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SUMMARY

Several approximate methods for calculating 1ift distributions at
subsonic speeds are combined and extended to form & simple step-by-step
procedure for calculating symmetric and antisymmetric 1lift distributions
for arbitrary angle-of-attack conditions on swept and unswept wings.
Methods of estimating the required aerodynamic characteristics are
included, but any available theoretical or experimental results may be
used in several steps of the anslysis to shorten the work and increase
the accuracy. The extension of the method to the calculation of saero-
dynemic influence coefficients and of spanwise moment distributions is
indicated.

INTRODUCTION

An empirical method (ref. 1) for calculating spanwise 1ift distri-
butlions on unswept wings has been used extensively in the past. In
modified form (ref. 2) it has been applied to the calculation of span-
wise 1lift distributions on swept wings. More recently, an improved o
method of calculating the 1ift distributions due to twist has been
published (ref., 3).

In the present paper a limitation of the method of reference 3 as
applied to antisymmetric twists is indicated and removed. The methods
of references 1 to 3 are then combined with each other and with the
results of another investigation (ref. L4) into a step-by-step procedure
which starts with the lift-curve slope and the additional 1lift distri-
bution and proceeds with the calculation of symmetric basic 1lift distri-
butions, the 1lift distribution due to roll, the rolling-moment coeffi-
cient due to roll, and, finally, antisymmetric 1lift distributions. The
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additional 1ift distribution is herein defined as the 1ift distribution
for constant angle of attack across the span with a 1i1ft coefficient
equal to 1. The basic 1ift distribution is defined as the 1ift distri-
bution of a twisted wing at-zero (total) 1lift. Means of calculating
the serodynamic characteristics required in the method are contained in
this paper, but if any of these characteristics are known from other
sources they may be incorporsted in the procedure with a resultant
saving in time and improvement of accuracy.

The method of this paper is derived in appendix A, It 1s outlined
and some examples of its application to various plan forms and asngle-of+=
attack conditions are presented and discussed in the body of the paper.
Formulation of the method in matrix notation for the purpose of obtaining
aerodynamic influence coefficients suitable for sercelastic analyses is
accomplished in appendix B of the present paper in the manner employed
in reference 5. Inasmuch as the method of the present paper supersedes
that of reference 2, on which reference 5 is based, appendix B of-the
present paper supersedes reference 5.

Means for estimating the spanwise distributions of pitching moments
(or local centers of pressure) required in an aeroelastic analysis are
indicated in sppendix C. .

SWMBOILS
A aspect ratio, b°/8
a distance of local aerodynamic center from leading edge,
fraction of chord :

8n coefficient in Fourier series for vy
o angle of attack, radians unless specified otherwise
a average angle of attack, radians
e effective angle of attack, radians
aq _ induced angle of attack, radians

decy Jdcy
oy - control-effectiveness parameter, —f—=

48 / da

b wing span
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¢1

1

Clai

CPS

coefficient in Fourier series for q sin 6

coefficients for additionsl 1ift distribution

wing 1ift coefficient, Iift/qS

wing lift-curve slope, per radisn unless specified
otherwise
rolling-moment coefficient, Rolling moment/qSh

damping-in-roll coefficient, -Czp

rolling-moment coefficient due to rolling per unit helix
angle (radians) at tip

chord, measured parallel to plane of symmetry
average chord, S/b
section 1ift coefficient

section lift-curve slope, per radian unless specified
otherwise

section lift-curve slope in incompressible flow, per
radian

distance from leading edge to center of pressure due to
aileron deflection, fraction of chord

ccz/t

loading coefficient for additional 1ift distribution

loading coefficient,

loading coefficient for basic 1lift distribution
loaeding coefficient for unit-rolling 1lift distribution

loading coefficient for residusl 1ift distribution
loading coefficient for unit angle of attack

loading coefficient for unit linear antisymmetric twist
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5] control deflection in plane perpendicular to hinge line,
redians - O
1 section lift-curve-slope ratio, ¢y /EK "
' Q
¥ dimensionless lateral distance from wing root, —_
Lateral distance "
E-! —
2 2 5
F - plen-form pareameter, A/n cos A
f additionsl~lift~-distribution component—due to sweep
I contribution of function f .to rolling moment due to
rolling, h\jp fy*edy* ; IR
J gbscissa of centroid of area of function f ro
K correction factor for effect-of taper on lateral center

of pressure in steady roll

ko finite-span correction for wing lift-curve slope,
equation (7) e

kg finite-span correction for wing lift-curve slope according
to slender-wing theory =

kq finite-span correction for basic 1ift distribution,
equation (12)

i .

k2 finite-span correction for lift distribution in roli,
equation (15) -

k3 finite-span correction for residual 1ift distribution,
equation (22) =

k), finite=span correction for rolling-moment coefficient due
to roll, equation (17)

1 section 1ift

A angle of sweepback at quarter-chord line .
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he

y*
T*
y
L’P
Subscripts:

IT

IIT

effective angle of sweepback in compressible flow, _
‘ban-l tan A S e Ll

Vi - u2
taper ratio, Tip chord/Root chord
free-stream Mach number
pressure difference between upper and lower surfaces -
dynamic pressure
wing area
wing thickness .z
width of fuselage
trigonometric variasble corresponding to y¥%, cos'ly*
dimensionless lateral ordinate, Lateral ordinate/Semispan
dimensionless lateral ordinate of wing center of pressure

effective lateral center-of-pressure location of resultant
load causing rolling moment due to rolling

two-dimensional flow
three-dimensional flow

DESCRIPTION OF THE METHOD

Symmetric Lift Distributions

The 1lift distribution for any symmetric angle-of-attack distribu-
tion may be considered to consist of two parts, & basic 1ift distribu-
tion with zero total 1lift snd an additional 1ift distribution. The basic
1ift distribution for a given twist is defined as the distribution for
the given wing with the angle of attack reduced equally at every point
until the total 1ift is zero. The sdditional 1ift distribution is defined
as the distribution which the wing would carry if it were untwisted and
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the 1ift coefficient were equsl to 1.0. If the additional and basic

1ift distributions are defined in terms of thelr loading coefficients,
then .

~2
)
i

(ccz) _cey
ccy
c b

and the 1lift distribution for any variation of angle of attack or twist
across the span may be written in the form

14"

/

7 =Cr,ars + 7y (2)

This section 1s concerned with the determination of the gquantities
Clu’ Yay &, and 7y,. If Clu’ cy, and 7y, are known they may, of

course, be used instead of the values given herein.

Lift-curve slope.- The wing lift-curve slope may be obtailned from
the section lift-curve slope and a finlte-span correction as

C =C os A
Ly = g © ko (3)
where c¢; and ko are determined ss follows:

a

The section lift-curve slope 1s taken for the section perpendicular
to the quarter-chord line at a Mach number equal to M cos A; it may be
estimated from the relation

_ o
R ()
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where the ratio is given in figure 1 from the average of the

(o]
by

theoretical data of reference 6 for airfoils of the NACA 63A, 6LA, and
65A as well as the 63, 64, 65, and 66 (with subscripts) series as a
function of the effective Mach number M cos A for seversl airfoil
thickness ratios (perpendicular to the quarter-chord line). For all
commonly used airfoll sections the lift-curve slope in incompressible .
flow Clal is known or may be calculated.

From the value of cla a ratio . _f____!

po= —2 - (5)

may be calculated and, hence, a plen-form parameter, defined in refer-
ence 4 as

F-—2 (6)
N1 cos A

According to reference 4, the value of kg may then be given in terms
of thls plan-form parameter as

ko = (7)

The factor ky 1s plotted in figure 2 as a function of the plan-form
parameter F. For very large angles of sweepback another factor kj',
also shown in figure 2, should be used instead of k.

