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NATIONAL ADVISORY COMMITTEE FOR. AERONAUTICS

TECENICAL NOTE NO, 933

APPLICABILITY OF SIMILARITY PRINCIPLES TO STRUCTURAL MODELS

By J, N, Goodier and W, T, Thomson
I. SIMILARITY PRINCIPLES FOR STRUCTURAL AND DYNAMIGAL MODELS
SUMMARY

A systematic sccount is given in pert I of the use
of dimensional analysis in constructing similarity con-
ditions for models and structures, The anglysis covers
large deflections, buckling, plastic behavior, and ma-
terials with nonlinear stress-strain characteristics, as
well ae the simpler structural problems,

1, INTRODUGTION

Simllarlty principles for guidance and jinterpreta-
tion of model tests in engineering frequently have been
based on the differentlal equations of the problem or on
more or less intuitive conceptions of what similarity
means, as, for example, in fluid mechanies when similarity
is taken to mean that the ratios of inertia, viscous, and
gravity forces at corresponding points are the same, or
that the streamline patterns are geometrically similar.

It is now recognized, however, that it is much more satis-
factory to apply the general dimensional analysie of B,
Buckingham (reference 1) and P, W, Bridgman (reference 2),
This method has been thcroughly developed in general phys~
i¢s and fluid mechanics, but apparently not in structural
mechanics. .

The question as to what is meant by structural sim=-
ilarity frequently can be answered in a very simple manner.
But the caoamplications implied by the use of several mate-
rigls in a single structure, the use of models not made
of the same material as the prototype, buckling ang
related behavior, plastic flow, thermal stress, and the
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various combinations of these, besides the problems of
fluid-structure combinations, as for instance in dams,
wind vibrations in euspension dridges, and flutter, re-
quire an analysis more comprehensive than immedlate in-
tuitive notions can well suprly. BSuch an analysis can
be as readily made, By the methods 6f Buckingham and
Bridgman, in solid mechenics, or for solid plus fluid
problems, as in fluild mechanics, ¥Nonlinear problems,
buckling criterions, plastic flow, all can be dealt with,
although at firgt sight the lack of adequately defined
Physlcal constants to characterirze the inelastic prop-
erties of materials seems to put obstacles in the way of
dimensional analysis, with its primary requirement that
a list of symbols concerned be drawn up.

The author is indebted to Drs. Tugkerman, Ramberg,
and Oggood for the suggestion that an investigation of
sinmilarity under affine stress~strain relations would be
desiradble. :

2. DIMENSIONAL ANALYSIS AND SIMILARITY PRINCIPLES -

NONDIMENSIONAL QUANTITIES - DIMENSIONAL CONSTANTS

Only a brief introduyctoery account of dimensional
analysis is given here, For a full account the reader is
referred to references 1 and 2.

As Bridgman {(reference 2) emphasizes, the first ob-
Ject of dimensional anelysis is to -make. sure that the
formula for a required quantity, as the solution of a
definite physical problem, will be valid no matter what
system of units is used to give numerical values to the
quantities concerned, just as the bending stress formula

o = Mc/I yields the same physical stress in tons per

square foot, if tons and feet are used as units for ¥,
¢, and I, as i%t does in pounds per sguare inch, if
pounds and inches are used as units.

This validity in all unit systems is, of course,

e - _L -
o
equally well expressed by the statement that E% is the

same in 2l) unit systemse, and this is what is meant by
Yjimensionlessg."
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Let the list of symbols concerned in a problem Ve
X3y X3y, Xg - - -, X3 being sought in terms of the others.,

" There usually will be several dimensionless groupe {(prod-

uets of powers of the symbols), say II,, II;, and so

forth, and it may be shown that the number of independent
groups is- equal to the number of original symbols less

the number of fundamental units, Buckingham's ITI-theoren
states that, when there 1s only one relation between the
symbols, it must, in order to¢ he valid in all unit systens,
take the forn

rIl = fl (nz: nst - = ") (1)
with £( ) as a constant if there is only one dimension-
less group IT,., When there is more than one relation be-

tween the symbols, the requirement of validity inm all
unit systems can be sptisfied without dimensional homoge~

neity, as Bridgman illustrates by adding v = gt to

s = £&t° to obtain v + 8 = gt + Fgt’,

The problem contemplated so far is the following:
Given a set of symbols, representing the numerical meas-
ures of the corresponding physical quantities (as soon as
a2 unit system is selected), what restrictions on the
functional relation hetween them are implied by the re-
quirement that it shall be valid ian all unit systemst In
contemplating a change of units, of course, only a single
feature of a definite physical system is considered ~ for
example, the stress of a given kind at a given point of g
given structure with given leads, This, however, 1s to
be obtained from a formuls of the type of equation (1),
In such a formula it is supposed that all quantities
which may be represented by variadle numbers, including
physical variables and physical Y"constants" which may
chenge in numerical velue with change of unit system, and
80 are not dimengionless, are represented by symdbols,

The functional relation then holds for variatlions of its
arguments, no matter how produced, The form (equation
(1)) so arranges the relaftion that in fact no variations
in the TI's, and thus in the value of the function,
ccecur when the numerical value of the original symbols
changes by change of unit systenm, '

But the functional relation (equation (1)) is valid
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for all values of the symbols in the ranges permitted by
physical considerations, Jjust as o0I/Mc = 1 is valid for
all permitted values of o, I, ¥, ¢, OChanges can thus be
contenplated in the values of the symbols cerresponding
not t0 a change of units for a given physlical system, say
a structure with given loads, but to a passage from this
0 another structure with other loads, of course, within
the class of structures and loads covered by the conten~
plated formulas, ag, for instance, the class of beams and
loads covered by oI/Mea = 1, Then without knowing the
functional form £ in equation (1), it can be said that
1# the groups IIs, IIz - - + in equation (1) have the
same values in the two systems, then f( ) and therefore
TI, will have the same value for the two systems,? The

equality of the groups in £( ) thus provides a set of
"egimilarity conditions" governing the construetion of a
model, and equality of the II,'e for model and structure
then provides a similarity relation by which a measure-
ment on the model can be made t0 yield the sorresponding
quantity for the structure, This analysis is applied in
what follows %0 various types of structural probdlem.

