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APPROXIMATE METHOD FOR CALCULATING MOTIONS IN ANGLES OF
ATTACK AND SIDESLIP DUE TO STEP PITCHING- AND
YAWING-MOMENT INPUTS TURING STEADY ROLL

By Martin T. Moul and Teresa R. Brennan
SUMMARY

The simplified method of NACA Report 134h for calculating motions
in angles of attack and sideslip resulting from a trim angle of attack
and steady rolling velocity has been extended in the present paper to
the condition of pitching- and yawing-moment inputs. The resulting
formulas are intended primarily for rolling-velocity conditions in
which rolling divergence 1s not encountered. From the calculsted angles
of attack and sideslip, preliminary estimates of aircraft loads for
design purposes can be made. Motions calculated with the simplified
method are compared with exsct solutions of the five-degree-of-freedom
equations.

INTRODUCTION

Many high-performsnce aircraft encounter inertia coupling in
rolling msneuvers. As a result this condition must be investigated
during the design of new aircraft. A thorough analysis of rolling flight
requires the solution of the nonlinear equatlons of motion, and analog
or digital computers are usually utilized for this problem. However,
for preliminary design purposes, simplified methods of analysis are
desirable.

A simplification used by many investigators in analyses of roll-
coupled motions is that of linearizing the equations of motion by
assuming rolling velocity to be constant. In early investigations of
the stability of steady-rolling sircraft (refs. 1 and 2), the concept
of critical rolling velocities was defined. Steady-state solutions of
these linearized equations also yield useful results as to the magni-
tudes of the responses to be expected in rolling maneuvers and have
been discussed in references 2 and 3. Transient solutlons of the
equations of motion for steady rolling can be obtained, but such



TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

2 NACA TN 4346

calculations ere lengthy. Approximate expressions presented in refer-
ence 4 permit simple calculatlon of transient responses of angles of
attack and sideslip due to a trim angle of attack.

In this paper the method of reference 4 is extended to the cal-
culation of motions resulting from step pitching- and yawing-moment
inputs. This method is applicable to inputs such as elevator deflec-
tlon, rudder deflection, aileron yaw, and yawing moment due to rolling
velocity. Transient responses of angles -of attack and sideslip are
presented for a range of rolling velocities for a current swept-wing
fighter airplane assumed to be flying et a Mach number of 0.7 and an alti-
tude of 32,000 feet. The method is intended primsrily for conditions
of rolling velocities up to the critical value. In the region of rolling
divergence, nonlinearities in the equations of motion and airplane aero-
dynamics are known to be significant, and the simplified, linearized
results are not expected to be good gpproximations of the five-degree-
of-freedom nonlinear results.

SYMBOLS

Alrplane equations of motlon are referenced to a system of prin-
cipal body axes In this paper.

A,B,C,D,E coefficients of equation (2)

b wing span, ft

(¢1]

wing mean aerodynamic chord, ft

11ft coefficient, Zift

as
C; rolling~moment coefficient, ROllingmoment
Cn pitching-moment coefficient, PitCh;gg moment
Cn yawing-moment coefficient, Ya.wini Srbnoment
Cy ' side-force coefficient, §3§96§2£22

IX moment of inertia of airplane about X-axis, slug-ft2
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IY moment of inertla of airplane sbout Y-axis, slug-ft2

IZ moment of inertias of asirplane sbout Z-axis, slug—f'b2

K, amplitude coefficients (n =0, 1, 2, and 3)

m airplane mass, slugs

pitching moment, £t-1b

& F

yewing moment, ft-1b

rolling velocity, radians/sec

D
Py steady rolling velocity, radians/sec
q pitching velocity, radians/sec; dynamic pressure, Ib/sq £t
r yawing velocity, radians/sec
S wing area, sq £t
t time, sec
v airplane velocity, ft/sec
a angle of attack, redians
Gg initisl angle of attack of airplane principal axis, radians
Palel incremental change in angle of attack, radisns
<] angle of sideslip, radians
6 phase angle, radians
Rl, Kz real roots of characteristic equation
a t iw camplex roots of characteristic equation
5 —CmugSE
WS = ————

