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TECHNICAL NOTE L4188

CEARTS RELATING THE COMPFRESSIVE AND SHEAR BUCKLING
STRESSES OF LONGITUDINALLY SUPPORTED PLATES
TO THE EFFECTIVE DEFLECTIONAL STIFFNESS
OF THE SUFPCRTS

By Aldle E. Johnson, Jr.
SUMMARY

A stabllity analysis is made of long flat rectenguler plates
subjected to both shear and campressive loads. The edges of the plates
are taken to be simply supported and the plates are supported along one
or two intermediate longltudinal lines by lines of deflectlonal springs
(elastic line supports). The results of the analysis are presented in
the form of charts that are useful in the determination of the buckling
load of plaetes stiffened by stringers or webs.

INTRODUCTION

A problem frequently encountered in the design of alreraft strue-
tures involves the determinetion of the shear and compressive stresses
that & stiffened plate can sustain without buckling. Deslgn information
is available (refs. 1 to 3) on the stresses attainable in a stiffened
plate before the onset of buckling due to elther a shear or a compressive
loading; but little information is available on the stresses attainable
in plates subjected to combined shear and compressive loadings. Flat
simply supported rectanguler plates stiffened by one or more longitudi-
nal stiffeners were analyzed in reference 1 for a shear loading and in
reference 2 for a compressive loading. The present paper treats the
case of combined shear and compressive loadings on long simply supported
plates stiffened by one or two longitudinal stiffeners.

In the anslyses of references 1 and 2, stiffeners are idealized as
beam columns whose support to the plate can be expressed in terms of the
eree and moment of inertia of the stiffeners and the wave length of the
buckles. Practical construction, however, often lnvolves stiffening
members whose support to the plate cannot be described by these parameters.
Reference 3, therefore, presents a stability analysis of stiffened plates
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in compression in terms of a "generalized support stiffness parameter"
which permits the inclusion of cross-sectional and shearing distortions
of the stiffening member in an evaluation of the support offered the

plate.

The stabllity criteria of the present investigation are presented

in terms of thle generalized parameter. The charts glven are similar to
those of reference 3 and extend portions of that work to include the
addition of shear loadings.

A, B
Alvt

8n, by

EL
©D

SYMBOLS

coefficlents defining amplitude of support deflection
stringer area ratio

Fourier coefficlents

width of bay between support lines

retio of average stress in stringer to average stress in
plate

BtD

plate flexural stiffness per unit width, ————m1o
12(1 - p2)

Young's modulus of elasticity

bending stiffness ratlo

‘coefficient

nondimensional compressive buckling-load coefficient,
N, b?
x2D
P2

N
nondimensionel shear buckling-load coefficlent, -3%5-
D

campressive load per unit width required to cause buckling
shear load per unit width required to cause buckling

integer

[
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energy parameter

t thickness of plate

Uy, Up straln energy of deformation

Vi, Vo work of external forces

W deflection normal to plane of plete

X, ¥ coordinate axes in length and width dlrections of plate,
respectively

B =D

Ly, By, A3 Lagranglan multipliers

A length of buckles

K Polsson's ratio

¥ deflectional stiffness per unit length of support
'@"b3/1t,"'D nondimensionel deflection restraint parameter

STATEMENT OF PROBLEM

The structural configurations analyzed herein are shown 1n figure 1.
They represent long simply supported plates which are stiffened by one or
two longltudinal stringers or full-depth webs and which are subjected to
shear and compressive loads. The stringers or webs (shown as springs)
provide support to the plate which is simulated for the buckling mode
considered herein by lines of springs with deflectional stiffness per
unit length ¥. The mode of instebility that is of interest is one in
which the intermediaste supports (lines of springs in fig. 1) deflect as
the plate buckles into a serles of skewed troughs and crests.

