coefficients of the sta-
bility quartic (equation (4)) and value of Routh's discriminant (equa-
tion (16)) were calculated as

True
C;, |airspeed A B C ‘D E R
(mph)

0.693| 140  [26.19791{10.18804 |3.021074]0.6312249]0.00235618(5.8

3401 200 26.20030| 9.818377|2.504971] .4623735| .00014875(8.7

The positive signs of all these quantities indicate complete stability

of the lateral motion for both airspeeds. The coefficients of the quartic
are such as to give two real roots and a pair of conjugate complex roots
which are

True
C;, |airspeed - AL Ao Ry * 11,
. (mph) .
0.693 140 -0.2802853 |-0.003603100 [-0.05249952 * 0.28590791
.3%0 200 -.2649690 | -.0003222716 | -.05472583 * 0.2519754i

Discussions of methods of obtaining the roots of the quartic can be found
in references 9 to 12. .

The first or second powers of ¢ multiplied by A in the denomi-
nators of equations (3), (5), and (6) introduce one or two zero roots,
respectively, in addition to the roots given in the preceding table.
These zero roots lead to the terms containing the amplitude coefficients
A5, A6, Bs, Bg, and C5 of equations (14). For the experimental air-
plane, the motion can be thought of as composed of three modes - the
oscillatory mode resulting from the pair of conjugate complex roots, the
rolling-subsidence mode resulting from the large negative real root A1,
and the spiral mode resulting from the small negative real root and the
zero roots. Stability of the free spiral motion is indicated by the
negative sign of the small real root Ao.
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The period, time to damp to half-amplitude, and cycles to damp to
half-amplitude of the oscillatory motion were calculated by use of equa-
tions (17) to (19) from the imaginary and real parts of the conjugate
complex roots as

True airspeed |~ P T /2
Cg, (mph) (sec) (sec) N1/2
0.693 1%0 3.60 2.16 0.60
.340 200 2.86 1.45 .51

The motions calculated fell into two categories which may be termed
free and forced motions.

Free Motions

Free motions are those which exist following an initial condition
and in the absence of any forcing function. The five possible initial
conditions are ¢0, Vos Bgs Tg, and py. Every free motion that the

airplane is capable of executing can be obtained by superposition of the
motions following these initial conditions taken separately. Filgures 3

to 6 show the calculated free motion following the initial conditions ¢o,
Bg, To, and pg for the experimental airplane in level flight according
to equations (14). No airplane response to ¥y occurs when the angle of
climb is zero. Table II gives the values of the amplitude coefficilents
(see equations (14)) corresponding to the motions of figures 3 to 6. These
figures show the total airplane motion and show the separate contributions
to the motion by the rolling-subsidence and spiral modes when the motion
resulting from these modes is appreciable. Figures 3 to 6 indicate that
in the case of the experimental airplane the initial condition By pre-
dominately excites the oscillatory mode of motion, rp excites both the
oscillatory and spiral modes, and ¢O and pg predominately excite the

spiral mode. The rolling-subsidence mode appears for a very short period
of time in the initial phases of any motion involving appreciable rolling
velocity. The principal effects upon the motions of figures 3 to 6 of
increasing the airspeed from 140 to 200 miles per hour is to reduce the
period as well as the time and cycles to damp to half-amplitude. g

Forced Motions

~Forced motions are those which exist during the action of forcing
functions upon the airplane. Any forced motion of an\airplane can be
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built up by proper superposition (Dubamel's integral, reference 4) of the
motions following the application at zero time of constant values of the
forcing functions C3, Cp_, and Cy, . Figures 7 and 8 show the cal-

culated response according to equations (14) of the experimental airplane
to the constant value 0.02 for C; and C, applied at zero time. The
c c

regponse to a value of 0.02 for CYc was also calculatéd but during a

time period of 8 seconds was negligible compared with responses resulting
from 01c and Cpg.. For the experimental airplane, the value Czc = 0,02

corresponds to a total aileron deflection of 21.0°, the value of Cpo = 0.02
corresponds to a rudder deflection of 13.7°, and the value CYC = 0.02
corresponds to a rudder deflection of 7.5°. The response to Czc is pre-

dominately in the spiral mode of motion; whereas the response to Cnc is
predominately in the spiral and oscillatory modes.