2
IyPo



L
m*E CDBQSb
2
IZpo
3¢
= 4
‘L = %
C = aCm
Ty T 3
3¢y,
‘g = NG/
3¢
Y
“g "5
3¢
Cog = 55
acn
%p  d(pb/2v)
A
or  3(rb/2v)
C = jagl
ZB B
_ %
lp  ¥(pb/2v)
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Iu = Cqu_S
Lﬁ = CquS'b
LP 7’p 2V
My = Cmugsa
=2
_ gsSc
o = Cmg 77
Ng = Cp.aSb
B an_
2
gSb
Y = Cnp S5y
2
- gsb
NP = CnP v
Y5 = CY as

NACA TN 4346

Dot over symbol indicates derivative with respect to time.
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ANATYSTS

Equations of Motion
If rolling velocity and forward speed are assumed constant and
welight components are neglected, the alrplane equations of motion refer-
enced to principal axes are

Pitching:

'.Q-
|

Mq IZ-IX Mor. MY
i s L
Y Y Y

Yawing:

He
]
|
a1
1
P e
bi
1
"t
6d
o)
1
Tga
™
1]
o] o

Side force:

my oo
Normael force:
. g
a + Ev-Aa q + pOB =0

The terms on the right-hand side of the equations are disturbances;
the pitching-moment disturbance My results from elevator deflection,

while the yawing-moment disturbance M, may result from rudder deflection,

N
aileron deflection (aileron yaw), or rolling velocity fg Do Airplene
. Z
motions due to pitching- and yawing-moment inputs are the subject of this
investigation. Motions due to the term P, were treated in refer-
ence 4 and are omitted in this investigation.

The characteristic equation for steady roll 1s given by the expan-
sion of the determinant formed by the terms on the left-hand side of

equations (1) and is

Akh + BNV + A2+ DA+ E=0 (2)
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Approximste Expressions for Angles of Attack and Sideslip

In reference 4, responses of angles of attack and sideslip due to
the disturbance o p, were obtained from equations (1) by the Leplace

transform method (ref. 5). It was shown that the amplitude of the
higher frequency mode appearing in the solutions was small and could be
neglected. Thus, the solutions were simplified to a constant term plus
either an oscillatory mode or two aperiodic modes, depending on the
rolling velocity. In addition, the modal coefficlents were simplified
by omitting some terms of negligible value. The same procedure has
been adopted in this investigation to derive approximate expressions

for responses due to unit step inputs of MY/IY and MZ/IZ.

When the significant mode is a long-period oscillation, as for
subsequent conditions in this paper with p, = -1.0, -1.5, -2.5, and

-5.0 radians/sec, the response is written:

B 3

Mz [Tz
B
My/Iy
-
My /T
fa'ed
My/Iy|
When the significant modes are two exponentisls, as for Dy = -1.86,
-2.0, and -2.33 radians/sec in this paper, the response is written:
_B ]
M/ Tz

_B
My/Iy At At
Ao f = Kb + Koe + Kze (&)

> = Ky + Kye®Peos(at + 6) (3)
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After simplification, the amplitude coefflicilents are given by the
following expressions. 1In these expressions, approximaste values of the
characterigtic roots, as obtained by the method of the appendix of refer-
ence L, are used.

