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NATTONAT. ADVISORY COMMITTEE FOR AERONAUTICS

TECHENICAL NOTE 2693

A THEORY AND METHOD FOR APPLYING INTERFEROMETRY TO THE MEASUREMENT
OF CERTAIN TWO~DIMENSTIONAL GASECUS DENSTIY FIELDS

By Walton 1. Howes and Donald R. Buchele

SUMMARY

A theory and method are described for the application of interfer-
ometry to the measurement of certain two-dlimensional geseous density
fislds. The theory includes the effects of opbical refractlion upon the
observed interference pattern. Exact equatlions denotlng the relative
denslty difference corresponding to an observed Interference-~fringe
ghift and the optical distortion caused by refraction are derived.
Corresponding approximations in the form of power series expansions are
developed to permlt practical application of the theory. Ixpressions
are derived which permit calculation of the values of the power serles
coefficlients from experimental daba.

The approximations were applied to avalleble interference data in
order to determine the demsity distribution in a boundary layer formed
by supersonic alr flow along a flat plate. Good agreement was obtained
between the density distribution calculated from the interference data
and that obtained from pressure-probe measurements .

Various methods Ffor verifying the theory are considered and an eval-~
uation process 1is outllned.

INTRODUCTION

Tn investigations of high subsonlc and supersonic gas flow, where
compressibllity of the gas necessitates the treatment of denslty as a
varieble, varlous optical methods (reference 1) have been utilized as a
moens of denslty measurement. This 1s possible because density verlatlons
in opticel media such as air act in a messureble way on light. More-
over, optical methods of investigation possess the advantage of permitting
instantaneous recording of the flow without disturbing the flow. Of the
optical methods, quantltative investigations by the method of interfer-
ometry have proved most successful. Interferometric investigations of
flow Tields heve been conducted primarily with interferometers of the
7ehnder-Mach type. The principles of interferometry end the Zehnder-Mach
interferometer have been described elsewhere (references 2 and 3).
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The anelysls by means of Interferometry of density distributions
wlthin optical media is based on the concept of "optical path differ-
ences'" of Interfering light waves: the optical path is defined as the
integrated product of the physilcal path traversed by a glven wavefront
and the refractlve lndex along that path. Thus, for convenience, optical
path differences will be expressed In terms of refractive index rather
then density. The two quantltles are related by the Lorentz-Lorenz law
(reference 2). Also, for purposes of clarification, the mathematical
development is conducted on the basis of the ray theory rather than the
wave theory of light propagetion. Thils is possible because llght rays
are functlons of the light waves in that a ray indicates the direction
of light propagation, which, in nonpolarizing medla, 18 normal to an
edvencing wavefront.

In cases such as that consldered hereln, where the density varies in
a direction inclined to the directlion of propagation of the light, the
ngthematical expression of optical path differences 1s complicated by
curvature, or refractlon, of the light rays.

Refraction of light in gas flow investlgations by the method of inter-
ferometry hes been considered by Weyl (unpublished), Bershader (refer-
ence 4), Wachtell (reference 5), Blue (reference 6), and others. An
optimum wind tunnel span for minimum optlcal refraction error was delter-
mined by F. J. Weyl in an wmpublished analysis. The firgt two terms
(constent gradient assumption) of a Maclaurin series expansion were effec-
tively utilized for refractive index. Optical path differences introduced
outside the flow field were neglected. This derivation was applied in
reference 4 to an investigation of supersonic air flow In a channel. More
recently, Weyl's analysles was expanded by the inclusion of additional
optical path differences arising outelde the flow field and by an expan-
gion of the Maclaurin series representation of refractlve index to several
terms (see reference 5). A novel method of enalysis was used in refer-
ence 8 to investigate boundary layers in supersonic flow.

The present analysile attempts to include refraction offectes in a
practical method for evaluating two-dlmensional gaseous denslty fields
in cases where the greatest space change of density exists esgentlally
in one direction. The analysis was carried out at the NACA Lewls labor-
atory. One coordinate axis of a Cartesian coordinate system i orlented
parallel to the density gradient. The unkmown refractive index, or
density, dlstribution is then expressed as a Maclaurin series with regpect
to that coordinate. The succeeding analysis is essentlally an extension
and modification of the analysis of reference 5. On the basis of the
succeeding snalysls, a procedure for evaluating the data obtalned from
interferogrems is described end applied to determine the density distrl-
pution in & boundary layer formed by supersonic alr flow along a flat
plate. Various methods are discussed for verifiying the analysis.
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PRINCIFLES OF METHOD

A schematlc diagram of the Zehnder-Mach interfercmeter apparstus as
uged 1n the investigatlon of flow-density fields is shown In figurs 1.
The experimental apparstus consists of a wind tummel having a rectangular
cross section bounded on two sides by plane-parallel glass windows and
a Zehnder-Mach interferometer positioned wlth respect to the wind tunnel
so that light (from a monochromatic point source) comprising one of the
divided collimated light beems 1s incldent to the wind tunnel in a direc-
tion perpendicular to the windows. The recombined light beams asre recelved
by a camera which is focussed to Image sharply some deslired plane, for
example, plane Op-Og in filgure 1, within the wind tunnel and parallel

to the windows. When flow 1s iniltlated, the resulting nonuniform density
fleld 1s two-dimensilonal with all density gradlents essentlally perpen-
dicular to the direction of the incident light.

With the interferometer in correct ad justment and a condition of no
flow exlsting in the wind tunnel, en Interference pattern conslsting of
either a fleld of uniform brightness or a serles of alternate bright and
dark bends, or fringes, may be observed at the Image plene corresponding
to the plane I-I of figure 1. The phase of Interference produced at
eny point of the image plane I-I by the superposition of coherent waves
is determined by the optical path difference OPD of those pairs of light
rays which originate at the same point of the light source and intersect
at the same polnt in the image plans.

When flow condltlons are esteblished in the wind tunnel, the inter-
ference fringes observed at the image plane may change their positlon end
ghape. The fringe shift at each point of the lmage 1s measured wilth
respect to some reference pattern, such as the fringe pattern obtalned for
no~flow conditions, or the fringe patiern representing some specific
region of the flow field, for exemple, the free-stream reglon, for which
the density can be determined. A specific region of the flow field is
adopted as the frame of reference 1ln the present report. A detailed
diagram of the light paths 1s shown in flgure 2. Because the observed
fringe shifts are attributable to the establishment of flow conditions
in the wind tunnel, the light path from the source to the initlal flow-
boundery 1s the same for both no-flow and flow condltions. Therefore,
the observed fringe shifts may be regerded as a functlon of only that
portion of the light path which is bounded by the initial flow boundary,
Br-Bp and the image plene I-I. Thus flgure 2 includes only the region

of interest from the initial flow boundary Bg-By of the wind tunnel to
the image plame I~I. For convenlence & ray Rz , whalch clrcumvents the
wind tumnel, ls shown superimposed upon the wind tunnel.
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Light Path in Flow Fleld

In order to relate the unknown density field to the observational
date secured by the method of Interferometry, the mathematical relation
between the density field and the observed fringe shifts must be estab-
lished.. This relatlon may be obtained by treating the evaluation of the
two-dimensional field as a problem in one dimension whenever the density
gradient may be treated as a function of only one Carteslan coordinate.
Consilder two Cartesian coordinaste axes vy and 1 Dboth parallel to the
density gradient to be investigated and lying in a plane perpendicular to
the directlon of the light path at the initisl Plow boundary BI-BI .