Additional 1ift distribution.- The additional 1lift distribution
may be obtained from experimental data or theoretical calculations
(ref. 7, for instance) or msy be estimated from the relstion derived in L
eppendix A,
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Ve = le? + Co LA 2 C3f (8)

bit

where the sweep~-correction function £ 1is given in figure 3 and where
the coefficients Cj, Cp, and C3 are given in figure 4. The func-

tion f depends on an effective angle of sweepback A defined by

=1 tan A

Vi- W

Ae=tan

The elliptic distribution %VI - y¥2  is alégfshown'in figure 3 as the

value of the function f . for Ag = O.

Unlike the value of 75 given in reference 2, that given by equa-.
tion (8) reduces to the correct value (that -given by low-aspect-ratio
theory or slender-wing theory) when the aspect ratio is very low and to
the correct (strip-theory) value when the aspect ratio is very high.

In general, equation (8) may be expected to apply to most practical plan
forms with nearly straight quarter-chord lines, except those with very
large effective angles of sweepback, say greater than about 60°. For
such wings the 1lift distribution may be estimated from the results of .
slender-wing theory (refs. 8 and 9), as explained more fully in

appendix A. According to slender-wing theory, the 1lift distribution is
likely to be almost-elliptic for a wing with a plan-form parameter less
than about-2.5. A wing with a plan-form psrameter greater than about 2.5
can be divided into three-regions. In the two-dimensional region the
11ift distribution is proportional to the chord, in the tip region the
1ift drops off with infinite slope, and in the root region the 1ift drops
to gbout Q/K of the value it would have if it were proportional to the - -
chord. (See fig. 5.) )

The lateral ordinate of the center of pressure F* of the addi-
tional lift distribution or of any 1lift_distribution for a constant _
angle of attack across the span is numerically equal to the moment about
the origin of the function 7,, since the area under the function 74
is 1, Therefore,

3(1 + ) 3w

J
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where J 1is the abscissa of the centroid of area of the function f
and 1s given in figure 6 as a function of the effective angle of sweep-
back Ag. Equation (9) spplies to a linearly tapered wing. For a wing

1+ 2\
3(1 + )

which is not linearly tapered, the term of equation (9) may

be replaced by

1
f—g-y*dy*
0

Bagic 1ift distribution.- As described in appendix A, the basic
11ft distribution may be obtained from the lift-curve slope and the
additional 1ift distribution as follows:

7p = leLu(a - E)7a (10)

wvhere o 1is evaluated from the integral

1
-&:fo ayg dy* (11)

and the coefficient k1 1is obtained from the relation

kl = (12)
FVl + éé + 6
e

which is plotted in figure 2. The integration indicated in equation (11)
may be performed graphically or numerically (by means of Simpson's rule,
for instance),
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If there are discontinuities in the angle-of=attack distribution,

they should be faired before the angle-of-attack distribution is used

in equations (10) and (11). Apperently the best results are obtained,
on the average, when the fmiring extends about 0.3 semispan on either
side of the discontinuity and passes through the midpoint of the dis-
continuity; the faired curve should have thé:same area as the unfaired
one, -

Antisymmetric Lift Distributions

The 1lift distribution for any antisymmetric twist may be considered
to consist of two parts: a rolling-type-distribution, which is the dis-
tribution for the given wing with a linear antisymmetric twist of suffi-
cient magnitude to have the same rolling moment as the twist distribu-
tion of ipterest, and a residual distribution, which is the difference
between the rolling-type and the true distribution and which, by defini-
tion, has no rolling moment. If the unit-rolling type of distribution
is defined by its loading coefficient

CCZ

Yq =
d ey,

where Cld is the rolling-moment coefficient of the distribution for a
linear antisymmetric twist with unit angle at the tip (and is, hence,

the negative of the conventionally defined rolling-moment coefficient
due to rolling CZP): and if the residual distribution is defined'by its

loading coefficient

then any antisymmetric lift-distribution may be wFitten as

7 = Cra%e7q + 7y (13)

[

il
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where ae 1is the tip angle required for a linear antisymmetric distri-

bution with the same rolling moment as the distribution of interest.
This section is concerned with the calculation of 74> Cld’ Ug s

and 7y. If the values of 74 and Czd are known they may, of course,

be used instead of the values presented herein.

Unit-rolling distribution.- The 1ift distribution 7o for a linear

antisymmetric twist with unit angle at the tip may be obtained from
reference 10 or 11 or from the relation

7y = kQCIn?*Ya ' (14)

where

is derived in appendix A and -shown in figure 2. The unit-rolling distri-
bution 743 1is equal to 7o divided by the damping-in-roll coeffi-

cient Cld.

Damping-in-roll coefficient.- The damping-in-roll coefficient may
be obtained from reference 10 or 1l or, as in reference 4, from the
relation

Cy, = %? ¢y, €08 A Ky (16)

]
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where k) is a factor defined by

= (17)

which is plotted in figure 2. The factor K 1is a correction for taper
effects on the lateral center of pressure introduced in reference 12 and

Fio

is equal to twice the factor / used in that paper. Another expres-
: .b/2

sion form.Czd may be obtained from the method of the present paper:

Czdz

o] ]

c3,, cos A k (% 'i—}-%’iacl +Cy 4 103) (18)

where C;, Cp, and C3 are the factors used in equation (8) and I 1is
the moment of inertis of the function f defined as

1
I=1. f Fy*edy* (19)
0
The value of I is given in figure 6. If the wing does not have a

1
linear taper the expression h\jﬂ é% y*¥2dy* must be substituted for
0 .

21 +—3k.

the term
31+

A comparison of equatians (16) and (18) reveals that the factor K

2 1L+ 3\
is equal to the expression = ——=— C; + Cr +-ICy.
qua Xp 3T+ LT v2 3
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yL’
The two taper corrections K and 15 are compared in figure 7(a)
b/2
¥,
for unswept wings <%ince the correction does not apply to swept
b/2
wing%) and excellent sgreement is seen to exist, except for plan-form
Vi,
P
parameters less than 6, for which the values of -/— given in refer-
b/2

ence 12 are somewhat uncertain. Figure 7(b) shows the effect of sweep
on the taper correction factor used in equation (18). This figure
serves to explain the statement made in reference 12 that experimental
I
L P
b/2
likely to be small, a statement which is difficult to reconcile with
the great deviation of the additional lift distributions of swept
(particularly sweptforward) wings from elliptical and also of their
linear antisymmetric 1ift distributions from that of an elliptic wing.
As may be seen from figure 7(b), however, the factor K, which is twice

T,

evidence indicates that the effect of sweep on the factor is

the factor and is obtained from spanwise 1ift distributions, is

b/2 .

indeed substantially unaffected by sweep for angles of sweepback between

0° and about 35°, which are the ones for which most of the aforementioned

experimental evidence was obtained; however, for sweptforward wings and
for highly sweptback wings, sweep does have the expected effect on K.

Inasmuch as the correction of equation (18) permits sweep to be
taken into account, whereas that of equation (16) does not, the use of
equation (18) appears to be preferable for swept wings. For unswept
wings both corrections give almost identical results.

Residual 1ift distribution.- The residual 1lift distribution may be
obtained, as shown in appendix A, from the relation

7e = k0,5 - ae) 7a (20)

where the effective tip angle de 1s defined by
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1 1 )
Qe ={§\jp arg ay*
0
N . (21)
1 1 )
de = 5 Ly qy*dy¥
-
and where the factor k3 is defined by
F + }é + h
F2
k3 = (22)

’ 6L
Fyji + 2= + 8
FE .

Any discontinuities in the angle-of-attuck distribution must be
faired before the distribution is used in equation (20) or (21). A
convenient procedure for fairing this distribution is to plot—the
ratio a/y* over the span and to fair it as suggested for discontinuous
symmetric distributions. The faired distribution may then be used
directly in the second form of equation (2I).