The use of lines of deflectional springs to simulate the support
provided by longitudinal stringers and full-depth webs 1ls discussed in
reference 3 and utilized in references 3 to 5 to predict the behavior of
aircraft structures. Reference 3 also gives the effective spring stiff-
ness of stringers and webs in terms of the buckle length, the stress
level, and gecmetrical properties of those members. As an example, the
effective spring stiffness of a longitudinal stringer wlth a sturdy cross
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section (and hence one whose deflectional stiffness 1s defined by ele-
mentary beam theory) is given by the following expression:

b _ L (BT _ o o2 A ‘
h-s‘*@D co” &) (@)

The nondimensional spring stiffness i}% in equation (1) is given
1

in terms of nondimensional parameters commonly employed in stablility
analyses of stiffened plates. One of these parameters, %, is a functlion

of the others a.ppea.ring on the right-hand side of the equation. (See

2

ref. 6.) Corresponding expressions for ¥b are avallable 1n references 3

T
to 5 for cases in which the dlistortions of sttachment flanges of supporting
members play an lmportent role in determining their effective spring stiff-
ness. The reader is referred to these references for detalled dlscussion
of this and related problems in evaluation of support stiffnesses. For
simplicity, equation (1) is used in discussing applications of the results
presented herein.

RESULTS

Stabllity criteria for the structures deplcted.in figure 1 are
derlived in the eppendix by the Lagranglen multiplier method. The crite-
rion for the two-bay structure (fig. 1(a)) is given by equation (A32)
and the criterion for the three-bay structure (fig. 1(b)) is glven by
equation (A28). The nondimensional parameters appearing in these criteria
are the buckling coefficlents kg and kg, the buckle aspect ratio B,
and the stiffness parameter ’%E

7D

The deflection functlons used to derive the stabllity criterila are
glven by equations (Al) and (A29) and have symmetry about certaln points
(the crests and troughs of buckles) on the longitudinal center line of
the plate. Sclution of the stebillity criterlon for the two-bay plate
ylelds a single root corresponding to the first symmetric mode - a half-
wave across the plate. Solution of the stability criterion for the
three-bey plete ylelds two roots corresponding to the first two symmetric
modes. However, only the results for the first symmetric mode are pre-
sented because thls mode occurs at a lower stress level than the second
symnetric mode and is therefore more likely to occur umnless additional
restraints are introduced along the-support lines. .
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Numerical calculations were performed on the National Bureau of

Standards Eastern Automatic Computer to determine the value of ‘%b-é
7t
essociated with assigned velues of B, kg, and kg. A typical set of

date 1s given in table I. The date were reduced so that, for each con-
figuration considered, deslgn charts with one of the stress coefficlents
held constant could be constructed. The charts give, for constant
values of the support stiffness, the second stress coefficient as a
function of the buckle length at which buckling occurs. The charis are
presented Iin figures 2 to 5.

Two-Bay Plate

The results of calculations on the two-bay plete are given in fig-
3
ures 2 and 3. Figure 2 gives values of kg 1n terms of % and B
T

for ko held constant, and figure 3 gives values of kg in terms of

% and B for kg held constant. Figure 3(a) (kg = O) was taken
T

from the data of reference 3.

The results glven by figure 3 of reference 1 for slmply supported
plates stiffened by & single longlitudinal stringer cen be obteined from

the data of figure 2(a) (kc = 0) of the present report. The value of %

given in reference 1 for a glven stress level 1s the maximum value of

E—% obteined with the use of equetion (1) and the combinations of ¥

D
and B of figure 2(a) of the present report at the stress level under
conslideration.

Three-Bay Plate

The results of calculetlions on the three-bay plate are given in
figures I and 5. Figure 4 gives values of kg in terms of ?% and B
x

for kg held constant, end figure 5 gives values of ks in terms of

3 .
¥PZ  ana B for kg held constant. Figure 5(a) was taken from the

<D

dats of reference 3. As 1in reference 3 & cutoff to the curves is
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included in figure 5(a) because above this cutoff the dominant mode of
instability changes from one which involves deflections of support to
one in which buckling takes place with no deflectlon of the supports
(local buckling in each bay). The curves determined by the present
anaelysis are shown as broken lines above the cutoff in order to provide
information necessary for the solution of problems in the neighborhood
of the cutoff. In a manner similar to that for the two-bay plate, the
data of the present report (fig. 4(a) and eq. (1)) can be used to obtain
the curve for the three-bay plate given by figure 3 of reference l.