(All symbole are defined in appendix A.) Let the y origln be located
at a convenlent point along the density gradlent and at the initial
boundary Br-By—in figures 1 and 2. Iet the 7 origin be in the plane
Br-By and at that value of y at which any designated light ray
1=20,1,2,. . . enters the flow field. Let N increase positively in
the direction of—increasing density. ILet the wnits of n and y be
ldentical. Then n and y are related by the transformation

N =7 - 54 (1)

where y; refers to the y-ordinate value at which the light rey 1
enters the flow fleld, and

anl =
o =1 ()

The y-coordlnateserves to locate individual light rays with respect to
the unknown density fleld whereas use of the n~coordinate permits the
mathematical expression of the ray paths in the simplest form.

In order to Interpret the unknown density distribution in terms of
the observed Interference pattern, the paths of light rays corresponding
to interfering light waves must be determined. The light path is given
by Fermat's principle as that path for which the time of transit between
two points In space attains a stationary value, usually a minimum. Thus

fdt i/.\ d;r_s = statlonary value (3)

By definitlion the veloclty v of light-propagation is related to the
refractive index u of the medium by

w=c/v (4)

where ¢ 1s the veloclty of light propagetion in vacuum. The dlfferen-
tial ds of physical path length 1s given by
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2
) dx (5)
Then equation (3) becomes

2
ﬁt = —%-/’\p.\ , 1+ (%%) dx » stationary value (8)

Let quentities possessing only the subscript 1, referring to a given
light ray, represent values of the quantities at the initlal boundary
Br-Bt of the unknown density field. Tet quantities which are starred,

or subscripted end starred, refer to values of the guantities at the
final boundary Bp-Bp of the unknown demsity field. Then the solution

of the variation problem (equation (6)), as obtained from Euler's equa-

tion (appendix B), is
2 2
d = (£
@@ »

which satisfies the boundary conditlions

ds 1+

G5

A

x < x*

*
01 =1y

and possesses a real solution only when pu(q) 2 My, that is, when the
refractive index is a monotonic increasing fumctlon of 17 1n which case
the 1light ray curves, or refracts, in the xy-plane toward the dlrection
of increased refractive index.

0

Outside the unknown denslty field, the refractive index 1s constant
within each medium; hence, it follows from Fermat's principle that the
light paths are straight lines. The external path lengths can be deter-
mined from the geometrical conflguretion of the experimental setup.

Equation (7) may be rewritten as the Integral equation

* ﬂ*
dx =L//\
0 0

= (8)
) -1

G
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the golution of which. depends upon the function p. A series solution
hes been obtalned from equation (7) by the following method (reference 5):
esgume that the refractive index distribution throughout that region of
the flow fleld traversed by eny glven light ray may be represented by the
Maclaurin series

0

~ v
o= ‘; byn (9)

whilch converges to the value u, where p 1s the refractive index of the
medium, 1 1s the displacement of the light ray in the wind tunnel with
reapect to the y-ordinate value at whlich the ray enters the wind tunnel,

and by definitlon,
1lfa
By|= r(—%) (20)

ay =1
Let the ray path in the unknown density fleld be represented by the

Maclaurin series
x
= E cox’ (11)
o=0

which is assumed to converge. Substitution of the series E bvnv and the
first derivative of the smeries Z cox® in the differential equation (7)

regults in an expression 1n terms of powers of x and containing coef-
ficients by &and c¢g. Following a sultable approxlmation, the rela-
tions of -the coefficients by and cg of like powers of X are

co=cl=03=05=...=c20_1=0 \
Co = -]z'-bl
oy = 35 byDy \ (22)
Cg = :_L'é—o-'bleZ + Z% b12b5
1 3 1 3

g = 5pz0 P1P2 t 560 bl byby 375 Dy By

2339
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where Cq = O because 1 =0 &t x =0, Thus, the path of a glven
light ray 1 1in the field p 18 given to a close approximation by

L. .2 1 4 L 2 1 6
'q-zblx +'E'-blb21 +("i§‘6-blb2 +Eblzb3)x +

1 3 3 1 3 8
(m bibs” + %blabz'bs + -l—l-z—bl 'b4> X4+ . W (13)

The location of the light ray at the final boundary Bp-By 1s found by
* *

replacing 1 by 14 = [T1 -74] and x by x*. Detalls of the deri-

vation of equation (13) are given in appendix B.

In additlon to the ray path, the angle o, through which the light
ray 1s refracted in the unknown density field, is also of interest. By
means of the substitution

tan o = %% (14)

in equation (7) the angle a may be expressed as

B
cos o = E; (15)

Optical Path Relation of Interfering Light Waves

The unknown density fleld and the observed interference pattern ars
related by the optical path difference of interfering light waves. The
case of a two-dlmenslonal denslity fleld contalned in a wlnd tunnel ls
represented by figure 2. In the figure, line R, which intersects polnts
Ay, Ay, Az, Ay, end P, ropresents the path of any arbitrary light ray
which traverses the unknown density fleld. Superimposed on the dlagram
for convenience, the line R, (which intersects points Bj, By, Bz, Bg,
By, the focal point F on the lens L-L, and P), represents the path
of a light ray which circumvents the unknown fleld and Intersects the
light ray Ry at point P in the selected image plane I-I. Rays Rp
and. Ry, are constructed parallel to the optical axis at the 1nitlal
flow boundary Br-Br and are assumed to origlnate at the same point of
the interfercometer 1light source. According to the latter condition, the
light waves assoclated wlth these rays are coherent and therefore may
interfere.

The parallel construction of 1light rays Ry and Ry Implles that
the phase of Interference be constant over the image plane I-I, that is,
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that the interferometer by Iniltlally adjusted for obtaining an "infinlte"
Interference fringe. However, 1t can be easily shown that the succeeding
analysls applies without modification for any 1nltilal fringe adjustment
and spacing. If an Imsge screen 1s located arbiltrarily at plane I-I,
then Interference of the waves essoclated with rays Ry and Rp may be
observed at point P, A simllar situation applies to all other ray pairs
emitted from the same point in the llght source and intersecting at-
plane I-I.

According to the geametrical theory of optical image formation,
there existe a conJugate object point assoclated with each image point
such as P. In the present cage 1t ls ssgumed that the optical layout—
1s such that the obJect point associated with P 1is located in the
vicinity of the flow field. Thus ray R, Intersects, or at least
appears to intersect, ray R; somewhere 1in the vicinlty of the flow
fileld.