ILLUSTRATIVE EXAMPLES

The method presented in the preceding sections hes been applied to
the calculation of 1lift distributions for a variety of plan forms in
order to illustrate certain trends as well as to compare the results
with those of other methods. e - -

Additional 1ift distributions were calculated for six wings of
different plan forms in incompressible flow. The results are shown in
figure 8. The aspect ratios, angles of sweepback, taper ratios, and
plan-form factors of these wings are given in table 1. 1In the calcula-
tion of the plan-form factors a section lift-curve slope of 2n was
assumed. Also glven in tsable 1 are.the constants C;, Cp, and C3,

which were taken from figure 4. The lift distributions calculated by
the method of reference 13 (with 15 points on the span)_and, in two
cases, the lift-distributions calculated by the method of reference 1k
(with 126 1ifting points on the span) are also shown in figure 8. There
is good agreement between the approximate lift distributions given by

the method of this paper and those calculated by the theoretical methods.
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The lift-curve slopes and lateral centers of pressure of the addi-
tional 1ift distributions of the six wing plan forms considered in Ffig-
ure 8 are given in table 1, as calculated from equations (3) and (9) of
the present paper and as calculated by the method of reference 13 (with
15 points on the span). The values of ky required in equation (3)
for calculsting CLG were obtained from figure 2 and are also included

in table 1. Again, there is good agreement of the approximate values
of CLCL and P¥ obtained by the method of this paper with the theo-

retical values.

Also calculated for plan forms 1 and 2 were basic 1ift distributions
due to a unit parabolic twist and due to a unit deflection of a half-
semispan flap (ogd cos A = l). The results of these calculations are

given in figures 9 and 10. For the parsbolic twist « = y*¥2, equa-

tion (11) yields, in conjunction with the functions 74 = g:l taken

CCL
from figure 8, a value of &. The function a - & is shown by the
first curve in figures 9(a) and 10(a). The values of ki were taken
from figure 2 and are 0.57 and 0.66 for plan forms 1 and 2, respectively.
These values of @ and ki, the aspproximate values of CLOL given in

table 1, and the additional 1ift distributions given in figure 8 were
used in equation (10) to calculate the basic 1lift distributions

cey
7o s(——) {shown by the second curve in figs. 9(a) and 10(a)).
C/v

The basic distributions given by the second curve of figures 9(a)
and 10(a) and the additional distributions given in figure 8 may be
combined with the calculated values of @ and CLu to give the loading

for the case where the wing has zero angle of attack at the root and is
twisted parabolically so as to have a unit angle at the tip. This case
is illustrated by the last curve of figures 9(a) and 10(a). These par-
ticular results are compared with the 1ift distributions which would be
obtained from the method of reference 13. The agreement is better in
this case for plan form 1 than for plan form 2.

For the effective twist due to flaps, the angle-of-attack distri-
butions are shown in the first part of figures 9(b) and 10(b). The
values of « for the faired distribution were calculated from equa-
tion (11) and are 0.26 for plan form 1 and 0.27 for plan form 2. The
curve Opgireq - & Wwas used in equation (10) to calculate the basic

1ift distributions (shown in the center part of figs. 9(b) and 10(b))
and the total 1ift distributions (shown in the right part of figs. 9(b)
and 10(b)) as for the parabolic-twist case. The values of CLaL and ki
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used to calculate the basic 1ift due to parsbolic twist were also used
in this case, The 1lift distribution calculated by the method of refer-
ence 13 with 15 points on the span (a correction for the discontinuity
in the angle-of-dttack distribution was included) is compared with the
1ift distribution calculated by the method 6f this paper. Again,
better sgreement of the approximste with the theoretical distribution
is obtained for plan form 1 than for plan form 2. X

In 6rder to illustrate the treatment of antisymmetric angle-of= —.
attack distributions, calculations have been made for plan form 2 of
antisymmetric 1ift distributions due to a linear antisymmetric_twist
(demping in roll) and due to-a unit deflection of half-semispan out-
board ailerons (dﬁa cos A = l). For the linear-twist case the distri-

bution 7, was calculated from equation (14), with k5, = 0.80 obtained
from figure 2. The coefficient of damping in roll Cld 0.33 was then

calculated from equation (18), in which the values k) = 0. 63 obtuined

from figure 2 and I = 1.15 obtained from figure 6 were used. The unit-

rolling distribution was then obtained by dividing 7o by this value
of Cy4. The distribution is shown in figure 11(a). Also shown in fig-

ure.1l1(a) is the unit-rolling distribution calculated by the method of
reference 13, The coefficient of damping in roll calculated by that
method is Czd = 0.38. The unit-rolling distribution and the coefficient

of damping in roll obtained by the approxihate method of the present

paper and by the theoretical method of reférence 13 'are in good agreement.

The function o/y* for the aileron-type angle-of-attack distribu-
tion is shown at the top of figure 11(b); the fairing extends 0.3 semi-
span on either side of the discontinuity. The value of ae was obtained

from the second form of equation (21), w1th the approximately calculated_..

cc :
- L given in figure 11(a), and is ag = 1.12. The
CC-Ld n

s

value of k3 was obtained from figure 2 and is k3 = 0.68. With these
values for k3 and ae, the function 73 given in figure 11(a), the

function 7q E

previously calculated value of Cj;, and the faired function o/ y*

given in figure 11(b), the residual 1ift dlstributlon 7 (;El) was
r

c

calculated from equaticn (20) and is shown in the middle portion of fig-

ure 11(b). The 1ift distribution due to aileron deflection was then
calculated from equation (13) and is shown ,_in the bottom part of fig-
ure 11(h). Also given is the 1ift distribution calculated by the method
of reference 13 with 15 points on the span and with a correction for the
discontinuity in the angle of attack., The two 1lift distributions are in
good agreement. '

i

]

o

[ 2]

o

i

R
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DISCUSSION

Inasmuich as experimental determination of pressure distributions
is a very tedious process, complete information concerning the spanwise
1ift and moment distributions corresponding to all angle-of-attack con-
ditions is rarely availsble. Hence, analytical methods for calculating
these distributions are used glmost universally in designing airplanes.
Most of these methods are theoretical (for instance, for subsonic speeds
see refs. 9 and 13 to 16). The relisbility of these methods is well
established; for wings without fuselage, nacelles, tip tanks, or
external stores, they generally furnish very good approximations to the
true distributions, provided the angle of attack, airfoil thickness,
and Mach number are not too large. However, most of them are relatively
time consuming. In order to overcome this deficiency, calculations for
many plan forms have been made by some of these theoretical methods
(refs. 7, 10, and 11, for instance), so that no further calculations
need be made for the angle-of-attack conditions considered in these cal-
culations. Another way of avoiding the tedious calculations required
for the theoretical methods is to use empirical methods such as those
of references 1 to 5, as well as that of the present paper, which con-
sists in a combination of these methods.

Compared with the theoretical methods, an empirical method for
calculating 1lift distributions has the disadvantage of being less
accurate on the average, although the accuracy of the results of the
empirical method is often adequate. Another disadvantage of empirical
methods as compared with theoretical methods is the following: Once
the accuracy of a theoretical method has been established by comparison
with known results in a few cases, confldence can be placed in the
results of this method for widely different cases. When an empirical
method is used, the degree of confidence that can be placed in its
results for cases widely different from those for which its accuracy
has been established is not nearly so high. As far as the method of
the present paper is concerned, this limitation implies that for the
purpose of calculating lift-curve slopes and additional 1ift distribu-
tions the method is restricted to plan forms with nearly straight
gquarter-chord lines and effective angles of sweepback which are not
greater than, say 60°. However, if these aerodynamic characteristics
have been obtained experimentally or by means of accurate theoretical
methods, other lift distributions and aerodynamic parameters can be
calculated by this method for a much wider variety of plan forms by
using the known lift-curve slope and additional 1lift distribution; also,
the accuracy of the final results can be improved in this manner over
that attainable by starting out with values of the lift-curve slope
and additional 1lift distribution obtained by the method of this paper.
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The matrix scheme of-appendix B and the method for calculating the
chordwise center of pressure given in appendix C make the method of this
paper readily applicable to the serocelastic analysis of reference 18.