In making such applications it is necessary, of
course, %0 be able to assign "dimensions" te all guanti-
ties concerned. An angle is commonly regarded as a 4i-
mensionless quaptity, radian measure belng obtained by
dividing length %y length, The significance of "dimen-
sionlese’ here is merely that »radian measure does ngt
change when the length unit is changed, 3But "angle!' is
not dimensionless: if changes t8 degrees or revolutions
are contemplated, and such changes gshould, of coursse, be
sonsidered if anything can be deduced therefrom. This is
gometimes the case, as appéars later. However, if this
is done, the equation relating angular measure € %o arc
¢ and radius r must bPe written

6=G'§". ' : (2)

where € has the value 1 when the radian is the angular

unit, l%Q when the degree is the unit, and so on,

* 1This assumes that the function is single-valued in
all its arguments. Stress is potla single-valued function
of strain beyond the elastic range, where the curve of
rising stresgs is not the same as the curve of falling
stress, Thus, results based on such a relation are not
necessarily subject to the present analysis, This is dis~
cussed further in sec, 8.
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Otherwige any calculation involving such a relation is
not valid in all unit systems, The "constant™ C is &
"dimensional constant" and has the dimension of an angle,

Strain, as inches extension per inch of length, or
centimeters per centimeter, and so on, is also commonly
treated as dimensionless. It can, however, also be meas-
ured in centimeters per inch, or if the use of two length
units is objectionable, in any arbitrary unit such as the
"microstrain® - 1076 ceniimeter per centimeter, It is
then necessary to write the strein e 1in terms of ex~
tengion 8§ on a length ' as

e=c-§— : (3)

where O is a dimensional constant, having the same 4i-
mension ag strain, with the wvalue 1 when straln is meas~
uwred in the usual manner,

Dimensional constants of this kind, as well as "phys-
tcal constants,” must be included in the list of symbols
for any problem the solution of which requires the equa-
tion in which they occur :g%r the final formula will not,
in general, be valid in all unit systems unless the egua-
tions used in deriving it had this property. Of course,
the C of equation (2) usually is not included in dimen~
slonal analyses. It usually is fixed as unity by the
tacit decision not to consider any change of angle unit
from the radian, 4s will appear in a later section, the
cmission of the C of equation (3) from an inelastic
structural problem, thus preventing the consideration of
any change of sitrain unit, may result in the deduction of
unnecessarlily restricted similarity conditlons,

3, SIMILARITY OF STRUCTURES IN EQUILIBRIUM

Consider first a structure made of homogeneous iso-
tropic material which obeys Hooke's law, ILet it be spec-
ified in size and shape bPy a necessary and sufficlient set
of linear dimensions &, b, ¢, ~---, and let the loads on
it be P83, oP, BP, YP, and so forth, where a«, B, Y are
dimensionless rumbers, Young's modulus and Poisson's
ratio will be denoted Dy B and w.

2The loads are taken as forces, If they are couples
(ii) or pressures (p), it is merely necessary to write MH/a
or pa?® instead of P whersever P occurs.
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These variables define the system. It will Dbe
required. to determine certain features of its state,
usually a force R, such as a redundant reaction, a
force in = member, or a stiffener, a stress o, strain
e, or displecement &. The lengths &, », ¢, =-=-~, will
be supposed to contain those necessary to specify the
point at which any of these are to be found. Then each
of the gquantities

R

a can be expressed in terms of P; &, B, ¥ =~--,

e 4 a, b, ¢ ===, B, B ) (4)
§

Let there be n quantities, counting one of the coclumn
on the left. There are oanly two fundamental measuring
units involved, since each of the quantities in equation
(4) can be measured when, for instance, units of force
and length are given, Denoting these unite by F and
L, the dimensions of the quantities in equation (4) may
be written in terms of these units, in order, as

T
FL™®
0
L

¥, 0, 0,0 -~~-, L, L, L -~ FL-as 0 (5)

Since there are two fundamentel units n-2 dimensionless
products from any of the four sets of variables in equa-
tion (4) can be formed, secording to Buckinghem's theoren,
It is easily seen by inspection that these may be taken as?®

R/P )
Uaa/P P
e > — &, Bu A " b/ai CIa, = 47 (6)
Eaa
§/a
»,

3The constitution of the dimensionless groups is not
unique. ¥or instance, P/Ea® might be replaced by P/P,.
P12 .

TweEI

oxr for a column problem,
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There is one relation between any one of the dimensionless
groups in the column, and all the dimensionless groups in
the row., Thus it is possible  to write

P b ¢
>=1 (E—a.-s' @y, By ¥ - = = ~—- IJ')

a a

\

g |

oa? P ¢
= f ‘Y ~——— — -
P 2 <Ea3' @, B, a & ) &
' (7)

where f£,( ), £2( ), £5( ), £5( ), represent definite
functional forms., These relatione in fact stand for the
solution of the problem in general form, covering, with
invariable functional forms, all systems which can be got
by giving particular values to the variables

(4), and, of course, covering also all pessible systems
of measuring units., Thus in particular they cover a
structure and its scale model, The conditione of similar-
ity are the conditions that the functions on the right of
equations (7) shall have the same numerical value when cal-
culated for the structure as they have when calculated

for the model, and the similarity relations are then ex-
pressed by the equality of the groups on the left of equa—
tions (7) calculated for structure and model,™

The functions (supposed single-valued) will have
identicgal values for structure and model if the arguments
have identical values. The ratios ao, B, Y =~~~ are the
gsame 1f the several loads of the model bear the samse
ratios to one another as the several loads of the struc—

ture. The ratios hy £ ---, are the same for a model
a a -

. 4
which 1s to scale in every significant dimensilion,

%It is often possible to relax these conditions by
the use of knowledge of the problem beyond that afforded
by dimensional analysis. Examples are given later,
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Poisson's ratio R must be the same (unless as in the
case of trusses and rigid frames free of torsional action,
it is known %0 be without influence orn the behavior con-
sidered). TFinally, it is necessary to make