Suppoge that the camera lens gystem L-I. represents a perfect
optical system in the sense of Gaussian optics. Then, in general, the
camera lens willl produce a perfect point lmage of a point object when
the intervening obJect and imege spaces are represented by atmosphere
under stendard conditions; that 1s, all light rays which intersect the
obJect polnt and traverse the lens will intersect at the same polnt in
the image space. If the lens system 1s lmperfect or if-a medium, such
as & glass wind-tunnel window, having a refractive index which differs
from that of standard atmosphere ls interposed between the obJject and
Image, or if both condlitlons are present then an imperfect limage resulss.
The resulting image imperfectlions are called geometrical aberratlons.
For the present, the lens L-L wlll be regarded as perfect.

If the wind-tunnel window 18 neglected and the refractive index cf
the obJect and imege spaces 1s consldered to be that of standard atmos-
phere, there exlsts a conjugate object point which is intersected by
every light ray which intersects P. This obJect point is indlcated by
the intersectlon of the backward extension of ray R; from point Az
with ray R,. The intersection 1s at point PA lying in plane 0p-0p,

which represents the apparent Geusslan obJect plane. Similarly, all
other rays which intersect at the image plane I-I alsc appear to inter-
sect at plane O0p-0p.

Now conslder the interposition of a wind-tunnel window between
plane 0y-0p &nd the lens IL-L. Assuming that the refractive index of
the surrounding medium remalns that of standard atmosphere, there exists
a real Gausslan obJect plane OR—OR displaced from 0-0p by a distance
x(t) independent of angle ma*. A real object located in the plane
Or-Og will, in the sense of Gaussian optlcs, appear to e located at -
Plane 04-0p when the obJect 1s observed through the window. The

shift =x(t) 1s given by:

2339
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(t) = t( - i—a) (16)

W

where Mg and p are the refractive indices of atmosphere and the
window, respectlvely.

Next consider a train of light waves generated from point P, and

assume that the refractive lndex throughout the obJect and Image spaces
is that of atmosphere. According to the theory of geometrical optilcs,
the optical paths traversed by all light waves from & glven obJject point
to the conjugete image point of a perfect optlcal system are equal. Thus
the optical lengths defined by polnts Pr, Az, Ay, P and Ppy Bo, Bz,
Bg, By, ¥, P eare equal. Associated with the light waves are wavefronts;

8 wavefront is defined as the locus of points having a constant optical
distance from EA. Since the refractive Index 18 assumed to be constant

in the obJect space, the wavefromts about PA are spheres. This cdn~
dition follows from the definltion of optlcal path length. Consider the
wavefront centered at PA and intersecting point Az. It is apparent
that pgPpAz = poPpBs. Since the optical path lengths from Py to P
vie points Ay and By are also equal, it follows that the optical
path length of ray Ry from Az to P equals the optical path length
of ray Ry from Bg to P so that these latter lengths can be

neglected because they contribute zero OFD. Thus the entire OFD indl-
cated by an observed fringe shift S at point P 1s represented by
the OFD of rays Ry and R, 1n the space bounded by the initlal flow

boundary By-By &and the arc AzBs. The OFD of rays Ry and Ry, a8
indicated by & fringe shift S, at point P, 1s then given by

S\ = pds = pg BiBp + b (AsAs - t) - pg BsBs (17)
vhere Sy, the fringe shift In wavelengths A of light, 1s measured

with respect to the fringe located at P when u is replaced by ug.
By virtue of equations (5) and (7), equation (17) may be rewritten as

*
X
* 1 2 * —_— —
Sgh = (kg - pa) X +»E;\jﬁ RS AxX - X+ pg (A0 - t) - kg BzBs
c
(18)
where, in addition to the substitution of equatlons (5) and (7), the

factor uix* hes been subtracted from the first term of equatlon (17),

added to the second term, and the terms have been rearranged. Conse-
quently, the first term of equation (18) represents the OFD due purely
to the refractive index difference obtained for an unrefracted ray
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which intersects the boundary Bi~By at A,, that is, at the ordinate
value ny = 0, or y = y;. The second and third terms of equation (18)

represent the additional OFD incurred between the tunnel boundaries
By-By and Bp-Bp &8 a result of refractlon of ray Ry, and the fourth

and fifth terms Indlcate the OFPD introduced by the wind-tunnel window
and the airspace between the window and camera lens L-L, respectively,
also es the result of refraction.

The refractlve Iindlces Hg of atmosphere and uy of the flow refer-

ence region, with respect to which the fringe shifts are to be measured,
are constant so that a change of refractive index within the wind tumnel
from that .of standerd atmosphere to that of the flow reference region
ylelds a fringe shift S6 given by

Sal = (pa - pa)x* (19)

which corresponds to equation (18) wilth the exception that the refraction
terms are zero. Subtractlon of equation (19) from equation (18) gives

*
X
1 * —_— —
Syh = (uy - uglx” + iy j‘ b ax - pyx + py(Bohs - t) - pg BBg
0
(20)
where 84 =8y - Sy and S; represents the observed fringe shift in

wavelengths corresponding to & glven 1igh§ ray 1 end measured wilth
respect to the fringe pattern representing the flow reference reglon.

Let the locatlon of the real obJect plane Or-Op be determined

with respect to the internal surface Bp~Bp of the final wind tunnel
window by

X = Kx* (21)
Then it is shown In appendix C by the application of Snell's law of

optical refraction and consideration of the geametrical configuration
in figure 2 that the fringe shift S; in equation (20) is given by

the exact expression
x* i B, BB
* a 1 i
SA = (ughgle + = wfax - pgx® v N A
B a S > *
i o 2+ 2_ *2
p'a p'i “1
,f 2 2 *2 2 r 2 2 %2

p"W'
, 2, 2 ¥ 2’ 2, 2 %2
Bop HHLT My '\ﬁ‘a gy (22)

t

L
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when the cemera lens system 1s assumed to be perfect. For application
to practical problems, equation (22) may be simplified by meking suiltable
approximations, as shown in appendix G, with the result

I*

* 1 2 *

Equation (23) is independent of the wind-tunnel windows, thelr effect
upon the observed fringe shift 8; thus being negligible. Assuming

that the series expansions in equations (9) and (11) are convergent, it
i1s also shown in appendix C that their substitution in equation (235
yields

-

-] [-.-4 Ld
A E g ByCoy xo g © %0
I..Li—l..LS:SiE-Z °,+12X'. + K 4 46 bvco'yx
V=[ O=5,4,06...

V=1 o= 2,4,6- ..

(24)
where the coefficlents ¢4y may be expressed in terms of the coeffil-

clents cg by equating the coefficlents of like powers of =x in the
expression

)
\4

cgy X% = cox® . (25)
O'=2,4,6,... 0'=2,4:,6,...