For wings with straight querter-chord_lines, mocderate angles of
sweepback, and moderate aspect ratios the 1ift distributions calculated
by the method of the present paper have been compared with those cal-
culated by theoretical methods in connection with the i1llustrative
examples, The agreement between the 1ift distributions and associated
serodynamic parameters calculated by the method of the present—paper
and those calculated by theoretical methods has been noted to be good.
Inasmuch as the approximaste method of-thls. paper is based on lifting-
line reasoning, and inasmuch as lifting-line theory is valid only for
wings of high aspect ratio, a comparison of the results of the aspproxi-
mete method with results obtained by more rigorous theory for wings of
very low aspect ratioc may be of interest. The lift distributions for
such wings can be obtsined from reference 15, provided the wings do not
have reentrant trailing edges.

For a wing of very low aspect ratio and with a parabolic twist .

o = y*2; thus Vg = %ql - y*2, Clg = %.A;“and ky Eu% (see fig. 2);

also, @, as obtained from equation (11), is 1/4. Hence, from equa-
tions (10) and (2),

7p = %—A(y*e - -i;)\ll - y*2

and

=..A- *2 . - *2
y 3(2y +—1)\jl y

1 1 .
Al= 8in 6 + = sin 9)
(2 ° g oin 3

(where cos 6 = y*), which is also the result given in table 1 of ref- _
erence 15. That this perfect agreement of the two results is fortuiltous C
msy be seen from the fact that—for a linear symmetric twist o = |y¥|,

-

=2 _i\’ %2
7o 3<y* 3n> 1~ y* .
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and

7=38—A\Jl-y*2+-§-A(y*-3—L%)\ll—y*2

b18

= %A(y* + ga-)\‘l - yx@

whereas, according to reference 15,

v = 2 c0526 log tan(E + 2) + sin @6
PLg y 2

“for this case. The two distributions are shown in figure 12(a) end are
. in good agreement. . . . - .

The coefficient of damping in roll of a wing of very low aspect
ratio can be obtained approximastely from equation (18). From figure 2
and equation (17) the factor k) may be seen to be asymptotically

equal to F/8 as F approaches 0; for F = 0 the factors Cj and C3

are O and the factor Co, is 1 (see fig. 4), so that as a result of the
definition of F,

as given in reference 15. The factor ko = 0.5 for F = 0, so that e

= Ay*dl - y*2

N
o
|

— sin 26

as given in reference 15,
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The unit-rolling distribution of-a wing of very low aspect ratio
is then . :
L4
7d=_2_
Czd
32 2
= 22 1 -
» y* *

end the factor kg 1is 1/2. For a parsbolic antisymmetric twisty

@ = y*° on the right wing and a = -y*° on the left wing. The effec-
tive tip angle is «qg = ég—, end the residual 1ift distribution on the
e

right wing is

= A2 _ 32 -
Tr 2<Z>’* 157 y*) 1-y

2

s0 that—the 1lift distribution on the right wing is

1 .2 16 2
= Al= = 1-.
Y (2 r* T y*) ¥
= A L sin-6 + —§— sin 20 + L sin 36)
2 15n 8

whereas, according to reference 15,

Y =,A[§; cos36 log tan(ﬁ + g) + g% sin 2%]

for this case. These two distributions are shown in figure 12(b) and
are in good agreement.
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For the cubic entisymmetric twist a = y*3, the approximaste method
of the present paper happens to glve the same result as reference 15:

7 = A(% sin 26 + %g sin he)

In genersl, therefore, the method of the present paper gives results
for wings of very low aspect ratio which.are 1ln excellent agreement with
the results furnished by low-aspect-ratio theory.

The method of this paper has certain advantages over theoretical
methods apart from the fact that the time required for an analysis by
the empirical method is only a fraction of the time required for an
analysis by means of one of the theoretical methods and is indeed com-
pareble to the time required to obtain a desired 1ift distribution by
interpolating between those furnished in references 7, 10, and 11l. The
method of the present paper is rather flexible, so that 1t may be used
in some cases where present theoretical methods are inapplicable. For
instance, in the case of a wing with a fuselage, nacelle, or tip tank,
neither the method of this paper nor any generally avallable theoretical
method can give the lift-curve slope or the additiopal 1ift distribution.
However, if this information has been obtained experimentally, the method
of this paper can give the 1ift distribution for any symmetric or anti-
symmetric twist with an accuracy sufficient for many purposes. (If the
wing lift-curve slope is different from the lift-curve slope for the wing
alone, the factors kj, ko, k3, and k) can be obtained for the value
of the plan-form parameter which corresponds to the given lift-curve
slope rather than for the value of the true plan-form parameter. )

Another advantage of the empiricel method over some theoretical -
methods is the ease with which it lends itself to the calculation of
aerodynamic Influence coefficients, which are required in an aeroelastic
analysis. (See appendix B.) Also, for a wing in transonic flow the
theoretical methods used with linearized-theory corrections for com-
pressibility effects tend to give unsatisfactory results, as pointed
out in reference 6. The empirical method of the present paper, however,
is capable of furnishing useful results in certein cases of transonic
flow because it is based on an interpretation of the three-dimensional
Glavert-Prandtl rule which permits the use of knaown section charscter-
istics and reconciles that rule with simple sweep theory. (See ref. L,)
For unswept wings of low aspect ratio and for sweptback wings which are
slender in the sense of reference 9, that is, wings which have a small

value of Adl - Me, equation 3 has been found to yield & good approxi- _
mation to the observed values of the lift-curve slope in some instances )
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of tramsonic flow up to and beyond a Mach number of 1, provided the
wings have thin sections and are at low angles of attack.

CONCLUDING REMARKS

A relatively simple method of calculating spanwise lift distribu~
tions for any asngle-of-attack condition has heen derived by combining
and extending seversl previous theoretical methods. The method is such
that the work can be shortened and the results improved at-various stages
of the computations by introducing experimental or theoretical values of
certain aerodynamic parameters whenever they are avallable. In addition,
the method lends itself readily to formulation of the load- distributlon
problem in terms of serodynamic influence coeffic1ents.

The results obtained by the present @gthod compare favorably with
those obtained by more time-consuming thedfies.

Langley Aeronauticsl Laboratory
National Advisory Committee for Aeronautics
Lengley Field, Va., May 1, 19527 "~

it
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APPENDIX A

DERIVATION OF THE METHOD

Additional Lift Distribution

In the method of reference 1 the additional 1ift distribution 7,4

for unswept wings is given by the average of the wing plan form and an
ellipse of equal area, so that

cCy 1fc L ""‘Tg)
= — = = + — \J1 - Al
7a tt;, 2§ =« Y (a1)

The corresponding relation for swept wings is given in reference 2 ss

1 m
Ya = 5(—5—:‘2 + f) (A2)

where m, and m, are, in the notation of reference 2, the section lift-
curve slope and the average section lift-curve slope, respectively, and
where f is a function of y* which is different for each sweep. This
function f fulfills s purpose similar to that of the function f used
in the present paper but differs from it numerically.