( : )‘ ) ( ; > ®
Ea® Ba?
n s

where the gubscript m stands for "model" and s for
"structure." Thus when the model loads are scaled down
according %o

2
P E L6 a
n = n ir} (9)

Ps Eg a®g

it will be btrue, By equating the left sides of equations
(7), that

R P, ¢ P.a,®° E :

R PR . Y 32 = — (by equation (8));

Rg Py oy Py ap By .
inl = 13 _6_ = EE. (10)
eg 8¢ &g

These results may be expressed in an alternative way
Py obgerving that since, (the'other similarity conditions
being already fulfilled) if any given value of P/Ea®
is taken, the corresponding values of R/P, ca®/P, e, 8/2
are then the same whether model or structure is considered,
the curves of R/P, 0aB/P, e,.§/a plotted against P/Ea®
from messurements on the model, at various leoads Pp, are

also valid for the structure, ’

It is evidently permissible to make the model and
the structure of different materials, so long as the
Poisson'ls ratios, 1f these are significant in the prodlen,
are kept the sanme,

The dimensionless number P/Ba® plays a part here
which is analogous to that of Reynolds anumber (or the
other characteristic numbers of fluld systems) in fluid
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mechanics. It is proposed to call it, or any like quan-
tity, the "strain number."

4, LINEAR AND NONLINEAR STRUCIURES

The foregoing results are not restricted, as most of
the caloulations of strustural theory ere, to small dis-
placements. They cover flexible structures, such as very
thin rings, or very slender beams and columns, where the
deflections are too large to0 have a linear relation to
the loads, elthough the strain components themselves are
small and the stress~-strain relations are linear. The
departure from linearity arises from the changing shape
of the structure as it ig loaded, There are also struc-
tures in which the displacements, though small, signifi-
cantly affect the action (e.g., the moment arms) of the
loads, as in the bdeam under simultaneous lateral load and
axial thrust ~ the “beam~column,® or the elastic cabdle,
initially just taut, under leteral loed, which has a dis-
placement proportional to the cube root of the load at )
first, 411 guch cases are grouped under the "nonlinear'
desigrnation,

On the other hand, there is the extensive linear
group, where the displacements are linear functionas of
the loads, and the method of superposition is valild,
Thig group, of ecourse, ineludes the majority of stress
problems, When this linearity can be assumed, it can be
salid that redundant reactions (unless the support is of
a peculiar kind, such as a nonlinear spring), stresses,
strains, and displacements will all be proportionaI to
the load = that is, to P,

Reconsidering equations (7).will lead then to the
requirement that R/P 4is to be independent of P, and
this reguires that the funetion £, should be independ~
ent of the group P/Ee®, or

B‘/P = 1, (G’., B, ¥ ==, 'E" 'z‘ - “) (11)

Since Young'!s modulus does not appear in any other group,
it follows that R is independent of it; R may, however,
g§till depend on Poisson'ls ratio,

Usually, in the linear type of structure, ¢, e and
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8 will be proportional t¢ P, so that instead of the
last three of equations (7) the following equations may

be written:
3 :
a a

2
Erz £ (m, B, ¥ ==e E, g - '> \ (12)
a8

'6"= Z f4<u'l S.Y°‘""£.E"‘"“ >
e Eg® a a J

The condiftions of similarity are now merely the obvious
ones o0f geometrical similarity and similar distribution
of loads (a, B, Y the same for structure and model), and
equal Poisson's ratio if thieg is of gignificence in the
problem. With these fulfilled,

P P
R = K,P, a‘s : O e = K5 vy 8 = K4 37 (13)

where K, XK, K, K, &are constants, the same for both
structure and model, Thue in linear structures one meags~
urement of each kind, at a singie load, on the model is
in principle all that is necessary for the complete anal-
yeis of the structure.

Alternatively it may be said that if the curves of
R/P, 0a®/P, e, §/a against P/Ba® are plotted fronm
measurements on the model, the first two will be straight
lines parallel to the P/Ba® axis and the last two will
be straight lines through the origin, and the diagrams
will be equally valid for the strueture.

When the 10ad ineludes the weight of the structure
itself, represented By a specific weight w, & further

dimensionless group, for instange %12 nust be introduced,

E ]
It is then convenient %0 replace the first two groups in
R
the column on the left of equation (8) by 75 .3 which
a

glves, in general,
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R w P wa b o
— —-—s == &, v Y o = = === '
Ee® fl, Ba® B # & a "

)
2| = ( - )
| n )
s | oa( )

But if the structure 1s a golid" one, such as a dan (ref-
eronce 3), having small deformabtions which do mot affect
the action of the loads, it will pe linear both as %0 P
and w, and the problenm divides itself snto two, one to
determine the effects of the gravity loading only, the
other to determine the effects of surface loading only.
In the dam problem the surface loeding would be water
pressures, which can be described by & maximum Pressure
p, ‘together with dimensionless ratios to describe the
Aistribution of pressure. These may Ppe omitted. Then
instead of P/Ee®, ©p/E may be used. Consider, in par-
ticular, the stress T, whigh represents any chosen com—
ponent at any particular point, Since this is te be

linear in both w and P, it is necessary that

o wa v ¢ P b o
- = =1 -y T "7 +=F —_y T T = (15)
B T ° (a a ;> E ® (ﬂ e ' g)

The E now cancels, and it follows that the’
strese is independent of E, ©but depends on H. A model
ghould have the same Poigeon's ratio, if it is signifi-
cant, and must be geometrically similar. The functions
f, and ¥, then have the same value for both model and
structurs, and may be replaced by constants ¢y and Ca,
so that

(14)

g = ¢; wa + C3P ' (18)

The two parts may be determined by separate tests,
using model material of any convenient density, or pro-
ducing w centrifugally, (or replacing the body force
problem by a surface load problem (reference 4)).
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Different models, of different materials may be used for
the two tests, g0 long as [ is kept the same. The ob-
Ject of the model tests may bPe regarded as the determina-
tion of e¢; and c3. It is evidently not necessary to

Put any restrictions on the manner by which the pressure
P on the model is created, although at first sight, if
the system is taken as a single fluid-solid system, it
might appear that the specific weight of the fluid should
be included in the list of variables, and then that =
fluid of a suitadbly different density must be used., Of
course, a change from the dimensionless relation (equa-
tion (18)) to the dimensional form (equation (16)) im-
Plies that the same measuring units will -be ueed for both
structure and model.