B P
Mo [Ty

Mg Iy, | My (IZ'IX) >
Tw Tt )P
IY mnv IY v 0

Ko = E

_ 2le® + 52 o < tan—l(—m) - Ga)

- He -~ GO

In the expressions for
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B
In the expressions for ——
MY/IY’
- L
. [@_Y) L, F;]
(o] I, mv - 1y
X = E
-2H -1/-HL - Ga
Ky = 8=t —_—
LT LR . ( He - Gcn)
where - -
x - Iy
_ _[X
G = poa-l ( I )-! + KOE
H = PO(D 1 - (u)
g z /]
L = k(362 - o3) + 200

I, - T
X Y
Pohllil - (———IZ )] + KOE

7\1(2C7\l + D)

PoM2 {l - (IXI; IY)j’ + KoF
Ap(20A, + D)

K2=

K5=
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In the expressions for ——
My /Ty
M I, - Y
ol (27 )
o Iy IY mV
Ko = B '
I I - I
el )
K = = e 4 8 = tan-l(—_al-)
L\EB/C
where
L = h(3a2<n - cnj) + 20w
Iz - Ix)]
e (2] s
o1 IY Kb
Ky = _
M (26N + D)
Iz - &
Z
PO 2[} + LI )’ + KbE
K5 = -
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fa'ed
In the expressions for
My/Ty’
N. Y N Iy - T
x B B (X T2
B Mewi
% = E
21Gf -1{-H® - Ga
= 1 6 = tan
where
_ .2 2 B Nn
G =a" - a(%—+lz)+KoE
- B, N
H—aam-w(:l—v+fz-)
L = 4(30% - o) + 200
2 B Np
Kl -7\1(:?+I—Z)+I<OE
ko = A1 (2CM; + D)
2 B N,
M -M(:TVJ’—I:)J“KOE
e - 2
5 =

7\2(207\2 + D)
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DISCUSSION

Airplsne Stebility in Steady Roll

The stebility of an airplane in steady roll is determined from the
gtability equation, equation (2), and has been treated generally in ref-
erence 1l and, for the alrplane of this investigation, in reference b,
The airplane physical and aerodynsmic characteristics and flight condi-
tions used in this paper are the same as in reference 4 and are given in
table I. Exact and approximate roots of the characteristic equation
were published in reference 4 and are repeated in table II. The rolling
divergence boundaries, as developed in reference 1, are presented in
figure 1 for this airplane. TFor this flight condition there is no diver-
gent mode for any rolling velocity since the divergence boundary is not
intersected. At low roll retes (-1.0 and -1.5 radiasns/sec) the airplane
has two stable oscillatory modes. At roll rates for which the alrplane
is near the dlvergence boundary (-1.86, -2.0, and -2.33 radians/sec),
there 1s a stable oscillatory mode and two convergent eperiodic modes,
one of which is approaching neutral stebility. At the higher roll rates,
-2.5 and =3.0 radians/sec, the airplane again has two stable oscillatory
modes.

Sample Responses From Simplified Method

Angle-of-attack and sideslip responses to unit step inputs of MY/IY
and MZ/IZ have been calculated from the simplified expressions for

a range of rolling velocities from -1.0 to -3.0 radians/sec and are shown
in figures 2 and 3 along with the exact steady-rolling responses. These
motions are for the airplane and flight condition given in table I. The
good agreement between the simplified and exact motions justifies the

use of the simplified expressions for steady-rolling calculations.

The steady-state values of the responses shown in figures 2 and 3
are given in table III. Since rolling maneuvers are generally of short
duration, the steady-state condition is seldom attained.

Note that for the larger roll rates of flgures 2 and 3 only &
portion of the responses shown might be of practicael interest. For
example, at & roll rate of -3.0 radians/sec a 360° roll would be performed
in slightly over 2 seconds, whereas the responses are shown for g dura-
tion of 8 seconds.