That both of these relations are inappliceble to wings of either
very high or very low aspect ratioc may be seen from the fact that for
very high aspect ratios the additional 1ift distribytion is equal to
the chord distribution c/T, wheress for very low aspect ratios it is

defined by the ellipse %ql - y*2 (see refs. 8 and 15), provided the

wing does not have a reentrant trailing edge. Consequently, to cover

the entire range of aspect ratios the equation for the additional 1ift
distribution should have terms which involve the chord and the ellipse
and a function which varies with sweep; the extent to which each of these
three functions enters intc the 1lift distribution should vary with aspect
ratio. Consequently, the following relation suggests itself:

7a =0 4 G 2\1 - 8+ oy (23)
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where f 1is a new function which varies with sweep and 1s given in fig-
ure 3, and where the C's vary with aspect ratio in such a way that Cl

is 1 for infinité aspect ratio, Cp . is 1 for zero aspect ratio, and the

sum of gll three C's 1is always 1. A seglof——C' obtained by analyzing
the results of the calculations by the method of reference 3 for a large
variety of plan forms is presented in flgure h The plan—form parameter

F = —A __ (proposed in ref. 4) was chosen as the abscissa rather tban T

n cos A

the aspect ratic proper in order to take sweep and compressiblllty effects B

into account in a manner similar to that employed in référence 4 for the
wing lift-curve slope., o . -

In general, equation (A3) may be expetted to apply to most practical
plan forms with nearly gtraight quarter-chord lines, except those with

very large effective angles of sweepback _Ag, and to furnish more accurate ;

results than do the spproximete formulas of references 1 and 2, inasmuch
s equation (A3), unlike those formulas, tekes espect ratio into account.

Wings with very large angles of sweepback can be snalyzed by slender-
wing theory. (See refs. 9 and 16.) The type of wings analyzed in ref-
erence 9 is characterized by a constant chord which is filleted generously
at the trailing edge to the extent that—the root chord is n/2 times the
chord far away from the root, As may be deduced from reference 9, this
wing can be divided into three regions in the manner indicated in fig-
ure 5. The pressure distribution in the part of the root region forward
of the apex of the treiling edge is the same as it would be if the wing
consisted of that part of the root region only, and therefore it can be
obtained from the delta-wing theory (ref. 8). The Spatfiwise lift distri-
bution is constant and equal in magnltude to that—in the two-dimensional
region. In the two-dimensional region the chordwise pressure distribu-
tion is the same as in two- dlmen51onal_flow, the spanwise lift distri-
bution is constant—and is given by h

1 = qcclaia cot A

In the tip region the pressure is zero behind the leading edge of the
tip chord, and the spanwise 1lift distribution drops off to zero in an
approximately elliptic fashion. For an unfilleted wing the 1lift near
the root must be less; if it is assumed £0 be proportional to the chord,
the 1ift at the root is 2/1 times the llft in the two-dimensional

region, - : RN

-

As shown in reference 9, the lift-curve slope depends on the param-
eter A/cot A, which for large angles of sweep 1s approximstely equal _ ___
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to A/cos A. This valugerhn furnyile approxdmstely equal-4d cthe plan<:o
form parameter F, because for a wing with a large angle of sweepback
the flow in planes perpendicular to the leading edge is almost incom-
pressible at all subsonic speeds, sd that the section lift-curve slope
is:mpproximately 2r. The vapispion of - G~ with Afcot A given in
"y e -

figure 7 of reference 9 is therefore &‘eproduced in figure 2 of the
present paper as a varlatlon of Xk5' with F, where ko‘ represents

- the: ratio: 20y oy acasdvafor Slendbiuiplar Pl fod gninoassy adl -
~2tn dasris-To- -J.'_;-_a_(?‘e vos 1ot mobduditdaib 31il edd veceds snil-mafitil od
noifslax odd vd aoviy al nortdudiivd

Basic 1ift Distribution

In reference 1.the basic lif‘['\ gistribution 7 is given as one-
) _

half of the strip-theory va(lilﬂ,'o?/%_ pd? = 8

! neoz offf azovse iosf®€1N. =inoe Fiau s_<0k poiduditdaib odd buys
e 70 = (——:> = % Cza{l@ - 3%: (Aﬁ?

where .
carin g (LID - _[)-%— cxa = _[(

1
a:f £ q ay* , (45)
0

C

- ateingorggae dosdds To eslmms booubiai ol sus r

- a LYY, -rFeyrp =R - z ar R Iy . ;_[:
In FELEFEAIS D2 A8 “Iatencalt 10 MEET tult BHE wing?Tobidinieib did 8};
Ta} .
often gives better results in equation (AY4) thasn the Y864 8T PIFLOESRS
slope Clq’ 5O that

(inif:}-:‘c (o -T)= (46)
b ™5 La T

Both results were bbtHinkd SR BureTy eiiaicar Pasiel Reretflt o2
ence 17, however, indicates the possibility of a more restional approach,
in that it proves by lifting-line theory that an aversge angle of
attack o defined by _ L

= JO

- C
z = 2
.“-.CLGJ Lo

A 1
. \ Eeopy <o =
pet) e e |

(AT)

S !'n-b'!;_o;_\_‘ -

;0 baz  po oxsdw

— i
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cen be obteined for any symmetric twist disﬁribution from

1
a =k/P ayg dy¥ (a8)
0

The reasoning behind this equation is somewhat as follows: According
to lifting-line theory the 1ift distribution for sny angle-of-attack dis-
tribution is given by the relation

c
= c -l - o A
end the distribution for a unit angle of attack across the span by
7, = ¢y 3(1 -y ) (A10)

wvhere ai &and ay, are the induced angles of attack appropriste to

the 1ift distributions 7 end 7;, respectively. These equetions may
be combined to yield

so that the lift coefficlent for the given twist 1s

1 . - -
0

1 1
= JC 710 dy* + JC (7&11 - 7lai)dY* (A11)
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The second integrsl msy be shown to be zero by setilng

7 = E a, 8in né
71 = E 8nq sin né
1

(where 6 = cos~ly*) so that, by lifting-line theory,

@ = i sin né
1 <4 ""sine

_ 1 sin né
17 T Zl: ony sin 6

Then both the integral of 7o and that of 704 are equal to

1
—_— na_a for all symmetric angle-of-attack distributions, so
16A Zl: n nl ng. ’

that their difference is zero, Consequently,

1
Cy, = £ 70 dy* (a12)

and since the additional 1ift distribution may be obtained by dividing 73
by its 1lift coefficient (which is Cla’ since a =1 for the additional

11ft distribution) equation (A8) follows from equation (Al2).

The preceding development suggests an equation for the basic 1lift
distribution in the form of equation (A6), except that the factor c/T
must be replaced with ch/ECL in order that the total 1ift of the
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basic 1ift distrib z‘ R R P FRT2 SORSRgently, the . basiq 1L dig-. .
tribution may be w% é‘?e&l? ag'o B © %‘é 7 36' .BI‘% }If'u: B _ -’—:
N - —_—

7y B8 kl%(m;jﬁhé (A13)
where k; 1s a constant which depends on the plan-form parameter F ) =
and tekes the place of the fector ;1-/?2 in equation (A6).

L
The value of k; has been derived in reference 3 by means of series : —

expansions, In the derivation of reference 3 it was required thst the o=
1ifts and rolling moments.of-le sLif€ idiapributions giver by egdativm: (A13)
be equal to the values glven by lifting-line theory. In the following
paragraphs the same result is obtained in a slightly different manner
which facllitates the GXt%rrlei(Ior% of the mef@d to antisymmetric 1lift-

distributions., ——B(f —= 0 o
S nta ¥ :z YR - F
Inssmuch as the values of the lift-curve slope and demping in roll -

as given in references 4-and 12 are based oh 1ifting-:lii1e results for
elliptic wings, a reasonable value for k; " should be obtainable through
analysis of elliptic wing%"-‘lkﬁ%rasyph gir%s,ﬁ ljiﬂ.ing-line theory pre-. . ..
dicts a 1ift distribution® niez oAl DT

Y ST T L3 en gsin = L I O T I N el i o =

y = S O b, sin nb . (A1L)
A + 2ny B ] - -
e s lolo fEEITELD . RUBTVE~I0-0 B Dl duLyd i3 w0l il . . s
LR e
cy vldneupsangold Tjotss al sons'xs":_':t_ib rredt L oo i
wvhere 1= —% and b, is defined by T - =
2x o
I S

a sin 6= Y0V b, sin nb (A15)
Iy, 8aibivib yd bagisddo od yemw nuidudixzdaib 1il [emoidlbbs ond somie b e
fenoldibbe sdy 03 L.z.p somia (,I0 ei doldw) Insioitisco 3L a7f . - s
+ASLA} nordeups motr awclfot (8BA) noltsups (mordudladalbh #1i . - . =