A large number of forced motions calculated for the experimental air-
plane corresponding to various flight conditions are presented in refer-
ence 8. These motions were built up by superposition of motions such as
those af figures 7 and 8 following the application of the constant forcing
functions Cy. end Cnc. A large number of comparisons are made in

reference 8 between calculations and flight tests for a large variety of
flight conditions. The agreement between calculated and flight motions.
is good and indicates the practicability of analyzing the dynamic lateral
flying qualities of alrcraft by use of the theory of lateral dynamics such
as that herein developed if experimentally determined values of the aero-
dynamic and mass parameters of the airplane are available. Reference 8
also indicates rather insignificant effects upon the calculated motions
that result from a conslideration of slight nonlinearities which occur in
certain aerodynamic parameters of the experimental airplane.

CONCLUDING REMARKS

The lateral motions of aircraft were determined by means of the
Laplace transform which gave solutions expressed in terms of elementary
functions for the free and forced motions. These equations permit the
calculation of the free motion of an aircraft following any initial con-
dition or the forced motion following the applicatlion of constant external
forces and moments. These forced motions can be used to obtain the
response to any arbitrary forcing function by means of Duhamel‘'s integral.
All the classical stability concepts can be deduced from these same

f e e —— — et m c v e e A = T e s e v ek o et Y ————T = s S S w s ot C mee e em——— =
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solutions largely by inspection. These equations for the lateral motion
were spplied to the calculation of the lateral stablility of a specific
alrplane and to the calculation of certain of its free and forced motions.

Langley Aeropautical Laboratory
National Advisory Committee for Aeronautics
Eangley Air Force Base, Va., April 3, 1950
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APPENDIX
EXPANSION OF THE COEFFICIENT DETERMINANTS

The stability quartic coefficients are

‘B = 24,2 chB(KXZQ - KXQKZE) + KXZ(CZI' + cnp) -.sz’cmr - Kzzcﬁ;l
2 2 2
C = b2 (Kx Cng - KXZCZB) + MRy (CanYB - Cnﬁ"!r) + kg (CZPCYB )
- Calyy) + vz (e250r,. - C2,01p + Cnglr, - CuyOrp) +
1
. D =21Cp Ecan 7(KXZCZB - Kfcna) + (szcn13 - Kz2czs)] + "b(czﬁcnp -
czpan) + %;(ClrcanYB + €3 Cng0y,, + C2gCnrCYyp - C2aCnyCYy -
C1 Cn Oy, - CernBCYP)

E = %CLESE.I]. 7(CZPCnB - C'LBCnP) + CZBCnI‘ - Clrcnél
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The coefficients appearing in the numerator of amplitude coeffi-
cients for ¢ are

o = oo - )

a1 = %o Ea;rb%{xz(czr v Oy ) + ban 20y (Kogr? - KxeKzz)‘ - 2m2(kg20y, +
K'Zaczp)] - (ou8), B3 e - %)

a2 = o [%KX?(CanYB - CagCr,) + Wn®(KxCng - KxuCrg) + #oK2 (CoOyg-
C1g0rp) + HoKXZ (CogOrp - CngCrp + C1pCYr- C1,Cyg) + 240 (C1pCar -

CiyCnp)| + (Db¢)o EF%ZCYB(KXZE - KX2KZ2) + E%E(szczr - Kxacnr)] +

=1

(Po¥)o :eube (Kz"‘Czr - KXZCnr)] + BO E%Q(KZQCZB - szan)J +

by, (Kzzczc - szcnc)
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a3 = fo [”"”b ten 7¢r, (502 - Kx%Cng) + o (C160np - ClyCug) +
BCmgfr, * Cryngtr, + Capln,Ony - Ol - C1y Sy -
o] + (o ol ~ ) i -
Cuglr,.) + Moz (Cgr,. - CerYB)] + ¥o [2% ‘;an( ey, (K720, -
szcna)] + (Db‘V)o'[ubKZQ(CZBCYr '_CerYs) » (Kl - Kg20y) +
ooty - o] PPl o]

o o, 1) iy - o)