Optlcal Distortion

The refractive index difference iy - pug glven by equation (24)
is assoclated with a given light ray 1 which enfers the flow fleld at
the ordinate value e However, the fringe shift S; corresponding to
the ray 1 may appear to exlst at somes ordinate value ¥y + (Ay)i
other than Yy3 that 1s, there may exist a form of optical dlstortion
caused by refraction of the light rays in the flow fleld. For example,
in figure 2 the light rays R, and R, appear to originate at the
apparent obJect point 3A, whereas the refractive index gy, indicated
by the fringe shift S; by virtue of eguation (24), exists at the
y-ordinate value containling the point Al at which ray R; enters the
flow field. Iet the difference between the y-ordinate values contaln-
ing points P, and A; Dbe termed the "optical distortlon in the obJect
space”, denoted by Ay. Then, with respect to rays R; and Ry, the
distortion may be represented after conslderation of figurs 2 by
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(87); = AB, - (AB; + BiA)) (26)
or
*
(87)4 = [?2* - x(t) + %] ten ay - [ﬁi + y(m:,ti] (27)
By use of Snell's law and equations (15) and (16) 1t is demonstrated in

appendix D that equation (27) can be presented in an exact form analogous
to that of equation (22) es

Hi
(8y)y = (kk* + E% é) ] +t

(28)

When suitable approximations are applied, equation (28) can be rewritten
to & close approxlmation as

(Ay)y = Kx" I\/ u;fz - uiz - (29)

which like equation (23) is independent of the wind~-tumnel windows. By
virtue of the differential equatlion (7) of the ray path, the square-

root term of equation (29) may be replaced by %% , where p, =~ 1,
n="N1
thug ylelding
* (an *
(07), = * () -l (30)
=Ny

Then 'flai6 1s replaced by Z Co x° eand (i—%) x; by the first deriva-
n=1
tive of E{: cgx® (assuming convergence); equation (30) 1ls now expressed

in its final form

(a7)4 = Z (Ko - 1) cox

0'-_-.2,4,6, o

° (31)

Evaluation Equations

Equations (24) and (31) relate observeble responses of individual
light rays to the refractive index distributlon in the flow fleld.

2339
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Equation (24) may be readlly transformed into en expresslon for the rela-
tlve density chenge existing at the value ¥1 &b which a given light
ray 1 enters the flow fleld by applying the Gladstone-Dale approximation

we=1l4+kp (32)
of the Lorentz-Lorenz law, where p 1s the gas density corresponding to

the refractive Index u, end k is & constant. Thus, by substitution,
equation (24) becomss

Py ~Ps 1 A So: Em: byCoy xC R
= —J8; A -2 X + K b
Ps kpS i = ) E E vCovE
l O= ,4’6, . .

v=l 0=2,4,6,... V=

(33)
which may be evaluated if the coefficients b, are determined.

Because of refraction of the light rays traversing the flow field,
the observed Interference pattern is, in general, a distorted represen-
tation of the density distribution within the Pield; the distortion of
the fringe pattern corresponding to any glven light ray being glven by
equation (31). In order to determine the true density fileld, the dis-
tortlon effect must be eliminated or at least minimized in some manner.

In order to evaluate equations (33) and (31), the values of the
coefficlents by, cg, and cg5y must be determined for each ordinate
value y; at which any glven light ray 1 enters the flow field.
Actually, Iif the values of the coefficlents by are determined, the
corresponding values of the coefficlents c¢g and cgy are given
automatlically because the coefflclients c¢g and cgy are funchtions of
by according to equations (12) and (25), respectively. The coeffi-
clents by may be evaluated 1f they are expressed as functlions of the

derivatives of the observed Interference-fringe shifts wilth respect to

y. For any glven light ray 1, successive differentlations of the
assumed refractive-index-distribution equation (9) yields equation (10),
where derivatives of the coefflclents by are zero because the coeffi-
clents by are constant for any given light ray. Conslder equation (24),
which cheracterizes asny glven light ray 1, where u; and by possess

fixed values. With respect to the entire manifold of rays comprising the
light beam, p and by (hence cgy) are variables. Thus equation (24)

may be rewritten without subscripts 1 as
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- -] o

byC -
hong =S A2 LAY S by CovE  (34)
5 x* o+l

V=1 5o2,4,6, ... v=1o_ ,4,6, |

Differentiation of equation (34) ¥V +times with respsct to y yields }

dvp =—)}¥ d S a 2 Z ov+0;- *C K: : : : bvccvx*o
dy\' x V dy

vel 0=2,4,6,... v=1 0=2,4,6,...

2339

(35)
Subsequently, it follows from eguation (10) that, at any given ordinate-

value ¥i,
1 A /d¥S
» ),
VL y=yy

[ -] (-] [--] o0
_d_'r_ ped @xm - bvco-yx
v }E: c+ 1 j ; z ;
d Vol 6=2,4,6,

(38) )

For gimplification, assume that all terms on the right-hand side of
equation (36) are small compared with the first texm. Then at any

given ordinate value y=y4
avs
1 A
= = =l — 37
v x* ( dyv) ( )
I=y4

In cases where the preceding assumption is invalid, the effect of -
the neglected terms can be accounted for by the application of an iter-
ation process, where the first approximation of b, 1s given by equa-
tion (37).

by

v
It-1s evident that the derivatives QJ% are determinable from the

: q
observed interference pattern. However, i¥.is important to note that
v
—» hence the desired values of by, are obtained
dy
only when the dlstortion Ay 1is effectively zero throughout the region
of interest. However, it follows from consideration of equation (31}, »
that, in general, no single obJject plane of focus exlsts for which

the true values of

Ay = 0 for all light-rays. IFf the ray path series zz:coxc 1s con-
vergent, then the first nonzero texrm - for which ¢ = 2 - may generally
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be expected to be the term of largest absolute magnitude. In the cese
of equation (31) this term may be reduced to zero by selecting XK = 0.5,
that 1s, by selsecting the obJect plane of focus to be the midspan plane
of the wind tumnel. Then equation (31) becomes

(A7) = Z Gz;z tox* (38)

0'=4:,6,8,.-.

Assuming convergence, the magnitude of equatlon (38) will usually be

small enough so that the shape of the curve S(y) will not be changed
v

appreciably. Thus the values of the derilvatlves @_"5;_ used to compute

d,
the values of the coefficients by will Dbe essen‘big.lly unchanged by
the residusl distortion. If the curve S(y) were changed asppreciebly
by consideration of egquatlion (38) , then an lteratlon process utilizing
equations (37), (36), and (38) could be performed until the deslired
values of by and the desired curve S(y) were obtalned such that b,

satisfied equation (36) and Ay -+ O throughout the interval 0S y S vs.

For K = 0.5, expression (33) becomes

P1-Py
P3
1 A viov _xo 1 *C
cm(EF ) IR ), e
V=lo=2,4:,6,.-. v=10'=2,4,6,...

(39)

Equations (37), (12), (25), (39), (38), and possibly (36) are suffi-
cient for evaluating an unknown gaseous density fleld satisfying the
regtrictions imposed 1n the derivatlon.

Convergence Conslderations

Tt is impractical to investigate convergence of the serles expan-
sions and iteration processes analyticelly because the exact analytlc

expressions for Ay and 5 are unknown. The validity of the anal-
o}

ysis can be indicated by compering the results obtained by the interfer-

ence method with the results obtained from other methods of analysis.