2 . -

F1rl otesd odd ot Ry _ﬂsq?zfns s B Um0 88 uh ynibaosrg odP = - —5z
¥\o tosoal ody Iedd dgseox 0 (3A) noldsups 10 avol sdy mi aoFdmn i S

3id To $1il [sto? edf dedd <yebro mt 13305\;00 d3iw bsosigox 170 . T TTEm
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For a symmetric angle-of-attack distribution, only odd values of n
are needed in equation (Alk). The 1ift coefficient is then given by

A

e b]._ (A16)

CL=%81=2m

Since the lift is to be zero for the basic 1lift distribution, the first
term of the series must be omitted, so that for the symmetric case the
Tirst term of the series is that for which n = 3. For the case of
constant angle of attack, however, by = a and all other b's are

zero, so that

7 = K@’:—AE @ sin 6 (A17)
A
CI‘U = A——+—2—n CZ’CL (Al8)
and N
L
7g = = sin ) (419)

[d

Consequently, substituting equations (A15), (A18), and (Al9) into
equation (Al3) gives

7o = kL T 2n Cly = E b, sin n (A20)

since @ = by. This distribution should be the same as that given by

equation (All) (starting with the term n = 3). Clearly, no value
of k; can satisfy this condition exactly. If the first terms in the

two series are set equal, however, the others will not differ much;
furthermore, since the first term is usually much larger than the others,
the 1ift distributions will generally be almost identical if the first
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terms of the series are equal. In order to satisfy that condition,
k] must be taken as .

A + En
- . (a21)

which is identical tov the result obtained 1n reference 3, except that
there 7 was assumed to be 1.

A lifting-surface and sweep correction for k; may be deduced in
the manner employed for the dsmping-in-roll coefficient—in references 4
and 12, - If the product klcla that occurs in equation (Al13) is obtained

from equations (A18) and (A21) and written in the form

A/3
leI.a LIE. ee————— CZCL
A
3 + 21

a correction identical to that for Clu but based on one-third the

sspect—ratio suggests itself. Consequently, upon introducing the sweep
and lifting-surface corrections in this equatlon and dividing by Cig,,

the following relstion is obtasined:

2
Avl + u(ﬂ.ﬁ%ﬁ;ﬁ) + 21 cos A
k= — (a22)

2
AJl + 36(;—E§§i3) + 6n cos A

This factor 1s plotted in figure 2 against the plan-form parameter
B A .
~ 1 ocos A

Lift—Distribution in Roll

If an equation similar to equation (Al3) is epplied to a linear
entisymmetric angle-of=gttack dlstributlon with unit value at the
tip (@ = y*), the relation

I
It

1
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is obtained. A factor ko 1is used rather than kl because of the dif-

ferent nature of the induction effects for the symmetric and antisym-
metric cases. , The desired value of ko may be obtained from the 1ift

distribution of elliptic wings, as follows:

For the angle-of-attack distribution in this case, equation (A15)
yields by = %, and all other b's are zero, Hence, equation (Alk)

yields

8nA 1
= = sin 26
72 A+)+1128n

whereas equation (A23) yields, after substitution of equations (A18)
and (A19),

E sin 6 cos 6
@A+ 20 x

72 = kpey

The desired values of ko vy be ébtained by equating these two expres-
sions for 7o:

_A+ 2n
ko A (A2k)

This value, also, is identical to that obtained in reference 3 for n = 1.

It may be corrected for lifting-surface and sweep effects in the same
manner as kl, so that

2
AJl + h(ﬂ—czf—j\‘-) + 21 cos A

kp = — (A25)

2
AJI + 16(l-$§§fk) + U cos A

This factor is also plotted in figure 2 against the plan-form perameter F,
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Damping-in-Roll Coefficient

By calculating the rolling moment of the 1ift distribution given by
equation (A23), a value for the damping-in-roll coefficient Cld (— ‘Clp)

mey be obtained:

1
Cig = 5 ¢y, co8 A kaOL 7 y*2dy* (A26)

n

The producflof the factors ko and ko 18 referred to as the factor k)

in the following derivation.

If equation (A3) is substituted into equation (A26), the damping
coefficient may be written as -

o1 21+ 3
Ciq = § Clg COS A kh(—- =y Ci + Co + :FC_3) | (A27)

where A 1is the teper ratlo, where I 1is defirned by

Al
= h\/ﬁ fy*edy* (A28)
0

and is plotted in figure 6(b), and where the expression

21+ 3A
IT+ 0
linear taper. The value of Czd given by equation (A27) contains a

must be-substituted for the term for wings which do not have

correction for taper (the Cl term) and a correction for the effect
of sweep on the spanwise 1ift distribution (the C3 term).
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Antisymmetric Lift Distributions

Inasmuch as equation (A23) has been derived specifically for linear
antisymmetric angle-of-attack distributions, it may not yield accurate
results when applied to other antisymmetric angle-of-attack distribu-
tions, as is done in reference 3. The derivation of the equations for
symmetric 1ift distributions. in this appendix suggests & parallel deriva-
tion for antisymmetric distributions which has as its starting point
not the relation given in reference 17, but rather its analog for anti-
symmetric lift distributions. The resulting equations for antisymmetric
1lift distributions are not as simple as equation (A23) - they imply a
separgtion of the 1lift distribution into a damping-in-roll and a
residual 1ift distribution analogous to the additional and basic 1ift
distributions in the symmetric case - but they are spplicable to a
wider variety of antisymmetric angle-of-attack distributions than is
the method of reference 3.

According to lifting-line theory applied to the lineer antisymmetric
case (a = y*),

(¢}

Vo = szE—(Y* - Cf-ie) (A29)

where S5 PN is the induced angle of attack corresponding to the distri-
bution 7o. Combining this equation with equation (A9) for any arbitrary
1ift distribution ylelds the relation

TY* = 700 + (7@12 - 7gqi) (A30)

The rolling-moment coefficient of any antisymmetric 1lift distribution ¥
may be written as

CZ=

o=

1
[ vz (a31)
0

so that, from equation (A30),
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By ressoning similar to that employed in comnection with equation (A1ll)
the second integral mey be shown to be equal to zero for any antisym-
metric 7 distribution, so that _

Cy =

-

0

1
1 o . :
Cy = 5_[) T* Teviar* | (A32)

A damping-in-roll distribution 7y3 for unit rolling-moment coef-

ficient may be defined In a manner anslogous to the additionsl 1ift dis-
tribution as )

72

p— K.

la

74

since Cj4 1is the rolling-moment coefficient of the 7, distribution.

An effectlive angle of attack ae, which is the angle of attack at the

tip of a linear antisymmetric distribution with the same rolling moment
as that of the given entisymmetric distribution 7, may then be defined

as

or

=41 2. a A
Qe 2\/0‘13,*75_3'*37* (33)

1 . L
f 7o dy* o
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The analog of the basic 1ift distribution (which has zero 1ift) in
the case of an gntisymmetric distribution is the residusgl 1ift distri-
bution 7, which has zero rolling moment. Equations (A13) and (A32)
then suggest the form for this distribution:

7o = 50y d(}% - ae> 74 (A3)

The rolling moment of 7, 1is then zero, as required.