In meny cases it will be obvious that the condition
of strlct geometrical similarity mey be dispensed with
without loss of exactness, In simple trusses only the
areas, not the individual dimensions, of cross sections
are significant, When there is simple bending, the prop-
er moment of inertia, and for torsion, the proper tor-
sional rigidity, may be provided without regard to shape.
Here, of course, knowledge obtained from detailed analyses
of bars as structural elements %s employed, Oonsidera-
tions of this kind underlie Theodorsen's dtscussion of
similarity of propellers (reference 5) {as to vibrational
frequencies) obtained by lengthening in one proportion
and changing ¢ross-sectional dimensions in another, or
"the differential equation of free flexural vibration of
8 bar may bPe written

2 2 2
@ _ (3123} 4+ p023% .0
dx® dax® dt®

where p 1s the density, BI the flexural rigidity, and
A the area of crosgs section, as functions of x, The
process of solving this for the nonuniform bar to find
the deflection ¥y as a function of the axial coordinate
x, aud determining the fundamental frequency, can be
readlly envisioned, even if not easily carried out, by
anyone familiar with the process for the uniform bdar,

Let I Ybe written as Ak °f; %) and A as

AoT2 %) where 4A,, k, are the area and radius of gyra-

tion of the base section, and t the length, f,f,
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being given functians, involving only dimensionless -
that is, invariabdle,~parameters, Then the equation can
be written

21y, (£> ¥y . £, (5> % .o
3x® v/ 3x® Eko® 1/ a2

p
The frequency will then depend on the quantities 2% 2

o
and 3}, and on no other guantities. There is only one
dimensionless combination of these quantities and the
frequency f. It ia the left member of

2
£l E.—.C
ko J E

(or any power of it) and this equation must hold with C
a constant (fqr a given mode) for all systems expressible

by means of i. kKoo P E, f1<§>. and f3<§>. Since £,

and £5 are invariabdle funectiocnal forms, the ratios of

the I's and the ratios of the A's for corresponding
sections (x/! the same) must be the same for all the
systems. But there is no restriction to any particular
shape of oross section, as by the proportional enlarge-
ment of all dimensions of the cross section,

Without the auxiliary information contained in the
differential equation other dimensionless arguments, such
as 1/k, would have appeared, and the conclusions would

have been more restrictive.

Dimensional analysis alone gives a basic form of
similarity. PFurther knowledge may give more general forms.
It is a matter of obtalining the most detailed formula pos-
sible = and there is at least that yielded by dimensional
analysis - and considering what is the broadest class of |
systems to which it spplies. The members of this class
are then "similar® on the basis of the formule considered.
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5, COMPOSITE STRUOTURE

If the structure is not all of the same material, it
will be necessary to include in the row of independent
variables in equation (4) the several Young's moduli and
Poigson!s ratios., Let these be B, E;, E; ---, and so
forth, and #, KRy, Mz -=--. Then to the row of dimension-
less groups in (6) must be added B,/B, By/B —=--, and so
forth, and i,;, Wz, ===, and the sane additions must be
made to the arguments of the functions in equations (7).
The conditions of similarity now include the identity of
E,/B, BE3/E ===, p,, Hp --- for structure and model. The
sinilarity relations ?equation (10)) then remain valid for
the nonlinear type o0f structure, when the strain numbers
P/Za® arc made the same for model and structure. Jorre-
spondingly, the treatment of the linear siructure is modi-
fied merely by the addition of the requirement of identity
of BE,/E, Z;/B ===, py, Pz, -==-, in both model and struc-
ture, to the set of similarity conditions,

6. PRESCRIBED DISPLACENENTS

S0 far, the problem has been considered as one in
which theo loads are all given, and it is required to find
reactions, stress, strain, and displacement, Consider
now given displacements, not necessarily small, the prob-
lem being to determine these same four guantities. In-
stead of the variables in {(4) thers are now

RY

) depending on U, at!, B', ¥Y! —--,

e a, b, 6 === B, g ~== (17)
6—;‘

where the proscribed displacements are U, o!'U, B'U, Y!U,
and so forth, Again the number of dimonsionless.groups
must be two less than +tho number of variables in (17),
counting only one of tho column on the left, It is evident
that they may bo taken as
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R/Ea?)
c/%
}Q' at, B!, Y! —==, By & u_ - o T (18)
e a - a &
5/8. J

and it is necessary to have

R/Ba® = 1, (%, al, B!, Y' === E' i —— W, ,_;)1

c/B S ( '

. . ( 3 ? (19)
/ -

5/a £, ( )J

The similarity conditions now inelude identity of u for
model and structure, if it is significant, and salsc

U U
2 = _£ . that igs, the imposed displecements must be to
a a ’

m 8

scale. The similarity relations are then

R Epap? © E e 5 a
m . ¥mim n . *nm mo_ n _ 8m

By Bia,® Oy By eg " by ag

and, alternatively, curves of R/Ea®, o/E, e, u/a
against U/a. cbtained from the model by varying U, are

also valid for the struveoture.