For example, the resultant distribution obtalned by the interference
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method can be compared with that given by the theory for the density
field or by some other valid experimental method. Agreement of the
serles solution with the other methods of solution would indicate that
the series are elther uniformly convergent or asymptotic representations
of the unknown quantities. It is possible that-the serles might be
asymptotic, slthough divergent, because the Maclaurin serles possesses
the form of an asymptotic series (reference 7).

If the series (equations (38) and (33)) are convergent or asymptotic,
then in computatlons utllizling these serles the remalnder in each case
is less in absolute value than the first series term whilch ls neglected.
Thus the number of applicable terms of elther series wlll include all
succesglive terms for which the coefficlients can be calculated with a
reasonable degree of accuracy up to, but not including, the term of mini-
mm absolute magnitude.

EVALUATION PROCEDURE

Assume that the Interferometer and wind tunnel are In operational
ad Justment and that the interference fringes are obtalnable for any
deslred obJect plane for whlch the Interxrferometer camera may be focused
(before flow is initiated in the wind tunnel) by observing at plane I-I
(in fig. 2) the image formed by light reflected from an object inserted
into the field of view at the desired obJect plane of focus, usually the
midspan plane of the wind tummnel, for which X = 0.5. After the camera
1s focussed, the object is removed, flow 1s initlated, and the interfero-
grams are obtalned by mesns of photographlc processes,

An interferogram may be evalugted according to any one of several
schemes depending upon the initial cholce of fringe orientation and
gpacing. The result of the interferogram evaluatlon process is an
expression for the fringe shift S as a function of y for the partic-
ular experimental conditions. These values of S(y) can be used in
the following menner to determine the density fleld:

1. From the experimentally determined velues of S(y), obtained

when K = 0.5, determine the values of successive derivatives g—sy,

d'—Z%, . .,d-L":’- throughout the intervel 0 =y = y5. These values may be
:meég by eny one of several methods; for example, S(y) may be
plotted graphically. Then at any ordinate value y=yq, zg_% . repre-
gents the slope of the curve S(y). The derivatives (a-f)y=y can be
plotted. From the curve d_ﬁ(%l, values of (i—zy%) for v;rious values

y=yi

622
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Y=y4 can be determined as before. The process may be repeated to deter-
v
mine successive derivatives a8 y).
dyv
Alternatively, S(y) may be represented by a polynomial S = P,(y).

The values of successive derivatives Q_% at various ordinate

45" Jy=y;
values y=y; may then be calculated by taking successlive derivatives of
Py(y) with respect to y and then inserting the values y=y1-

6622

2. OCalculate values of the coefficlents Dy for each light ray
avs

dyv

from the values of >
y=yi

and equation (37).

3. Determine from the preceding results by(y) the magnitude of
the expression which ls contalned in eguation (36) but which is neglected
in equation (37). (The coefficients cq, are given by equation (25)).
Calculate the residual distortion given by equation (38), where the coef-
ficlents c¢g5 are functions of the coefflcients b, by virtue of equa-
tions (12). If the magnitude of the expression neglected In equation (37)

is of the order of magnitude of the right-hand side of equation (37), or
if correction of the residual distortion of the curve S(y) results in

avs
an appreclable modification of the values of the guantities (“;)
T=¥3

or 1f both these conditions are true, then the iteration processes men-
tloned 1In the section Evaluation Egquatlons may possibly be applled to
determine more accurate values of (Ay)i and b,,.

' py-P
4, Calculate the relatlve density difference 175

glven by equa-

tion (39) for various ordinate values y=y,.

p-p
5. Plot _E_§ against y, where the observed values y; are

d
replaced by the dlstortlon-corrected values yy + (Ay)i. The resulting
curve represents the desired density profile. :

NUMERTCAL EXAMPLE

Tn order to illustrate the application of the equations and proce-
dure and to investigate attendent conditions, consider the evaluation
- of the density distribution along the density gradient within a boundary
layer due to supersonic air flow along a flat plate.
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The particular setup investigated (reference 6) consisted of a flab
plate of 3.6-inch width contained in & wind tummel of 3.6-inch span
bounded by 0.5-inch-thick glass windows having a refractive index of
1.52. The interferometer light source consisted of a high-pressure
mercury arc in conJunction with an Interference-type filter which trans-
mitted the green spectral line of wavelength 5461 Angstroms (2.15)(10‘5 in.).
The interferometer camera was focussed to image the midspan plane of the
wind tunnel.

Supersonic alr flow having a free-stream Mach number of-2.0 at a
density of 6.77X10-4 glugs per cublc fool was estgblished. The follow-
ing data were obtained from en interferogram of the boundary layer
2.5 inches downstream of the leadlng edge of the flat plate:

Fringe Shift, S 0 -.50f{ =1.00| -1.50{ -2.,00
Distance from plate, y, 1nches | 0.0429({0.0198 |0.0165 |0.0142 |0.0120
S -2.50| -3.00| -3,50| -4.00| -4.50
¥, Inches 0.0100{0.0083 |0,0066 |0.0046 |0.0028

These data are presented graphically in filgure 3. The first two deri-

vatives %g- and Q_%_ were determined with a tangentiometer. The
dy 2 '
resulting curves §§é§l and a i;y) ere plotted in figures 4 and 5,
dy
respectively. The quantitative determination of succeeding derivatives
was of—questionable value. The residusl dilstortion (indlcated by equa-
tion (38)), the inherent error of the original data curve, and the error
introduced by the measuring instrument would generallytend to introduce
large relative errors in the measured values of succeeding derivatives.

2
The measured values of %?- and. g—-g-_and. expression (37) were

utilized to calculate the coefficlente by and %D, for various values
of y %o obtaln the curves bl(y) end by(y), which are also plotted
in figures 4 and 5, respectlvely.

With respect to the evaluation equations, if refraction of the
1ight rays in the flow field is neglected, then series (9) and (11)
reduce to p =by and 71 =0, respectively, and the evaluation equa-

tions (38) and (39) become, respectively,
(&), = 0 (s2)

and

2339


http://www.abbottaerospace.com/technical-library

bkzo

NACA TN 2693 19

P1-Ps _s A
Py i kpgx*

(43)

which represent first approxlmations of the reslidual distortion and
relatlve density difference. These equations have been utlllzed by
several Investigators with conslderable success, especlally when the
optical refraction was emall. Equatilons (42) and (43) were used to
determine a first approximation of the denslty dlstrlbution indlcatbed
by the data of the present exemple. The resultant distribution 1s
shown in figure 6. Then, by means of equations (37), (12), (25), (38),
2
and (39) and the derivatives %S..): and :.—% the density dilstribution
was calculated to & third aa,ppro:::Lma‘cion.y The approprilate approximstions
were determined as follows:

From equation (37) it follows that

A (ds)
by o= B = (442)
1 * \d
* \3Y /gy, _
1 % (d%s
b, = §'§§:<. 2 (441)
dy Vy=y,

By virtue of equation (12), equation (38) becomss
1 *4

where only terms possessing coefficlents by, v £ 2, hence cg, o< 4,
v

are included because only the values of derivatives g’—é, v< 2, were

y
determined. On this basis, the expansion of equation (39) is

Pi-Ps 1 A 1 %2 . 1 %4
= —— —_— - —_— bsc X
b5 kog 53 = E(bl°21 + bz?zz)x S To) (brcgy + Ppcysn)

However, by virtue of equation (25)

2 4 _ 2 il
0211:* + 041ﬁ czx* + c4ﬂ

and
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2 4 2 2
CopX¥e + ©  X¥ = (czx* Foaen)

42
gso that T

2
021 = 02 041 = 04 622 =0 042 = 02

Therefore, considering equation (12), the relative density difference
1s given by

P17Ps _ 1 A_ Ll .2.,2 1.2 .4
Py =@<si ¥* Tz P1XF + 3p Pibex* (46)

in the present instance.