Comparison With Five-Degree-of-Freedom Responses

The nonlinear five-degree-of-freedom eguations of motion are used
universally for predicting alrplane motions in large-amplitude rolling
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maneuvers. In order to determine whether the simplified results are
good aepproximations of the airplane motions experienced in practical
rolling maneuvers, a comparison was made of the simplified and five-~
degree-of-freedom solutions. The airplane equatlons of motion with con-
stant forward speed were programed on an analog computer and responses
were obtained for a step aileron deflection in combination with (1) a
step rudder deflection, (2) a step elevator deflection, and (3) combined
step elevator and rudder deflections. At the time of these calculations,
more complete serodynamic dste which were available for this airplane
(table IV) were used. The Fflight conditions and inertias were the

same as for the calculatlions for figures 2 and 3, and the angle of attack
of the principsl axis was assumed zero. The resulits of these calcula-
tions are presented in figure 4 with corresponding motions from the
simplified method.

The motions iIn angles of abttack and sidesllip are presented in fig-
ure 4{a) for a step yawing-moment input MZ/IZ of -0.2092, equivalent

to 5° of rudder deflection. The variation of rolling velocity with

time from the nonlinear equations is presented, from which trial values
are selected for use with the simplified method. The values chosen were
-2.5 radians/sec, the average value during a 360° roll, -3.0 radians/sec,
and -3.2 radians/sec, the steady-state value. During the latter part

of the motions the simplified method with a roll rate of -3.0 radians/sec
provided the best agreement with the nonlinesr motlons. For the first
second of the response, better agreement in the £ motions is obtained
when a roll rate of -1.5 radians/sec is used. This is the average value
during the first second of the nonlinear rolling-velocity response.

There is poor agreement initially in the angle-of-attack response becsuse
the longitudinel mode is neglected in the simplified method.

The response to a step pitching-moment input MY/I-Y of 0.5879,

equivalent to ebout -3° of elevator deflection, is shown in figure 4(Db)
for the nonlinear system and for the simplified method for roll rates

of -1.5, =2.5, -2.T7, and -3.0 radians/sec. The roll-rate response of the
nonlinear system is not shown but is similar to the curve in figure 4(a)
except that the steady-state value is -2.7 radians/sec. For the first
second the simplified results for a roll rate of -1.5 radians/sec, the
average value, provide the best agreement with the nonlinear response.
For the remsinder of the time history, simplified results for the steady-
state rolling velocity, -2.7 radians/sec, are good gpproximations of

the nonlinear response.

The results for combined pltching- and yawing-moment inputs are
shown in figure 4(c). The steady-state rolling velocity is
-2.6 radians/sec, and the nonlinesr response is approximated in two
steps as were the motions due to the individusl inputs.
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Suggested Procedure for Use of Approximate Method

In airplane-design calculations, the simplified methods of this
paper may be employed as follows: Determine the maximum roll rate of
interest and roll-rate response time for a specific flight condition
from one-degree-of-freedom roll calculations and experience with similar
aircraft. When the maximum roll rate is established, select intermediate
values to cover the rolling-velocity range of the sirplane.

For a selected roll rate, plot the one-degreec-of-freedom response
(see sketch): '

A
N\
N
N
N
P S c
B
| |

Time

For times up to tl, compute Ax and B responses by using the

average value of rolling velocity during this time. Compute the Ao
and B responses for the steady-state roll rate as well for times
beyond 1%,. From these responses, meximum values of Ax and B for
the meneuver are determined, with which preliminary losd calculaticns
may be made. A tabulation or plot of these data for the range of roll
rates will disclose any serious conditions. Needless to sey, critical
conditions should be examined further by five~degree-of-freedom studies.

A word of caution is advanced regarding the use of one-~degree-of-
freedom roll calculations. In roll-coupled maneuvers, the one-degree-
of-freedom roll equation will not generally provide an accurate rela-
tionship between alleron deflection and rolling velocity because of the
effect of sideslip in damplng or augmenting the roll. The use of the
one-degree-of-freedom equation is intended only for obtaining estimates
of response time and selecting a range of roll rates. Steady-state
solutions of the five-degree-of-freedom equations are required to relate
accurately aileron deflection and rolling velocity.