”b(Cernc - czccn¥)

e 4o rnn ey i — e e e =



http://www.abbottaerospace.com/technical-library

38 ‘ NACA TN 2129

a) = ¢o[~é— tan 7Cf, (CzPCnB - CZBCDP)] + (o) l:e . L . (szclﬁ_
Kx20ns):l + \kro[% tan 7 CL(clran - Clscnrﬂ +
(ou¥)o [eub tan 7Cr, (I;ZQCZﬁ - KXchB)] + l%“b(clccnﬁ - CZBCnc) +

'IQCZC(C’“I'CYB B Cnﬂcér) +3 Cnc(CZBCYr - CerYB) +

% CYc(chCna - Clanr):l

a5 = tan 7CL (CZBCDC - Clccng)
.

The coefficients appearing in the numerator of amplitude coefficients
for V¥ are ’ '

by = VYo |:8“b3 (kszzz - KXZZ)]
by = WO[E%QKXZ(CD.P + Czr) - 4%2CYB(KX2KZQ - KXZQ) - 2%2(KZ201P +

o) - (oo - ]
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by = (Db¢)ol%wb2(l{x20np ; szczp)] + Y [%sz(cnrcyﬁ- Cagly,) +
ek (CZpCYB - CIBCYp) + i (CDBCYP - CnyCYp + C2p0Yy - CerYB) *
(wa)o[eube(xxzcnp - Kz201,) - %%YB(szKze _ KXZE)] +
Bo E%Q(szcnﬁ - KXZCZs)] + g2 é‘xecnc - KXZC%)

b3 = fo l;?”bCL(szan - sz%)] * (Db¢)0[ube2 (ancYP - CnPCYB) +
oz (Cy0xp - CZBCYP)] * Ilr<>[”’°(Clrscflp - O 0ng) - 2101 (K7%02g -
KxzCng) *+ %(Clrcnp"“fs' + C1lngCry + G200, 00y = C2p0n, %Yy -
100,00, - Ca,Oagors)] + (Puv)o e Crrg - o2g0) +
v (Cagr, - C%CYB)] * BO[%(CIBCI’P - Clpcnaﬂ !
#(C1clap - Crglnc) + 24K (ClcCYB ) ClsCYc) ¥

2 ) ,
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e

by = ¢o[%CL(CléCnp - CZPCné + (Db¢)o [Q%CL(KXQCH[& - szCZB)] +

wo[%CL(CZBCnr - Clrcngz + (DBW)O[?”bCL(KXZCnﬁ - KZECst] +

201 (CnpCyp - Cnp%) * %Cﬁc(czpcrg - CZBCYP) *

1
=C C,,C - C,.C
2 YC( ZB np 1P D.B)

b5 = CL(CZCCD'B - CZBCnC>

.

The coefficlents appearing in the numerator of amplitude coeffi-
clents for B are

Bo l%ub3 (Kx2K22 - KXZQEI

il

co

c1 = fo l:huch(KxQKZz - sza)] + (D)o [’iubecxp(KxeKzz - sze):, +
(A E%Q tan 7Cf, (KX2KZ2 - szé)] + (pp¥)g [2%2 (er - hub) (KXZKZE -

sza)] + By E“’OQ(KXZC% - Kx?cnr) + 2%2(szcnp - KZ201P):' +

2x 2 2
%QCYC(KX K7° - Kxz )
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c2 = fo EboCL (2, - xPon,) + o0 (K200, - KZQCZP):] .
(pe8 )o| B2 mger, Q CagOty) + 2RAOR(20,201 - C,) +
P Mg (Cuy, - ) + Gy (01,0 - C1,01,)| .
'qfo[l-”o ten 7Cy, (KezC,, - canXE) + My tan 70 (szcnp - xzzczp)] +
(¥)o| 2 (ot ™ Cacfry) * Boa2(on 0y - C10,) +
sy .tan rer, (P2 - Kyg?) + 2270 - KXZCDP)] +
-] ) o
10, ) * i (oclry - Calr,) oz (Co Oy - Cnclrp) +