The resultant density distribution (third approximation) indicated
by equations (44a), (44b), (45), and (46) is shown in figure 6 for com-
parigson wilth the first approximation. The second approximstion 1s not
shown 1n flgure 6 because the resultlng curve ls nearly identical to
that glven by the third approximation. In addition, the third approxi-
mation of the density profile 1s depicted in figure 7 for comparison
with the theoretical proflle shown 1n reference § end the experimental
profile calculated in reference 6 from total pressure msasurements.

The remsinders of equations (45) and (46) were obbalned by expand-
ing equations (38) and (39), respectively, to include terms contalning

x*s, with the result

6
Rpy = (90 véh, + 55 bib;;x* (47)
and
R P-Ps _ 1 9 6
5 = Eou 105 55 + =55 bibs)x* (48)

Consldering figure 5, the maximum absolute value of bz was found to be
gbout 5 Inches '3. Thus the maximm sbsolute values of the remalnders

p=Pg

R
< 0.0001 inch and I < 0.0,

wore found tov be |{R

Ay

In the preceding example, the approprilabe evaluation equations were
developed for the case where derivatives of S of order higher than the
second are neglected. As noted previously, the calculation of values of
succeed.ing derivatives would be impractical in most cases. Thus the
applicable formulas correspond to polynomlals possessing coefilclents

2339
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defined at the lnitlsl boundary velue x = 0, y= Ty The evaluation

procedure corresponds to that which was previously described with the
exception that the former equabtlons are replaced by the expressions
developed In thé preceding section; that is, the coefficlents b, are

given by equations (44a) and (44b), the residual distortion is glven by
equation (45), and the density difference at each ordinate value y; 1s
calculated from equation (46).

In the preceding exemple, the princlpal basls for verification of
the valldity of the present analysis was afforded by comparison of the
density fleld indicated by the Interferogrem with that indicated by
theory and by total pressure measurements. The generally good agreement
of the theoretical and probe results with the interferometer result
would tend to Indlcate that the lnterferogram analysls 1s valid and prob-
ably indicates to a good approximation the true density distribution in
the present instance.

The meximum indicated denslty correctlion due to light refraction
smounted to & 4-percent 1ncrease in the density difference with respect
to free stream, or about 9 percent of the total density difference
ascross the boundary layer, as depicted in figure 6. The msximm correc-
tion occurred nearest the surface of the flat plate. Thls correction
resulted in conslderably better over-all agreement between the density
field indicated by the Interferogrem and that indicated by theory and
by pressure measurements.

The meximm residual distortion was found fram equation (45) to be
0.0015 inch at a distance ¥y = 0.015 inch from the surface of the flat
plete. The' maximum sbsolubte remalnders dus to terminatlon of the serles
were less than 0.0001 inch distortion and l-percent density change.

In the present exemple, the previously mentioned iteratlon processes
were neglected In the determinatlion of the coefficlents b, and the dis-

tortion Ay. The maximum relative error of the coefficlents by

resulting from neglect of these processes was estimated by means of a
rough calculation to be about 10 or 20 percent.

The present enalysis assumes that the flow field is perfectly two
dimensional with the density gradient inclined essentially In one dlrec-
tlon. This condition is, however, only approximated in practlce because,.
for example, in the illustrative example considered herein, "end" effects
(reference 4) serve to violate the assumed flow conditlons. Boundary -
layers are formed along the surfaces of the wind-tunnel windows end
ad jJacent to the windows and the flat plate. In the example, the effects
of these deviations from the assumed conditions were assumed to be small.
However, preliminary considerations Indicate that "emd" effect correc-
tions would result in better agreement of the profile indicated by inter-
Perence measurements with that indicated by theory and by total pressure
measurements, especlally in the reglon adjacent to the free gbream.
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Because no lens system is sbsolutely perfect—l1t 1s to be expected -
that aberrations of the camera lens will introduce additional optical
path differences and dlstortion (reference 8) especlally when the magni-
tude of the optical refraction in the flow fleld 1s large and the wind
tunnel-to-camers lens distance 1s 8lso great. This effect is minimized
by the use of a camera lens which Introduces the minimum possible
geometrical aberration. In the analysls and in the example, the optical
path and distortion effects introduced by the camera lens were regarded
ag negligible.

SHIFT OF OBJECT PLANE

Additlonal evlidence of the valldity of the present analysis in any
glven situation may be obtained by comparing the interference pattern
observed. at an obJect plane other than that denoted by K = 0.5 wlth
that predlcted by theory. The shift of obJect plane introduces a double
offect upon the ohserved interference pattern: +the phase of Interference
and the observed position of the interference attributed to a given
light ray are shifted because both are functions of K by virtue of
equations (24) anmd (31), respectively. The fringe shift incurred in
translaeting the obJect plane from the midspan plane, corresponding to
K = 0.5, to another plane corresponding to K = Ki may be obtalned from
the differential of equation (24); that is,

lnz :
vel 6=2,4,6,...

Similarly, the change of distortion 1s obtained from the differentlal of
squation (31); that is,

[od

)y =y 0 0gx¥ GK (50)
0=2,4,6,...

The shifte AS,; and A(Ay)y; due to & shift AK of the objJect plane

are determined by Integrating equations (49) and (50) between the approp-
riate limits. Thus, for a ghift of obJect plane from K = 0.5 to
K=K, AS; and A(Ay)i are glven, respectively, by

1
88, = - ¥ (&) - 3) > by gt 7 (51)

v=10=2,4,6,...

2339
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and
(- ]

A(Ay); = (B - l) Ocox*o (52)
i 1 2
c=2,4, 6’ LI N ]

Agreement of the predicted curve S(y) at K = K; obtained by means of

equations (51) and (52) with the experimental result S(y) would be
Purther Justificabtlion of the analysls by means of serles. It 1s to De
noted that in the case where refraction of the light rays In the flow
fileld 1s neglected, no change in the lnterference pattern 1s predicted
when the obJject plane is shifted. This condition 1s apparent from
equatbions (42) and (43). Also, 1t 1s to be noted that the prediction
process 1s not reversible; that 1s, the interference pattern corres-
ponding to the obJect plane for which X = 0.5 ocannot be readlly deter-
mined from the interference pabttern correspondling to the object plane
for which K = K;. This situatlon occurs because trus values of Dy
end o¢g can be determined to & close approximation only when Ay = O,'
in which case the plane for which K = 0.5 generally represents the
optimum cholce of obJect plane.