It may bPe observed that B does not appear at all
in the last two of equations (19). There is no other quan-~
tity containing the force unit with which i% can be conm-
bined to give a dimensionless group. It follows then
that the distributions of strain and displacement are in-
dependent of the Young'!s modulus, This is evident from
the well-known differential equations of Lamé for the
special case of the linear structure, bPut perhaps not so
evident for the nonlinear structure,

In the ¢ase of the linear structure R, ¢, e, and
§ are proportional to U. Hence equations(195 must take
the form
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®|o
plo
.
Y,

R/Eaz = E_fl <é" BY, Y! e = = e ===

> (20)

® Ict

N N NS

<
T, g U
or R = K,aU, o = K3¥ a8 = Kz P § = X, U, wvalld for

both model and structure where KX, Kj K; and K, are
congtants, the same for both model and structure,

The additional arguments B,/B, Ey/B, and so forth,
and M., Bz, and so forth, will be required in the func-

tions of equations (20) when the structure is composite,
and the additiogal similarity conditiens are as before.

7, MIXED CONDITIONS

When there are prescribed loads at some points, pre-
scribed displacements (nonzero) at others, the set of
variables consists of (4) and (17) combined, and the gen-
eral relations can be taken in the form

o

L,

R P b
i‘- = fl (Eaa‘ G' B, .Y o %. ml" B‘ ’ Y’ - :' -g - - p, e

>(21)

(W)
1]
L]
»
7~
Nt NS NS
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The similarity conditions are now geometrical similarity
(b/a, c¢/a, etc., the same for structure and model), sim-
1lar distribution of loads and prescribed displacements
(e, B, ¥ ~== a', B', Y' -~- the same), identity of the
Poigsson's ratios if significant, and also

Pm = PL_. g_ﬂ}_ = U-.i (22)
Epap® Bgag® fn ®s

These being.fulfilled. the similarity relations (equations
(10)) will again hold. The surfaces of R/P, ca2/P, e,

5/a plotted against P/Ba® and U/a, determined from
the model, are also valid for the structure.

.

8. CURVED STRESS-STRAIN RELATIONS
LOADING BEYOND THE PROPORTIONAL

AND ELASTIC LIMITS

If the ordinary tensile or compressive stress-strain
diagramn of the material of the sijructure is curved, it is
customary to retain the term "Young'!s Hodulus," for the
slope of the curve, It is no longer s constant but a
function of the stress or the strain, The strain numdber
P/Ea® now ceases t0 have any definite value characteristic
of the whole sftructure and its load, 3Buckingham's theorenm
cannot be applied unless definite numerical values can, at
least in principle, be given to all the variables involved,
and it does not necessarily hold unless there is just One
relation between these variables, (See reference 2,) In
the set (4), with ¢ on the left, there would be a rela-
tion between @ and E as well as tho relatlion betweon
2ll the symbols which 1s the required formula for o,

In order %o overcome these difficulties, it is ap-
propriate to reconsider the whole process of determining
stress—-strain relatlions experimentally, putting them in a
form valid in all unit systems, and combining them with
the equations of compatibility and equilibriuvm, snd the
boundary conditions, necessary for the solution of the
problem, It is the stress~strain relations which require
particular attention, no speclal measures being required
to put the other equations in a form valid for all unit
systems, In an experimental determination the stress and
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strain will be recorded in definite units, and the gix
components of stress o©,, o0z, and so forth, will be found
as functions of the six components of strain (not neces-
sarily small} e;, ez, and so forth, sayS

o, = $,(ey, 65 ~==), 05 = ¢,(e,, 63 ---) ete. (23)

These relations involve only specific numbers gq Dbesides
the o and e symbols, and they are, of course, true
only in the units selected,

Congider now the relations

c e e o e e _
B, €11 €32 Ez €21 €22
where E,, B; ---, and the ¢'s are as yet merely ardi-

trary parameters, When they are given the value 1, the
relations (equations (24)) become identical with equations
(22). They are now essigned the value 1 in the experimen-
tal unit system. Let E;, B, be assigned the dimensions
of stress (i,e,, their values in new unit systems are dee
fined to be those obtained by applying the conversion
factors appropriate to stress) and let the €!'s be as-
sigred the dimensions of strain (as discussed in sec, 2).
Then equations (24) are stress—strain relations of the ma-
terial valid in all unit systems, For they are true in
the original unit system, In a changed unit system the
E's change by the same factor as the o's and the els
by the same factor as the e's, ¢ that the ratios o/B
and eo/¢ remain the same, and the equations remain valid,
The numbers gq involved in the functional forms ¢ are,
of course, not changed when the unit system is changed.
That is, they are dimensionless numbers.

The problem of determining & stress component o in
a structure with loads P, aP, BP, and so forth, and lin-
ear dimensions a, b, ¢ --- now involves (as dimensional
constants) the E's and efs, +the list being

% Py @ B =, 2y b, ¢ ==y By, Bz, By ——, €131, €13, € 53— (25)

Symbols By, €340 i =1, -~- 6, j=1, --~ 6 have beer added
and one additional fundamental unit {that of strain) is admitted.

SCreep..effe¢ts of rate of strain, etc. are not taken
into acgount,
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There are consequently three fewer arguments than symbols,
and they may be taken as thase appearing in the functional
relation

ca® b ¢ E; E € €
- f< B, 2, S B2 B 83 fa2 ) (ep)
P E,a° a -a 5, 5 11 11

. This is the form the stress formula must take to be wvalid
in all unit systems, when the material has the stress-
strain relations (23) in the original unit system and the
E's and e€!'s are defined as above,

It is necessary now to redefine the E!'s and ¢ts,
allowing them %o assume any values in the original unit
system., Then equations (24) define a family of stress-
strain lawvs. The ZE's and €'s may change on account®
of a change of unit system, ¢r on account of a change %o
another materigl, The general problem is now %0 find a
stress formula +t0 cover all systems obtalnable by varying
the symbols in (25) (omitting ¢ as the dependent variable).
The dimensional analysis of this problem resul$s in equa-
tion (26) again. Let there be a structure with definite
values (in the original units) of all the symbols, inoclud-
ing the E's and ¢€'s, which are, of course, determined
by the material used. A4 model then may be constructed of a
different material belonging to the family (equations (24)).
To be able to interpret its behavior in the absence of
further knowledge, 1t will be necessary %o make all the
arguments on the right of equation (26) the same as for
the prototype. This again, of course, leads to geometrical
similarity, simlilarity of load dletribution, equality of
the strain numbers P/E;a®, Ddut also