HpKxy, (CerYC - CchYr>

T T T e e e - o —— e e e
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.0.3 = ¢0E;CL(CZPCDT - Clrcnp)] + (oo [u:ocL ten 7 (k0 - Kx201,) .
erfn ) ]
ub(czpcnc - clccn_P> + 2m,CL, (KZQCIC - KXchc) ¥
2y tam 701 (Pome - <xfc) * H{CrOng0r, * CryfiOr, ¥

¥

C1,CncCYp - C2rOnp°Ye - C1 oYy - chCanYP)

1 1
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TABLE I

AFRODYNAMIC AND MASS CHARACTERISTICS OF AN

EXPERTMENTAT. SWEPT-WING ATRPLANE

NACA TN 2129

Ly 140 200
W 8700 8700
S 250 250
m 270.2 270.2
P 0.00238 0.00238
4 0 0
b 33.6 33.6
CL, 0.693 0.3%0
a 10.6 4.8
1 11.05 5.25
Hp 13.51 13.51

V/b 6.111 8.730

Kx® 0.02329 0.02219

K2 0.05932 0.06042

Kyz, 0.007316 0.00354k4

C1g -0.0659 -0.0275

.Cng "0.100 0.0975

Crg -0.739 -0.722

Czp -0.325 -0.31

C -0.1 -0.06
DP

CYP 0.4k 0.3

c, 0.12 0.07

r
Cop -0.280 -0.280
ch 0.36 0.40

Lites ~-per-hour

units.
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TABIE TT

mmﬁmcmorrﬁixmmmmmmm-mm

(e) V = 150 miles per hour.

45

m%@ Variables mm&;;;:uid:m Oseillatory mode Spiral moda
[} Ay |o0.05073926 Ky 0.05k0k332 |Ap 0.53THENT as | O AG o
¥ By |-.00222630 B 0009k By | -3.038911 |Bg | O Bg 3.025296
%o 8 cy |--00131258 X -0k330260 | cp .01392006 | 5 | 0 S ——.
p | Ay |-o6omeoss | KaRIZ4Ti2 | ogéootas [ay' | -.009632%9 |ayt f O e fees -
T B | .00361366 |EgfRZ+T;2 | .omeciél |By | 06691319 |Bg' |0 J I -
-4 Ay [-.01808626 X 2850096 | Az -.02h58282 A5 | © Ag )
v By 00973284 Xp 1817706k | B, -17076768 [B5 | 0 Bg )
Bo B Cy | .005T3TS6 K .19631484 | co 00078222 [ &5 | O R P
P Ay | ogoso3bee | moRZ LR | h3senoss {a, .00054129 [ 45' | 0 S
T By |-.01667083 | Kp{R12+I12 | .3225020 |B,' | -.00376012 | Bs* | O JEU P
] A |-.2m3ens X 02512880 |Ag 28175964 [As | & A 0
¥ B’ 01482880 ¥ 01790107 |Bp | -L.95T2863 [Bs |0 Bg | 1.9260299
Yo [ cy | .oo87¥1TT X .01933350 | cp 00896556 [ c5 | 0 JEO S,
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Arbitrary reference direction
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YZ 1

Figure 1.— Stability axis system. Positive values of forces, moments,
and angles are indicated by arrows.
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Figure 2.— Three—view drawing of experimental swept—wing airplene.


http://www.abbottaerospace.com/technical-library

NACA TN 2129

— Total motion
—~— Spiral mode
— Rdlingsubsidence mode
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Figure 3.— Response of experimental swept-wing airplane to an initiel
angle of bank. @y = 0.5 radian; y = 0°.
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Figure L.— Response of experimental swept—wing a.irpla.ge to an iInitial .
sideslip angle. Bp = 0.2 radian; y = 0.
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Figure 5.— Response of experimental swept—wing airplane to an initial
rolling velocity. pg = 0.5 radian per second; y = 0°.
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Figure 6.— Response of experimental swept—ring airplane to an initial
yawing velocity. Ty = 0.5 radian per second; y = 0°.
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Figure T.— Response of experimental swept—ring airplane to the application
at zero time of a constant rolling-moment coefficient. Cy. = 0.02;
7 = Ooo
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Figure 8.— Response of experimental 'sx-%ept—wing airplane to the é.pplicatior
at zego time of a constant yawlng-moment coefficient. Cnc = 0.02; '
y = 0-.
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