TECHNICAL LIBRARY

ABBOTTAEROSPACE.COM

NACA TN L4346 15

Angle of Attack of Principsl Axis

Angle of attack coupled with roll rate. is a msjor input to the
equations for steady roll but was neglected in this paper in order to
isolate the effects of pltching- and yawing-moment inputs. The effect
of angle of attack was treated in reference 4 and the results can be’
algebralcally added to the results of this paper for calculations in
which both types of inputs are considered. -

Recovery Motions

Recovery is the portion of the rolling meneuver in which the control
is reversed to stop the roll, and the motions are defined by the non-
linear equations of motion. In many cases the maximum excursions in
angles of attack and sideslip (end, consequently, loads) occur during
this time. For approximasting recovery motions the classical three-
degree-of-freedom lsteral equations and two-degree-of-freedom longitu~
dinal equations with initial conditions and approximations for the
coupling terms were used. These equations are given in the appendix.

Sample recovery motions from the five-degree-of-freedom equations
and two sets of approximate motions are presented in figure 5. These
recovery motions are the latter part of a 360o roll after the aileron
has been neutralized to stop the roll. Motions in angles of attack and
sideslip, as calculated from the linear, uncoupled, two-degree-of-freedom
longitudinal and three-degree-of-freedom lateral equations, are shown
and differ in magnitude and phase with the nonlinear responses. When
approximations to the coupling terms are included, the agreement with
the nonlinear response is better. The remaining phase difference is
attributed primarily to the 50 deg/sec rate at which the sileron was
taken off in the analog calculations. When these approximste equations
are used for recovery calculations, occasional checks with the five-
degree-of-freedom equations should be made.

A dangerous recovery slituation, for which the linear equations are
invalid, is possible in flight. After the ailerons are neutrslized for
recovery from a rapid roll, it is possible for rolling veloelty to be
maintained at a large value instead of being reduced to zero. The alr-
plane enters an autorotetlional stake, a steady-state condition of large
angulsr and linear velocities. Five-degree-of-freedom solutions are
required to predict this condition.

Adrcraft ILoads

In many rolling maneuvers the critical factor is the load encoun-
tered. In pure rolls the vertical-tail load is usually the one of
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concern. In a roll-coupled maneuver in which large excursions in angles
of attack and sidesllp occur, structural failures of the wing, horizon-
tal tail, or vertical taill are possible. Preliminary estimates of sur-
face loads can be made by using the calculated angles of attack and
sideslip.

CONCLUDING REMARKS

The simplified method of NACA Report 1344 for calculating motions
in engles of attack and sideslip in roll-coupled maneuvers has heen
extended in the present paper to the condition of pitching- and yawing-
moment inputs. The resulting formulas are intended primarily for rolling-
velocity conditions in which rolling divergence is not encountered.
From the calculated angles of attack and sideslip, preliminsry estimates
of aircraft loads for design purposes can be made. Motions calculated
with the simplified method are compared with exact solutions of the five- -
degree-of-freedom equations.

langley Aeronautical Laboratory,
National Advisory Committee for Aeronauvtics,

Laengley Field, Va., June 5, 1958.
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APPENDIX
ROLL-RECOVERY EQUATTIONS

The five-degree-of-freedom equations were separated into the three-
degree-of-freedom lsteral and two-degree-of-freedom longitudinal equa-
tions for approximating roll-recovery motions. As the coupling terms
were known to hsve significant effects on recovery motioms, they were
included in simplified form.

In the lateral equations the coupling terms sppear as varisbles.
These terms were linesrized by assuming pitching velocity and angle of
attack to be constant. After the Ieplace transform is applied, the
lateral equations are written as

where MZ/IZ is the yawing-moment input spplied in this investigation

and the subscript o denotes values of the variables at the start of
recovery.