Ez\ ' [Ep B, B, €1z €1z €22 523.
—l=l=) s l]=l=) s t—=—] = {—] s {——} = —— . e
E) 3 GG - @) @) (), o @

That is, the XE's of the model material muet be those of
the structure material multiplied by some number A, and
the ¢'s similarly with an independert factor pe Thus
if the stress-strain relations of the structure material
are :

o, =9, (ey, e, =~=), o3 = &, (e;, ez ---}, etec. (28)

2 Yot Poisson's ratio.
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in a definite unit system, those of the model matesrial
must be

oy &, €p ) Oz (el 2 )
- = ¢ ———) e ) == Y meme = Q s} v § m = . etc. (29)
Y \u B A AN Y

These may be described as obtained by an affine transforma-
tion from the former, In a two-dimensional problem where
the variables are limited to those explicitly shown in
equations (29 ). (except for a third relation, such as that

of incompressibility, yielding a third strain component

in terms of e,, 85), 0y in equations (38) could be rep-
resonted as a surface over an e,, 8, plane, Then the
o, surface in equation (29) is obtained by deforming

this surface ®y uniform extension in theé;io; direction

by the proportion A, and uniform extension in the e, e,
directions by the proportion yu, The scales of o,, &,,

8; remain undeformed, The o, surface is treated sim-

tlarly., 1In one dimension the stresss~strain curve (equa-
tion (29)) may be imagined obtained by drawing that of

the structure material (equation (28 })) on a rudbber sheet,
on which is placed a rigid axis frame bearing the rigid
scales, then stretching the rubber sheet under the frame
to | times its original length parallel to the strain
axes, 3 times 1lts originel length parallel to the siress
axis, The factors A and | may, of course, be arbi- :
trarily chosen, There is thus no necessity to make a
model of the same material a2s the structure, even when
curved stress-strain relationg, elastie or plastic, are
involved, But, in the plastic case, the funetions & in
equations (28 ) are not, in general, single-valued, and, as
pointed out in section 2, the dimensional analysis does
not then necessarily hold, However, the functions become
tingle-valued if a3 definite mode of loading and unloading
is prescribed, Thus the values of P/E,a® for the model

must go through the same values in the same order as the
values of P/E,a® for the siructure, for the above simi-

larity ¥ules to apply.
Wheyn the same material is used in both model angd
structure, the ratios EZ/EI, and so forth, 512/511’

and so forth, in equation (26 ) are all unity, Similarity
then requires, besides geomstric similarity '(b/a, cfa ---
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and similar distribution of load (a, B === )}, equality of
the strain numbers P/E,;a2, Since the use of the same

units for both model and structure is now contemplated,
this means equality of P/a®. It then follows from equa-
tion (26) that o©a2?/P 41s the same for both - for example,
stresses at corresponding points are egual.

Tho arguments of this section may easily be extended
to cover probleme other than those of prescribed loads,
such as those of prescribved displacements, or "mixed"
problems, which haveo been discussed in proceding sections
for tho idoeal elastic material only., The modifications
of the preceding trecatments arec mcrely that B, roplaces
E, 1in strain numbers PfEa®, or R/Ea® and the affine
connection must hold between the stress-strain relaitions
of modsel and structure material.

It will be observed that the numerical value of B,
in equations (24) can be chosen at will in a given unit
system., Different choices will result in compensating
differences in the numerical coefficients. Once =E; has
been chosen in the selected system, however, its value is
fixed in all other unit systems since it has the dimen-
sionality of stress. - It will sometimes be convenient %o
choose E; as the elastic Young'!s modulus of the material,
for the sake of continuilty with the elastic range in plot-
tingo

An example of a problem 9f nonlinear stress~sirain
relations is provided by rubber springs, the rubber be-
ing attached to steel mountings which may be regarded as
undeformable. This, as a problem of given load, is one
involving two materials, steel and rudbber, but no symbols
need be introduced for the properties of the steel, since
it is rigid, The preceding thevry shows that a simple
similarity relation can exist when the same materials are
used for two such springs which are geomeirically similar,
In particular, when the same rubber is used irn two geomet-
rically similsr springs the curve of U/a against P/a.2
1s the same for both, the same units being used., Ourves
of this type have been published, (See roference 6.) Tho
present discussion shows that they contain no "eize offect.”

An example of similarity in the plastic range is af-
forded by the simple tonsile %test. The gimilarity of the
deformed shapes and the identity of the stress—sirain
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curves, for specimens geomstrically similar dut of differ-
ent sizes, has been experimentally confirmed, and is known
as Barbats law, (See, for instance, reference 7,) The
dimensional enalysis made shows that such similarity ex-~
ists generally (the stress depending only on the strain),

It is of interest to compare the deformed shapes of
two test pieces, or other structures, of the same size
but of two different materials with affinely related
stress-strain laws (equations (28 ) and (29)), 4 displace-
ment formula must correspond to0 squation (26 ) with &§/a
on the left instead of o0a2?/P, Then the.values of &/a
for the two pieces are the same - that is, their deformed
shapes are the same - when their values of P/¥,a2 are
the same., If the pleces are of different sizes and geo-
metrically similar in the undeformed state, they are also
goometrically similar in the deformed state at egual val-
uwes of P/Elaa. _ . i

Nadai (reference 8 ) guotes as an example of similar-
ity id elastic-plastic systems, which, of course, are in-
cluded in the theory of this section as well as fully
plastic systems, the case of a serles of balls indenting’
bloecks, If the material is the same for all the balls
and for all the blocks, and if the loads are as the
squares of the ball diameters, the stresses will be the
same at corresponding points and the depths of the inden-
tations and the diameters of the plastic zones on the
block surface will be as the diameters of the balls, pro-
vided the effects of time of loading are negligible. A
time variable could be included in the dimensional anal-
ysis and the similarity conditions correspondingly extended,

9., BUCKLING

Returning to the prodblem of prescribed loads of seoc-
~tions 2 and 7, in order to consider guestions of stability,
it 1s appropriate to review the several types of buckling
which are now recognized. There is the 1ldealized buckling
of geometrically perfect struts, illustrated hy the load
deflection curve of figure 1{(a ), where no deflsction at
all occurs until the critical load is reached at A, and
above the critical locad thers is an unstable straight

form B and a stable deflected form G, Secondly, there is
actual buckling of a geometrically imperfect strut, of a
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FPigure 1.

slenderness such that there is no failure of proportion-
ality until well beyond buckling, This behavior is illus-
trated by figure 1(b). There is a unique deflection at
each load, and no instability in the sense of figure 1(a).
The sense of "buckling" here is, of course, the inordinate-
ly rapid increase of deflection when the load is in the
neighborhood of the Fuler critical valuse.