A second, set of data S(y) was avallable for the obJect plene
corresponding to K = 1, that 1s, the flow-boundary plane Bp-By nearest

the 1ight source. By means of the values of S(y) for K= 0.5 &and
equations (51) and (52), the predicted ourve S(y) for K= 1 was

calculated, where, as previously, only termes possessing coefficients
by, v £2, hence c¢g o <4, were included because only the values of

d
derivatives —%, v £ 2, were determined. Thus the approprlate expres-
slos are

1 2,3 .2 5

AS; = - g (072 + = Dibyxe”) (53)
and

1
A(87)y = 2 byx#® + & byppre (54)
with the respective remalnders
7
x¥ 8.2.2 3 .3
Rpg = = ﬁ<4—5-'bl'b2 + 375 blb3) (55)

6
" (1 3 2 56
RA(Ay) = 20 (3 -b%bz + 2 blb3> ( )
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The maximum absolute values of the remasinders were found to be

-1

The resulting curve S(y) for Ke 1 predicted by the present
theory is depicted in filgure 8 for comperison with the curve obtained
from experimental measurements. Although the agreement of the two
curves l1s not perfect, it 1s still considerably better than that obtained
when refraction was neglected, as ls evident from figure 8. Apparently
the disagreement between the experimental result and that predlcted by
‘the present theory ls caused principally by the fact that the errors of
the calculated values of the coefficlents b, were relatively large when

the approximation (equation (37)) of eguation (36) was used alone. Thus,
because the coefficlents ©b,, vV > 0, comprise the major factors of equa-

tions (51) and (52), the relative errors of the gquantities AS4 and

A(Ayy) were also large. In the case of the evaluation equation (39),
the effect of errors of the calculated values of the coefficlents
appears only in correctlon terms which are smgll relative to the primery
term. Of lesser importance is the fact that the values of the deriva-

v
tlves g_g, were determined from a curve S(y) which possessed residusl

and <1075 inch.

Brtay)

y
distortion. Thus, the measured values of the derivatives would have been
in error wherever the slope of the experimental curve S(y) deviated to
any great extent from the slope of the desired distortion-free curve.

It 1s concluded that the improved agreement of the predicted curve
S(y) for K =1 (when refraction of the light rays in the flow field
is considered) with the experimental curve is Ffurther evidence of the
validlty of the series analysis, at least for the present example.

GENERAT, DISCUSSION AND CONCLUSIONS

The present analysls represents an extenslon and modification of
Wachtell's analysis with the lIlncluslon of a procedure for analyzing
certaln two-dlimensional gaseous density flelds by means of optical.

interference,

The equation of the light path in the unknown density fleld was
developed as a power serles, the coefficlents of which are functlons of
the coefficients of a Maclaurln series representation of refractive
index. An exact optical path difference equation was derived, which,
when re-expressed In the form of an approximstion, permitted the deter-
mination of the unknown dernsity dletribution from observed interference
fringe shlfts. A form of optlcal dlstortion resulting from refractlon
of the 1lght rays 1n the unknown denslty fileld wag consldered. The

2339
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Py

distortion was expressed by an exact equation and a power series. The
power serles was utilized to determine an obJject plane of Ffoous for
which the distortion is minimized and to calculate the residusl distor-
tion. Differentistlion of the optlcal-path-difference equation permitted
direct calculation of values of the flrst few refractive index series
cosefficlients.

In additlon, a procedure for applying the present theory was dis-
cussed and applled to determine the density distribution in a boundary
layer formed by supersonic air flow along a flat plate. The resultant
distributlon agreed reasonably well wilth that given by theory and by
Pressure-probe measurements. Further confirmation of the theory was
obtained by predicting relatively successfully the interference pattern
produced. for an obJect plane other than the optimum plane.

6222

It 1s concluded that the present analysis will permit lncreased
accuracy in the determination of certain two-dimenslional geseous density
distrlibutions by the method of optical interference.

Lewls Fllght Propulslon Laboratory
National Advisory Commlttee for Aeronasutics
Cleveland, Ohio, January.3, 1952
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APPENDIX A

SYMBOLS

The following symbols are used in this report:

AysAgsAz,hy

Bp-By

Br-Br

By
By,Bp,Bx,B,,Bs
by

c

g

F

I-I

L-I,
OA"'OA
Or-OR
OFD

NACA TN 2693

points intersected by light ray which traverses flow

field :

‘final flow boundary traversed by light ray

initial flow boundary traversed by llght ray

binomlael coefficients

points intersected by light ray which circumvents flow

refractive index coefficient
velocity of light in vacuum

light path coefflcient

focal point—of cemera lens; function
image plane

fraction of wind tunnel span

constent (0.1166 £t5/slug for alr when X = 5461A)

camera lens

"apperent obJect plene

real obJject plane
optical path difference
image point

apparent object point
polynomial

remainder

2339
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Ry,Rp

S

x(t)

Xy
(e, t)

YioMisHy
¥isM3sHg

(o4

A

Subscripts:

27

light rays

interference-fringe shift (wavelengths of light)
distance messured slong path of light ray
wind-tunnel window thickness; time

velocity of light in medium

distance from finel boundary of flow field to real
Geusslan object plane

distance from real Geussian object plane 1o apparent
Gaussian obJject plane

coordinates .

displacement of light ray in final wind-tunnel window

denotes value for given light ray at initial flow-
boundary traversed by ray

denotes value for given light ray at final flow- Com
boundary traversed by ray

angle measured with respect to x coordinate
increment (Ay = distortion)

coordinate parallel to y coordinate
wavelength of light

integers

refractive Ilndex

density

atmosphere

integer, refers to a given light ray
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w
5

A4 1Y
Superscripts:

*

NACA TN 2693

wind-tunnel window
flow reference region (free stream)

integers

refers to value at final flow-boundary traversed by
light ray

2339
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APPENDIX B

LIGHT PATH IN FLOW FIELD

The light path in the flow field is obtained as the solution of
the varistion problem

3
fdt = %J\u/\ 1+ (%) dx = stationary value (6)

vhere [ = u(y). Equation (6) is of the form
f dt = | Flq an) gx (B1)
Jax
the solution of which is given by the Euler equation

F - q %—ﬁ—, = constant (B2)

where 10! = %1{ Thus the solution of equation (6} is

(@ - (8

where p =y at y=y;. Let the light path be expressed by the

Maclaurin series
1 = E egx’ (11)

o=0

where the coefficients cy; are given by

cy = —%,— (%)q | (B3)

It follows that

%-_gl{ = o‘cho"l (Bé)
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The-assumed refractive index distribution

(-]

Bo= va'f]v (9)

v=0

expression (B4), and finelly series (11l) are substituted in the. dif-
ferential equation (7} to obtain the expression