The factor k3 may agaln be evaluasted through an analysis of

elliptic wings by lifting-line theory. For the antisymmetric case, only
even values of n are contained in the series of equation (Alh) Fur-
thermore, since

. X T A e LY

then for 7, the term with n =2 must be zero, and the series must
begin with the term n = 4. But for an elliptic wing

A

= X —
‘078 ‘i s 4n (436)
74 = %6 sin 26 (A37)
and
a, =2b
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so thet-equation (A34) becomes ' - : S —

1 A o 16
= = oy e 2L oopat2 0
71- k3 g CZCI. 2+ )-I-T] (y* 2) - sin 2

or, as a result—of equation (Al15), o

e le A 3
7r = k3 5 Cle 1 e % by s.in né (A38)

The values of 7, given by equations (A38) and (Alk) cannot be exactly

equal for all antisymmetric angle-of-attack conditioms, but if the first -~
term of the series (which is ususlly much larger than all others) is made
the same for both, the others will be approximately equal. Hence k3

must have the value , . e

K, = A* b (A39)
A + 8y

which, by the same reasoning es that for . k;, msy be corrected for
lifting-surface, sweep, and compressibility effects by setting

2 3
A\E+ 16<n—c%s—A) + b cos A
(AkO)

k3 = = .
2
A\Jl_-l-_6h(ﬂ—c—:ii\-> + 81 cos A -

This factor is plotted in figure 2 ageinst the plan-form parameter F,
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APPENDIX B

CALCULATION OF AERODYNAMIC INFLUENCE COEFFICIENTS

Aerodynamic influence coefficilents are useful in methods of static
geroelastic anzlysis, particularly those employing matrices, such as
that of reference 18. These influence coefficients may be considered
to represent the 1lift (in dimensionless form) at one point of the span
due to a unit angle of attsck at another point. Such influence coef-
ficients can be obtained by means of some of the theoretical methods
by calculating the 1ift distributions corresponding to aengle-of-attack
distributions which are zero everywhere on the span except for one point,
at which they are infinite in such a way that the area under the angle-

of-attack distribution is zero. However, such 1ift distributions are
- difficult to calculate, and they may be obtained at points along the
span which are inconvenient for an serocelastic analysis,

The influence coefficients obtained by the procedure of reference 5
are based on the method of calculating spanwise 1ift distribution pre-
sented in reference 2. Individually these empirical coefficients do
not have any significance, as do the coefficients described in the pre-
ceding paragraph, but when multiplied by the values of the angle of
attack at seversl points on the span and summed, they do yield the 1lift
gt a point on the span in the same manner as the other influence coef-
ficients. Apart from the fact thet they can be calculated more simply
and for any points on the span for which a set of integrating factors
can be calculated, the empirical influence coefficients have the same
advantages and disadvantages in comparison with the theoretical coef-
ficients as do empirical methods in comparison with theoretical methods,

In this appendix a procedure is outlined for calculating influence
coefficlents in a manner which is similar to thet employed in refer-
ence 5, but which is based on the method of calculating 1ift distribu-
tions given in the present paper rather than that of reference 2. In
essence the procedure presented in this appendix consists in formulating
this method of calculating 1ift distributions in matrix notation by using
integrating matrices of the type presented in reference 18. Compared
with influence coefficients calculated by the procedure of reference 5,
the ones calculated by the procedure presented in this appendix have the
advantages of greater accuracy and wider applicability, because the
method of calculating spanwise 1ift distributions presented herein, on
which the coefficients are based, has these advantages over earlier
methods. The influence coefficients given by the procedure of refer-
ence 5 are applicable only to symmetric loadings and wings of moderate
aspect ratio, whereas those given by the procedure of the present paper
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are not subject to either of these restrictions., They should, there-
fore, be useful for most purposes for which aerodynamic influence coef-
ficients are required.

The matrix notstion used herein is the same as that used in
reference 18.
Symmetric Case

Equations (2) and (10) may be combined to yield

y = CIU((l - k)7, + klcwa)

or, in mstrix notstionm,

{7} = 014t - =) Pal{s} + x|7q) {@}} (81)

wvhere {y} is & column matrix which consists of the values of 7 at
seversl stations on the wing, {?}» is & column matrix which consists

of the values of a at those statioms, {35]» is a column matrix of
elements all equal to a, and Lyé] is a diagonal metrix the nonzero
elements of-which are the values of 75 at the same stations.

The integration indicated by equation (11) may be written in
matrix form as .

- b ~-w
o = Hopgop + 5 LIl_l L75-‘ {o.} (82)
where H is defined by
w/b
0 .
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and may be evaluated with sufficient accuracy for the present purpose
from the relation

E = —6%((7a)y*=0 * h(7a)y*=§; ) (78)3'*: %)

and where |I7] is en integrating matrix. As described in reference 18,

a suitable integrating matrix may be obtalned by approximating the inte-
grand (the function ayg) by parabolic segments. In view of the fact

that 75 goes to zero with infinite slope a speciasl type of parabolae

has to be used, for instance, one which consists of a linear combina-
tion of the 1/2 power and 3/2 power of the distance from the tip. With
this approximetion to the curve of ayg, the integrating matrix for

stations at the wing root and every sixth of the distance from the wing
root to the wing tip, for instance, may be written as

|T1] = [0.05556, 0.20833, 0.15278, 0.16667, 0.14913, 0.22500, o_| (Bk)
Root Tip

Equation (B2) can be written as

@ = 11 al{s}

where the row matrix L;LJL?é] is obtained by calculating the row

matrix xli§¥z L;luzé] and adding H to its first element. A square

metrix [;i]Ly;] can then be constructed which consists of rows gll

equal to l}ljlzé]. With this square matrix, equations (Bl) and (B2)

can be combined and written as

{ra} = C1g|7s] [(1 A EAR lel:TJ{a}
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or

o} = cale{e} (85)

where Llw is the unit matrix, and where the matrix [Qé] defined by

6] = [a) [ - =) B el + sl (36)

is, in effect; an aerodynamic-influence-ccefficient matrix for symmetric
1ift distributions. o -

In these matrices the values of 7, 75, and o are all taken at

the same set of statlions, and the integrating metrix must be set up for
the same stations. Stastions et the wing root and every sixth of the
distance from the wing root to the wing tip (but—excluding the wing tip
proper, where 7 is zero unless tip tanks or end plates are present)

have been found convenlent for many purposes, For these stations

n* =0, 0.1667, 0.3333, 0.5000, 0-6667) 0.8333

where n* 1is the ratio of the lsteral distance of the given station
from the wing rcot to the length — w’ The integrating matrix given

by equetion (BLY) msy be used for these stations. The last element, O,

Antisymmetric Case
The antisymmetric 1ift distribution may be obtained from s combina-

tion of equations (13), (20), and (21) by use of matrix methods in the
sgme manner as in the symmetric case. The result—is

G- cubd T2 wfHe oo

N
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' 03 = ciaogdeld | (38)
) where
[a] = |7q] [%ﬁ [E1]]7a] + x5 lﬁ_ﬂ (9)

is an aerodynamic-influence-coefficient matrix fop antisymmetric lift
-\ .
distributions. The matrix [?%]L?d1 is a square matrix withp rows gll

equal to ~Ef§—2 Li%JL?d] end with a constant g added to the firgt

- €lement, This constant is defined by

w/b
1b
H' = 5 F\_/; Y¥*rq dy*

end is given approximately by the relation

The matriy LEL can be celculated at the given stationg from the

relastion
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APFENDIX C
MOMENT DISTRIBUTIONS

The spanwise distribution of the pitching moment is often of less
interest than the 1ift distribution; for aircraft loads calculations the
1ift distribution usually is of primery interest; and for stability
calculations the use of two-dimensional centers of pressure often yields
sufficlently accurate over-all aerodynamic parameters. For some pur-
poses, however, such as static aeroelastic calculations, a knowledge of
the spasnwise distribution of the pitching moment is importants— In this
appendix some available knowledge concerning this distribution is
summarized for use in conjunction with the method of this paper.