Thirdly, there is buckling after the proportional
1imit has been exceeded (see, for instance, reference 9),
characterized by the type of load deflection curve shown
in figure 1(¢ ). EHere there is true mechanical instability
a2t and beyond the maximum load point, and this maximum
load is the ceritical load, :

Finally, there is buckling of the snap-over, or Woil-
canning," type of which the kinds of curve shown in fig-
ure 1(d ) are characteristic, The sketch in figure 1(d)
of a slightly curved bar or plate with rigid or gtiff end
or edge constraints and a transverse load illustrates one
way of realizing such a curve, (See reference 10, ) It
appears that the buckling of shells may belong to this
type rather than to that of figure l(a) or 1(b), Points
on the rising part of the curve ©OA represent stable
formsg, but there are alternative forms at larger deflec-
tions, to which the system may Jjump when assigted over
the peak by a suitable impulse. (See reference 11,)

Instead of load-deflection curves (P against §)

. may be plotted against %, regarding them as ex~
o .

anples of the % against -25 curve discussed in seetion
Xa
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3., These curves are then valid@ for both a model and its
prototype, However the critical load in figures 1l(a),

1(v), 1(c), and I(&) may be defined, it will be done by
singling out a particuiar point of this curve, and this
point will characterize the buckling for both model and
structure, Thus buckling will be characterizged dy a de-
finite strain number P/Ea2 whether the digplacemants

concerned can be regerded as smgll or not, This is evi-
dently analogous to the characterization of turbulence by

a definite Reynolds number, The ceritical loads Pner

and ?scr of model and sbructure are related d»y - ..
-1

fmer _ ®n®m

.Ps Esa 2

cr <

Where curved stress-straia relations, elastic or in-
elagtic, must be considered, the discussion in section 8
permits making the same statement about the strain number

P/E,2®, 1If model and structurs are of the same material

Frer _ Peor
2 2
2n ag

(the same units being used for both) and the critical
stresses are the same whether the duckling is within the
elastic range or naot,

II. TESTS ON BUCKLED THIN SQUARE PLATES IN
SERAR, WITH AND WITEOUT HOLES

SUMMARY

In order to test the validity of similarity principles
for structures involving dbuckling and plastic flow, meas-
urenments of strains and displacements were made, at
Cornell University, omn sguare thin sheets in shear, with
and without holes, With certain exceptions, the measure=
ments follow closely the Iindications of the similarity
principles, The results are shown in figures 5 to 12,
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which are dimensioniess plets of the measurements, ¥or
similarity the peoints 1n esach figure should fall on a
single curve,

10, TEY TEST PROGRAM

It appears from the engineering iliterature that the
possibility of drawing such conclusions as those of part
I is freguently overlooked, and that unnecessarily elab-
orate and expensive madel testing has been carried out in
recent years, Similarity in the plastic range is well
known to some, but others have denied the possibility of
it on the grounds that the physical constants regquired for
the specification of plastic behavior in metals are not
defined, Barbalg investigation of similarity in the ten-
slle test has been referred toc in section 8, No record
has been found of investigations of eimilarity in plastic
bending or torsion, but in view of the dimensional ansly-
sis of section 8 there can be little doubt that it would
be found to exist, No tests of this kind were therefore
included in the progran,

The aircraft problems of chief interest are those of
thin-walled structures, The difficulty of making satis-
factory thin-walled models has besen emphasized by Saunders
and Windenburg (reference 12 ), and others, The wall
thicknesses in the prototype being already small, those
of 2 small model will be very small, and lack of flatness
of the sheets becomes .poportionately more important,

11, TEST SPECIMEN AND QUANTITINS TO B® MWASURED

The structure chosen for the tests was the squars
panel of thin sheet 248-T saluminum alloy confined in =
hinged frame of #rigid" dars (heavy angle irons were em—
ployed ) and subjected to shear, as indicated diagrammat-~
ically by figure 2, Specimens with and without central
lightening holes were tested, Three sizes of frame (de-~
signed as nearly as possible to be geometrically similar
- gee fig, 3, table I), two sizes of hole, and five
thicknegses of sheet were used, . This structure presents
certalin of the fundamental problems of the thin wed besam =
the strength of the panel end lts mode of wrinkling,
which are important in themselves - and affords a
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convenient trial of the possibility of making reliabdle
small scale tests when thin flat sheets are involved, As
treated here, it 4s essentially & problem of large dis-
placements going beyond the slastic limit,

Taking the bars of the hinged frame as rigid, the
problem involves deflections (5 ), stresses (o), and strains
(e ), in a plate defined by the following quantities:

The side of the square (a ) (inside dimension of
angle frame )

The thickness of the sheset (t)
The diameter of the central hole (D)
under a "shearing loadf® P (fig,. 2).