2
1+ cch"‘lz“(%) bo+§ gmccx“)” (85)
v=i 0=0

The right-hand side of equation (BS) may be replaced by its binomial
expansion. However, only the first two terms of the three-term expan-
slon need be retained because the coefficient b, represents the

refractive index p; at 1 = 0. Since p 1is very nearly unity over a

wilde range of temperstures end pressures, the third term of the binomial
expansion 1s negligible. Therefore, equation (B5) becomes

gegx0-1 2 _ ¢ E S by (cgxT) (B8)
o= = =

where by = 1. When coefficients of like powers of x are equated,
the coefficlents c¢; may be expressed as functions of the refractive
index coefficients b,. The first few coefficlents c, are

-

Cog=C  =¢Cz==Cg=. .. =Cpq =0

Co =v% by

¢y = 35 biby | > (12)
cg = 755 b1bg? + 35 112 by

cg = T 1Pz + mag b1% Babs + 335 b1° by

2339
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Replacing the coefficients

Co

31

in equation (11) by the corresponding

expressions in terms of coefficients b, results in the following

expression for the ray path:

1 2 1 4 1 2 L 2 6

L 3,3
(5040 1b2” * 560

by

2

40

1l .3 8
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APPENDIX C

OPTICAL PATH REIATION
Given the fringe shift expression
x*

Sih = (ug-ug)x* + uil f pé dx - pyx* + W, (AoAz-t) - g BzBg (20)

the last two terms may be expressed by consideration of figure 2 as

by (BoBz-t) = gt (co:ma - ) (c1)
and
bg B3B5 = - Uy [Kx* - x(t) + ﬂ(l - a;——lo%e) (c2)
respectively, where
X = Kx¥ (21)

The factors o and of in equations (Cl) and (C2), respectively,

may be expressed in terms of o* by virture of Snell's law of optical
refraction; that is,

uf sin a* = p, sin af = p, sin af (c3)
end x(t) may be replaced by
He,
x(t) = t - — (16)
(t) ( m )

Then equations (Cl) and (C2) become, respectively,

by (Aghz-t) = Wt p— |1 (c4)

)2
1l - (—) sin2 o¥*
Hy

2339
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and

(c5)

— B
My BzBs = - b [Kx* + = t) (1 - =
1-{22) sin® o*
Mg,

Then, when (l—cos2 a*) is substituted for sin? o* and cos a¥ is
repleced by expression (15), that is,

v
cas o = -—j-'
Wi

equations. (C4) and (C5) mey be rewritten in the form

by (Bghz-t) = pb ——p'w——;- -1 (cs6)
Ni? +ug? - uff

and

— H .
l-la,3335=-}la(KX*+u_u;t) l-ﬁ (07)
N - e =

respectively. Substituting equetions (C6) and (C7) in equation (20)
and collecting terms yield

x* 2 4,2 - 2
1 2 -'\/“a + - u1 - Mg

= (pj-ug) x* + ™ pe dx - pyx¥* + p Kx¥ -

1 Afug? + uy% - uf

. 2 *2
tpwuw-’\/#wzwi-ui o2 (A2 + w2 - W82 -y (22)
A /uwz + uiZ - u-)i(-Z “’W 4/ua2 + l—'-iz Hiz

The right-hand side of expression (22) consists of & sequence of terms
comprising differences of quantities of nearly equal value., Those terms
which are included as roots msy be expanded by means Qf the binomial
theorem. Thus
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ﬁ
Afi? + g2 - o¥? = B, g (1-2V) (piz ) uiez)v
=
’ (c8)
V= -
where the binomial coefficients B B 1l, B E By = x
Nnece v are 0 = 3 1 = 2, o = - B’

Bz ='%E, . « . The series (C8) converge because -y 2> yg2 >> pi2 - 142,

Moreover, because for v =1 the terms of expansions (CB) comprise pro-
ducts ofdifferences of quantities of nearly equal value, such terms
mey be regarded as negligible. Hence expression (22) may be reduced to

where po= 1 except when differences of quantities of nearly equal value
are concerned. Furthermore, because ;= ui

12 - ug® w2 (uf -uy) (c10)

so that spproximation (C9) may be rewritten as

x*
1
SN = (ky-ig)x* + © f uZ dx - pyx* - Kok (uf -py) (23)
0

Substituting expansion (9) in (23) and replacing 1 by series (11),
both expansions being assumed convergent, yield the following expression
for approximation (23):

X* a0
Sih = (ig-pa)x* + = 2 4 2 b xo\v]ax -
i ) ™ By By v Ca
. O U=2,4:,6,-.-

v

pyx* - pg Kx¥ by c x50 (c1i)
V=l U=2, ,6,-.-

2339
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where the third term of the binomial expansion of p.z is negligible.
Equation (Cll) mey be rewritten in the form

Syh = (ug-uglx* + — f “i + 244 ; E bycgyx | dx -
v G—' , L
x* - Dy, C oy X*C (c12)
By Hy KX vCov
= d=2, 3050

where the coefficlents c,, are expressed in terms of the coefficients
¢y by equating the coefficients of like powers of x in the
expression -

cgyx? = cqx? | Y (25)
0=2, 905000 U=2, b ,'.--
Integrating equation (C12) and solving for py - pgy result in

bye
! — e 1Tk E g byCgyx*
U=2, 230300 - ) , IS RE KR (24)

where the multiplicative constant py in the last sum of equation (ClZ)
is regarded as unity.
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APPENDIX D

OPTICAL DISTORTION
From equation (27), that is,
(Ay)y = [Kx* - x(t) + 'b] tan af - [ngf + y(a.g;,t):l (27)

it follows by virtue of Snell's law (equation (c3)) and equation (15)
that

1
* *2 . 4,8
sin Ay = ™ By By
* _ L 2 2 - y¥a
cos af = ™ AJLa + My ny (p1)

tsn o =
a 2 2 *2
\/“‘a + lJ'i - p'i
Also,

v(ag,t) = t tan of = = t ————————— : (p2)
Then, because of equations (D1),

*
y(al,t) = ¢ (D3)
(d'w) " 2 . p.iz _ I.L;Z

W

When x(t) is replaced by expression (16) end equations (D1) and (D3)
are utilized, equation (27) becomes -

2339
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¥2_ 2 ¥2_ ., 2
(ay), = (k=¥ + By i Sl S *+t/ ac S (28)
1 . Pr o l. o2\ 2 u. 2. 2
Pg THi™~ B Py M1~ B

Assuming that py= uis Bg= 1, eicept where differences of quantities
of nearly equal value comprise a complete term, equation (28) reduces to

(Ay)y = Kx* A/Piz - Hiz - n¥ (29)

Rather than expand the square root term of epproximation (29) by the
binomial expansion, which converges very slowly because pi = i, the

term may be replaced by (%2) %7 where 3= 1, which follows from

=14
equation (7) so that

(Ay); = Kt (%l‘)m’; - ¥ (30)

Finally, because of series (11) and 1ts derivative, series (B4),

(o) = Z (K5 - 1) cgerd (51)
0=2,4,6,¢40
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