DISCUSSION

The charts of figures 2 to 5 were designed to be applicable to
plates long enough to accommodate several buckles but can be applied
with reasonable accuracy to problems involving plates which buckle in
ag few as two or three buckles. Their use on shorter plates glves con-
servative results. The degree of conservatism msy be large or small
depending upon the problem under consideration. In the case of rectan-
gular plates subjected to compressive loads, the plate is terminated by
ribs which contact the plate on a line that is also a natursl nodal line
of the buckled plate, and the results obtained from the charts are exact.
Plates stiffened by sturdy longitudinal stringers and chordwise ribs
usually develop buckles whose length is large in comparison with the
width of the plate as will be demonstrated later. The rib spacing for
these structures may be such that the plate buckles into a single half-
wave between ribs, and use of the charts will give conservative results
except in the case of & pure compressive loading. Flates stiffened by
stringers or webs which do not behave as sturdy stringers often develop
buckles whose length is of the order of the plate width. The charts can
be used for these structures with good results because ribs are usually
several plate widths apart. The degree of conservatism may be large,
however, for plates with small rib spacings which are subjected to shear
stresses. For instance, es an extreme example, if the shear buckling
coefficient for a simply supported square plate is o'btained. from the

charts presented herein {from fig. 2(a) with p=2 and y-EE=O or from

£ig. 4(a) with B =3 and ‘f‘-’% 0], & value of 5.5 1s obtained after
T

the values of kg read from figures 2(a) and 4(a) are multiplied by 22

and 32 respectively, to convert them to buckling coefficients in which
the plate width b is the distence between the simply supported edges.
The correct velue for this case 1s 9.3. The difference between these
two numbers reflects the effect of restraint on the buckle shape near
the ends of the plate.
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An application of the charts presented herein is given in figures 6
end T where intersction curves for two-bay and three-bay plates stiffened
by sturdy longitudinal stringers of particuler proportions are presented.
The curves were drawn with the use of figures 2 to 5 and equation (1).
The discontinuities in the interaction curves result from a chenge in the
mode of Instability analogous to the chenge in mode responsible for the
cutoff in figure 5(a). The upper section of a given curve (curve for

constant %) corresponds to a mode of instebllity in which the supports

deflect with the plate. The lower section (from ref. T) corresponds to &
mode of instability in which buckling tekes place without deflection of
the supports. Thus, from such curves, the mode of instability and the
combination of sheer and compressive stresses that can be caerried by an
infinitely long longltudinelly stiffened plate can be determined directly.

Another epplication of the design charts presented herein is given
in figure 8 where the data of figure 2(a) are presented in an alternste
form which illustrates the behavior of plates stiffened by sturdy longi-
tudinal stringers. The results shown for the particular case of a two-
bey plate loaded in shear are qualitatively similar to those for plates
with two or more bays loaded in compression or in compression end shear.
When the bending stiffness of the longitudinal stringer is zero (that is 3
the stringer is inactive or nonexistent), the plate buckles as a simply
supported plate at kg = 1.33 and B = 2.4. The corresponding critical

stress and buckle length check those found in other investigations
(ref. 8, for example). As the bending stiffness of the stringer is
increased, the critical stress and wave length lncrease. Finally, in

this process a value of % can be found (=1,750) so that the plate may

buckle into elither of two modes with values of B that differ by a fac-
tor of about 10 for the perticulaer case considered. For larger values
of %%, the plate buckles at the shorter wave length at values of kg
which approximate those computed for a plate simply supported at the
stringer. In the comparable problem for a two-bay plate losded in com-
pression, the buckling coefficient for the deflection funetion used
approximates that of a plate clamped at the stringer when the bending
stiffness of the stringer is large so that the plate buckles at the
shorter wave lengths.

Further applications of charts like those presented herein are pre-
sented in considerable detail in reference 3.
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CONCLUDING REMARKS

Design charts have been presented which eveluate the combination
of shear and campressive stresses required to buckle long flat simply
supported rectangular plates stiffened by one or two intermediate lines
of deflectional springs (elastic line supports). The charts are appli-
cable to the determination of the buckling load of plates stiffened by
stringers or webs of proportions encountered in aireraft construction.