In the longitudinal equations the coupling terms sppear as inputs
since they consist of lateral variables only. The ilnputs represented
by these terms are large at zero time and decrease to zero as ‘the rolling
velocity decays. Hence, these terms were approximated by assuming B
end r to be constant and p +to decay as glven by the one-degree-of-
freedom roll response.

After the Iaplace transform is applied, the longitudinal equations
are written as
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_ My My/Ty Tz - Ix\ _Pd%
( ‘ﬁ)“'ﬁ“ 2 *%”( I X)(k-kr)

PoPo

-q + (k + ;%aa = Gy - Z?CTTEEE[

where MY/IY is the pitching-moment input spplied in this investigation
and kr is the one-degree-of-freedom cheracteristic rolling root.
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MASS AND AERCDYNAMIC CHARACTERISTICS OF AIRPLANE

m, slugs .

Iy, slug-ft°
X, S.u-g"‘ .

2

Iy, slug-ft

IZ’ slug-ft2 .
Cy, » per radian

o
C,. » per radian

.
Cqp » Per radlan
a

CY » per raedian

CnB, per rad;an
C er radian
n_r)P

Vv, £t/sec
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T45
10,976

57,100
64,975

3.85

-0.36

-0.28

0.057

. =0.095

691
377
11.3
36.6

197
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ROOTS OF THE CHARACTERISTIC EQUATION

18 Exact Approximate

0 -0.488 £ 2.301 -0.0729 + 1.5ki

~-1.0 -0.362 £ 2.891 -0.199 * 0.9421 -0.352 £ 3,101 -0.209 * 0.876i
~1.5 -0.337 £ 3.331 -0.224 + 0.4831 ~0.340 £ 3,424  -0.221 % 0.4691
-1.86 ~0.327 * 3.661 -0.322, -0.145 -0.332 £ 3,714 -0.311, -0.146
-2,0 -0.32h + 3,791  -0.453, -0.020 ~0.329 £ 3.831 -0.444, -0.020
-2.33 -0.318 + 4.081 -0.37k, -0.111 -0.322 + 4,131  -0.363, -0.113
~2.5 -0.%16 + h.2ki -0.245 + 0.2581 -0.320 + 4.291 ~0.241 * 0.2551
~5.0 ~-0.311 + k.701 -0.250 % 0.7601 -0.312 + 4,801 -0.24B % 0.T431

onCh NI VOVN
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TABLE ITT
STEADY-STATE VALUES OF MOTIONS PRESENTED IN FIGURES 2 AND 3
B 2 2 B 2! Ao 2
radians 5 Sec » Sec s Sec s S€Ec
Po? Trec | Mg/l Mg [Tz, My/Iy My/ Iy

-1 -0.58 -0.058 -0.063 0.213
-1.5 -1.07 -.216 -.236 .2h9
-1.86 -3.57 -1.35 -1.h47 -.106
-2.0 =13.34 -7.03 -7.65 -3.45
-2.33 -.552 -1.52 -1.65 -2.08
-2.5 LAT71 -.503 -.547 -.898
-3.0 .21 -.097 -.106 -.282




NACA TN 4346

AFRODYNAMIC

CL&’ per
qma, per
Cmq, per

CYB, per

» per

Cnr’ per

per

C, 5, per
g

—, radians/sec?

p

radian .

radian .

radisn .

radian .

redian

radian

radian .

radisn .

gz, radians/sec?
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TABLE IV

CHARACTERISTICS FOR FIVE-DEGREE-OF-FREEDOM PROBLEMS

e e e e e e e e e e e e e e e e e e e e e k.15
. . . =0.406

e e e e e e -4.5

e e e e e e i e e e e e e .. =0.63

C e e e e e e e e e e e e e e e e e e e .. 0.0515

« . . . =0.175

e e e e e s e s e s e e e e e e e e e e =0.325

B Y T T -0.03

S e e e e e e e e e e e e e e e e e . 0.5879

R ¢ Y10 512
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6 [ PO’
radians/sec
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