The variation of the pitching moment along the span may be obtained
from the 11ft. distribution and the local centers of pressure. The local
aerodynamic center, that is, the center of pressure due to angle of
attack or twist of an uncambered wing, and the center of pressure due
to control deflection are of most general interest:—-

Compared with the amount—of informetion available on spanwise 1ift
distributions, relatively little 1s known about the local centers of

pressure of the 1ift distribution. The commonly used Weissinger method

(ref. 13) for calculating 1ift distributions is characteristically inca-
pable of furnishing local centers of pressure. Methods suitable for"
obtaining such informetion, such as Falkner's (ref. 1k4), are very
cumbersome, and the local aerodynamic centers calculated by these
methods are not altogether reliable. For instance, by using different—
vortex representations in Falkner's method different—local aerodynamic
centers are obtained, although the 1ift distributions are nearly the
same. The centers of pressure due to aileron deflection cannot be
calculated accurately by Falkner's method. An additional uncertainty
in connection with the local centers of pressure is the fact that these
centers are more sensitive than the 1ift distribution to deviations from
the potential-flow conditions (as & result of boundary-leayer separation,
for instance) assumed in the analytical methods.

As a result of these considerations the information concerning
local centers of pressure presented in subsequent sections should be
regarded as qualitative rather than gquantitative in nature; it is
intended as a rough guide until more refined methods of calculating
such information are available. The values of the local aerodynamlc
centers and centers of pressure due to control deflection are for

incompressible flow. In order that subsonic compressibility effects
may be taken into account approximately, the velues should be estimated

for an equivalent wing with an aspect ratio equal to Vl - M2 times
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the actual aspect ratio and with an effective sweep angle Mg, the

tangent of which is 1/\/1 - M° times the tangent of the actual sweep
angle A.

Local Aerodynamic Center

The locel aerodynamic centers of an unswept wing of very high
aspect ratio are at the quarter-chord line. As the aspect ratio
decreases the local aerodynamic centers move forward, in particular
near the tip of the wing. For constant-chord wings of vanishingly low
aspect ratio, virtual-mass considerations Indicate that the local cen~
ters of pressure are near the leading edge, although the applicability
of low-aspect-ratio theory to such a wing may be questioned.

The local serodynamic centers of several unswept constant-chord
wings calculated by Falkner's method and those of two elliptic wings
calculated from the results of reference 19 are shown in figure 13(a).

At high and medium aspect ratios the wing taper has little effect on

the local serodynamic center, as may be seen, for instance, by comparing
the results for the constant-chord and elliptic wings. At very low
aspect ratios, on the other hand, virtual-mass considerations indicate
that the effect of taper is likely to be more promounced. If the leading
edge is swept back, the local serodynamic centers of a wing with vanish-
Ingly small aspect ratio may be estimated from the data shown for the low-
aspect-ratio delte wing in figure 13(c) by considering the part of the
wing enclosed by the leading edge and the line which connects the two
ends of the leading edge to be a delta wing (see fig. 5). The
serodynamic-center locations shown in figure 1l4(a) were obtained in this
manner,

The local serodynamic centers of swept wings of very high aspect
ratio are also on the quarter-chord line, except at the root and the
tip. Near the wing root the local aerodynamic center, which is at the
quarter-chord point for an unswept wing, moves back as the wing is swept
back and approaches the midchord position for wvery high sweep angles;
as the wing is swept forward the local aerodynemic center moves forward.
At the wing tip, on the other hand, the local aerodynamic center moves
forward toward the leading edge as the wing 1s swept back and rearward
as the wing is swept forward. ;

The local aerodynamic centers for swept wings of medium aspect
ratio depend both on the aspect ratio (in much the same way as for
unswept wings) and on the angle of sweep (in a manner similar to that
described in the preceding paragraph). The results of calculations by
means of Falkner's method for constant-chord wings of various sweep
angles and aspect ratios, as well as for one tapered wing and two delta
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wings, are shown in figures 13(b) and 13(c). Comparison of the two plan
forms of aspect ratio 2 with 60° sweepback corroborates the previously
made statement that taper has an effect on the local aerodynamic center
at low aspect ratios, although the effectis fairly small.

For wings of very low aspect ratio with sweptback leading edges
and without reentrant trailing edges, the method of reference 8 may be
used. In the case of delta wings it ylelds the aerodynamic-center
variation along the span shown in figure 13(c).

For wings with angles of sweepback larger than about 60° the
results of slender-wing theory presented in reference 9 may be used as
a gulde. The local serodynamlc«center positions obtained in this manner
are shown 1In figure 5. These variations are only approxlmate, rarticu-
larly in the case of the wings with small plan—-form parameter, for which
only the values at the root and tip are known.

The locael-aerodynamic-center lines shown in figure 13 have been
calculated for constant angles of attack along the span. From the data
of reference 19, however, a local-aerodynamic-center line can be calcu-
lated for a linear antisymmetric angle-of-attack distributlon of an
elliptic wing of aspect-ratio 6. This line agrees perfectly with the
one shown in figure 13. Consequently, 1t may be assumed that the nature
of the angle-of-attack distribution along the spen has little effect on
the local-serodynamic-center location for unswept wings, and probably
for swept wings as well,

Local Center of Pressure Due to Control Deflection

For unswept wings of high aspect ratio and, except at the root and
the tips, for swept wings of high aspect-ratio, the two-dimensional
value of the center of pressure due to control deflection mey be used.
For medium aspect ratios no results comparable to those for the local
aerodynamic center are avallable., In order that some indication of the
probable location of the center of pressure relative to the two-
dimensional value may be obtained, the difference between the 1ift
actually carried at-any section of the wing and that which would be
carried if the section were in two-dimensional flow may be considered

to act at the serodynamic center. This assumption leads to the equation

ACP8

(]

CPe1rI ~ “Porr

24

) 71T = 7I11T
8| ——

(creyy -
I Y111
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where 7yypp 1is the value of 7y calculated by the method of this paper,
a 1s the local aerodynemic center, and

71T =

olle

c1,08 cos A(S cos A)

|
ol

CZSS cos2A

where ® 1s the control deflection measured in & plane perpendicular
to the hinge line and ag is the two-dimensional value of the control

effectiveness.

For wings of very low aspect ratio the method of reference 8 may
sometimes be used to calculate centers of pressure due to control deflec-
tion, provided both the wing and the control surface have sweptback
leading edges, the trailing edge is not reentrant, and the hinge line is
perpendicular to the free stream. The centers of pressure due to a
symmetric control deflection as given by the apparent-mass concept on
which reference 8 is based are shown in figure 14(b) for two such wings.
When the entire tip of & low-aspect-ratio wing is rotated about a hinge
line perpendicular to the free stream (as shown in the third sketch of
fig. 14(b)) the resulting spanwise 1lift distribution can be obteined
from reference 15, but no chordwise distributions are given by this method.

In the case of the first two plan forms shown in figure lh(b), all
the 1ift carried ahead of the hinge line when the whole wing is at an
angle of attack is carried at the hinge line when only the control sur-
face is deflected. The control surface itself carries the same 1ift as
it would if the whole wing were deflected.

For wings of low aspect ratio the apparent-mass concept also indi-
cates that the two-dimensional value of agy cannot be used; instead a
value close to 1 should be used for wings of very low aspect ratio such
as those shown in figure 1k4.
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TABIE 1.~ GEOMETRIC CHARACTERISTICS, CONSTANTS, AND LIFT-CURVE

SIOPES OF THE SIX PLAN FORMS CONSIIERED IN FIGURE 8

Cly, R

Foma a0 2 1 %1% 1™ Laatton of oo s of i

ence 13 ence 13
1 6] 01]0.5(6.00{0.301{0.441 [0.254]|0,T21| &.529 b, 321 0.430 0.425
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6 |3| 60| .5]6.00| .301] .41l .254| .9kg| 2.265 2.290 ks 55
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Figure 5.- Approximate 1ift distributions and section aerodynamic centers
on wings with slender plan forms.
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Figure 1lh.- Aerodynamic-center locations and local centers of pregsure
due to control daflection on low-aspeci-ratlo wings without reentrant
trailing edges according to low-aspect-ratio theory.
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