Langley Aeronsuticel Laboratory,
National Advisory Committee for Aeronautics,
Langley Fleld, Va., September %0, 195T7.



TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

NACA TN 4188 9

APPENDIX

DERTIVATION OF STABILITY CRITERIA

Stability criteria are derived by means of the Ligranglan multiplier
method for the buckling under combined axial compression and shear of
the simply supported plate configurations shown in figure 1.

Three-Bay Plate

The deflection fumnctlon used to represent the buckled shape of the
plate of figure 1(b) 1s given by the series

(-] (-]
w=s:Ln“T a.nsiz.i-!;itbz-+cos’l.)i—c 'bncos%’:%y (A1)
nsl, , ,... n=l,3,5,...

with the origin of the coordinates as shown in figure 1. This deflection
function can provide the deslired buckle shape, but the required geometric
boundery conditions of zero deflection at the edges are not satisfied
term by term. The required conditions, which can be written

w(x,0) = w(x,3b) = 0 (A2)

will be introduced by means of Lagrangian multipliers.

The deflection of the first line of deflectional springs w,, cen
be represented by

w=b=Asin"7‘-l+Bcos‘-‘7-\’5 (a3)

From symmetry considerations, the deflection of the second line of
deflectionel springs wy, can be represented by

wa-bnAein’-‘_)%--Bcos’;\—x (ak)
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The conditlon that the deflectlion of the springs 1s equal to the deflec-
tion of the plate along the attachment lines

Wi (x) = w(x,b) (A5)

Wop(x) = w(x,2b) (46)

will elsc be introduced by mesans of Lagrangien multipliers.

The internal energy of the plate-support system 1s the sum of the
strain energy of bending of the plate and the energy of the deflectional
springs. The strain energy of a plate of stiffness D 1s

wa [ [lE ool @)

_ 3x*oD = 2 ﬁ?ﬁ) ( _lx_) 2%
iy e Y E’n“gba =

n=l,3,5,... n=1,35,5;...

(A7)

vhere K 18 an undetermined coefficient that arises from the "exact"
differentiation of the series. The energy of the deflectlonal springs
which have & spring constant + 1is

A
i 2 '*J” 2ax = UMt MWD (42, g2
U, = % Wpedx + & Wop“dx = V(A + B (A8)
2 2-[0 ke 2 Jo 3xbpp 8N ( )

The externsl work is in two parts. The work done by the shearing
Torces Nyy is '

>b _ 2
Vl"nﬂﬁ-%%)““’%nwmz 8nbpn (A9)

1,5:55¢..
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The work done by the uniform compressive forces Ny 1is

e [ [ 2 e o - N"’“ab(p Z ‘n+n,1,;,...b“2)

(Ar0)
Then
B (g s Uy -y - V) = 2<i+n_2L2)2
E“unb t 2 t 2) n=1,;,...an 9
2
> [,n(l_aﬁ)aﬂ] .
nel,3,5,... 9 5
wtdne, w2 w2y Y )
> < > 231550 we
ﬁakc(m D bnz) (A11)
)3)5,"- n=1,3,5,...
where
2 2
=2 = Ny - Nyb
g s %2D B 72D

and 1? is a nondimensional deflectional spring stiffness parameter.
=D

In order to satisfy the boundary condition of zero deflection
(eq. (A2)) and the condition that the deflection of the springs equals
the deflection of the plate (eqs. (A5) and (A6)), it is necessary to
impose the followling constraint relationships:

bp=0 (A12)
n=l1,3,5,... '
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ansinE-A-o- (AL3)
n=1,%,5;... 5
bncos%-laso (ALh)
n=l,35,5500.

According to the Lagranglien multiplier method, the expression to
be minimized is

Q--Q%(Ul:ruz-vl-vz)-o‘( Z ansinf_;-‘-A)-
50D n=1,3,5,...

Lot fy -
1,3,55¢0e 1,%5,55e.0

where A, Az, and A3 are the Lagrangian multipliers.

The expressions for Q must bé minimized with respect to a,, by,
K, A, B, &y, O&Op, and A3. Minimization yields the followlng
equations:

2\2 n
S I Rt L

(n = 1, 3, 5500 ¢ @) (Als)

, ) .IEEEBZK
x 22V o _(“ 5 _ 2p%ugegn
oo bn[<l+ 9) B%ka 5 3 +

bp cos B+ A5 = 0 (a=1,3,5...=) (A17)
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E:— 9 +—-K=° . (A].a)
K n=1,3,5, J 81
W _uhy’ (a19)
A .3 p !
X _Byed _,
S5 4 =0 (420)
aQ (-] ..
m= Z &nBin%--A=0 (A21)
n=1,3,5,
R . nxt
= b, cos B2 -B =0 (A22)
L. Y om0 (a23)
5 nel,3,5,... '

Equations (A16), (A17), (Al9), and (A20) mey be solved for ay,,
bn, A, and B, respectlvely, and the resulting expressions substituted

into equations (A18), (A21), (A22), end (A23). This substitution results
in the following set of simultaneous homogeneous equations:

2 = A28, = AnCp sin BE
) (2—%21)]::1(:1 > ?f:i)‘

n=1,3,5,... tn 1,3,5, n

= AgBy cos . AyBn
82 ———%/) =0 (a4
<p\,}3,__-,... By® - Gy’ AB(MI,;... By - Cn)
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K 2 = AnCn Biﬂ% N 1 . ] Bn gin2 DK
2 2 | N 2 ':22 -
9 1; Bn? - Cp? %1}% nel,3;5,... Ba° - Cn
x

) C, cos L gin -] Cy, 8in
82 Z; 33 n—a——32=o (A25)
1,%,5,... Bn2 - Cp? 1,3,5,... Bn- - Cn
KBa Z AnBn cos - & : Cn sin?-cos ij_
? 1,3%,5,... Bo? - G2 n=l,5,5;... Bp? - ¢,2

-] 3 o
Z B, cos + — 3L - by Z iln;a‘ff_% =0 (A26)
n=1,3,55.0. Bn2 - cna - be *b5 n=1,3,5,... Bp® - Cp

Kp2 = Cn sin 5
? n=l,Z:,5, an - Cn n-l; Bn Cn2
ﬁz(ﬂ Z =23 2) (,» 2) 0 (a7)
=l:3:51“' - C 1,3,5, - Cn

where .
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Equations (A24) to (A27), when combined into determinantel. form, yleld the following
-stabllity criteriom:

[ kg

E, = |:(1+P—2;2-)2 —l?;akc]e -(%ﬂz'"ks-)a
Two-Bay Plate o

'_Ene{f():llorj.ng deflection function ie used to represent the buckled shape of the pla.t.a of
rigurs‘t{a):

- X nxy X Bxy
v sinl ansinzb+cosl‘- by cos —= (A29)

A
D=l, 5,5, . n=l,%,5,...

g8Th BE VOVN

6T
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Lagrenglan multipliers are used to introduce the conditions of zero deflectlon at the edges
of the plate and the condition of compatibility of deflection of plate end springs along the
attactment llpe. Thege conditions are

w(x,0) = v(x,2b) = 0 (A30)

wy(x) = w(x,b) (A31)

The internal energies and external work aere computed in the same way as for the three-bay
plate and are minimirzed with respect to the seme coefficlenta. The stability criterion thus

determined 1is

Hz;][("-'s‘f)' K:'—?—'f o) ]

Y (“ft'f)[(lf.‘—')'-"'f] Y ey

30y una

' o )

- 29 d BEf - _1; ﬁ_)i'_"f-; m); ok “o

ol 9,9y 00

Legen [ ome [ty

Do = [(1 BV Ba“c:r - (Pue)®

=
(=)}

88T KL VOVN
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TABLE I.- VALU®S (F DEFLECTIONAL OTIFFNESS PARAMETER !% FOR THO-BAY PLATE
«
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(b) Two lines of support.

Figure 1.- Structural configuretion and loading investigated.

19
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Figure 3.- Btabllity curves for two-bay plate with constant sghear load.
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Flgure 3.- Continued.
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Flgure 3,- Continued.
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Figure 3.- Continued.
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Figure 6.- Typical interaction.curve for shear and compressive buckling
stresses of two-bay plate. A/bt = 0.k,
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