The dimensional analysis then indicates relations of
the form

g ( P t D )
T = fl Ty T Ty W
2
a Ta a a
g P t+ D
- = ¥ —=—r = Sy
B = (Eaz a a )
AN
® 3 \ga® a4 g M

wvhere B 1s a dimensional constant as defined in section
8 if there is plastic deformation, or 'a curved stress-
strain relation, or merely Young's modulus below the elas-
tic limit, In any case, when the model is of the same ma-

tefial as the prototype, the curves of 2‘ against j%,
: a
of o against g%,' and of e against E% are the same
. ‘ a
for all panels in which g, 2. are the same, For this ia-
a

vestigation, Young's modulus of 10,5 X 10° wag used for
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%, and all curves were plotted against E:2 * Since the
strain, not the stress, can be measured directly, the test

curves are of & and e.
-

The measurements of the panels proposed for the tests
are shown 1n table II. The entries connected by broken
lines are groups with the same values-df both t/a and
D/a, but represent panels of different size., The choice
of these was governed by the available thicknesses of
sheet, Similarity is established if points of all mem-
bers of each group fall on the same dimensionless curve,

TABLE I (See fig. 3)
FRAME DIMENS IONS

Dimensions Large frame Msdium frame Small frame
-a N 28 17,44 8,75"%
b 31,5% 19,587 9.81"
c 36,01 23,44 11,285t
a 14t B/4n 3/er
e %u z/g 3/16"
£ z3H 2.0 1 %"
g 4 x 3% x% |23 x 2 x 5/16 |12 x 1% x 3/16

12, BXPERIMENTAL PROCEDURE AND APPARATUS

The hinged frame holding the plate was supported lat-
erally and loaded by means of a hydraulic jack. (Ses fig,
3.) The deflection & was measured across the long
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diagonal by means of a dial gage, this measurement being
independent of any rotation of the supporting wall,

The strain measurements were made with the SR-4 type
A-1 Baldwin Southwark electrical strain gages, The gages
were connscted in the dummy-gage temperature-compensated
bridge circuit shown in figures 4 and 256, The bridge
sensitivity was 0,000026 inch per inch per millimeter on
a graduated slide wire for null balance of the bridge.

In plates without holes, the electric strain gages
wvere placed along the center line of the diagonal tension
fold, which appeared at approximately 42° with the hori-
zontal sides, Two of the gages were placed in a direc~-
tion perpendicular to this line, one on each side of the
sheet, so as to measure the bending and direct compression,
In plates with holes, the gages were placed at the edge of
the hole at the positions of maximum bending and maximun
tension, These positions can be seen in the photographs
of the test specimens (figs. 26 to 40),

In addition to the preceding measuremsesnts, the maxi-
mum amount of lateral buckling ¥y was measured from the
initial plane of ths plate, This appeared at the middle
of the center diagonal tepsion fold for specimen without
holes, and at the edge of the hole along a lins approxi-
nately 42° with the horizontal sides for specimen with
holes,

13, TEST RESULTS

Measurements of the specimens tested are given in
table III, Because of the variation in actual sheet
thickness from values contemplated, it was not always
possible to obtain exact duplication of numbers glven in
table 1z,

Four sets of curves were drawn for each similarity
group. (See figures 5 to 12,) They are:

Curve (a) Tensile strain o, against P/ma®
Curve (b ) Bending strain e, against P/ra®
Curve (¢c) Diagonal displacement 8/e against P/Ea®

Curve (4 ) Lateral displacement y/a against P/ma®
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The direct compfessive strain in each case was found to
Pe quite small and was therefore not plotted,

ing symbols were used in drawing the curves,

A values for small frame

X values for medium size frame

0o values for large frame

Figures 13 to 24 represent e summary of the averags
curves grouped in such & way to show the variations due
to different values of t/a

Photographs of the specimens are shown in figures

and D/a,

25 to 42, Tabulated data for the curves are given in

the appendix,

TABLE II,- PROPOSED TEST éPEGIHENS

_ g frame‘22,4“ framelll.zs“ framg
imilarity| D I 28.0'1_{ 2 = 17.4" | a = 8,75"
group 8 % J . & .
ry | 2 X 10 ! = %X 10
T T {
I ) 0.064 - | 368
0 051  182_"t~__  ~~|
0 040} T~ __330._ | >«
0 032  11a-_}| T~1se ~~lo_“zes
0 .020 ~—~115 =229
| L
1 0.428{ 0,064 368 _
.428| ,051 ~1 -~ ~ \I
.428} ,032 184 4 _ Tzss
.428] L020 ; | T 229
III 0,6453| 0,064 L_ '
«643| ,040 | TTa30 - _ |
,643| ,020 | ' | T = 229

The follow-
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(Key to6 Curves, Figs. 5 to 24)
Diag.-
. Bend- Lateral
5
Group 2 X x 108 ET?;E; ing di;g?gbe- displace-
a & strain ment ment
I 0 364 Fig., 5 (a) () {c) ()
0 238 rig., 6 (a) (v) (c) (a)
0 183 |Pig., 7 (a) () | ~——e——— (a) -
o] 117 Fig, 8 (a) (v ) (c) (a)
II {0.428| 364 |[Fig., 9 (a) (b) (e) (a)
.428f 229 |[Fig. 10 (a)} (v) (e) (4)
. 428 182 Fig. 11 (a) (b)) (c) (a)
IIT |0.643| 228 |Fig., 12 (a)| (b) (c) (a)
SUMMARY CURVES
Group g Figure | Ordinate | Abscisgsa | Parameter
I 0 13 P/a®® em t/a
0 14 P/aBB - t/a
0 15 P/a2® 5/la t/a
0 16 P/a2® v/a t/a
11 ‘0.428 17 p/a®E em t/a
.428 18 P/ac® ey t/a
428 19 . P/acB §/a t/a
.428 20 P/a”® v/a t/a
== "—‘4:—- === = =
I II III}{ t/a 21 P/a®% e D/a
2z 22 Pla”® ey D/a
240 23 Plal%s 8/a b/a
230 24 P/aR® Y/a D/a
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TABLE III,- SPROCIMENS TESTED

' LR framet22.4“ framer11.25“ framJ
Simi~ | . ' a = 28,0% a = 17,4"  a = 8,75"
larity 2. o : 1L— !
group | % |BOmIRELL &y 508 1 by 305 £ ox 10°
" ‘ & l a . a
1 o 0.064 328_ |  B68. !
0 .051 182 _ "N < ~
0 .040 ~|~< 280 ~
0 .032 114 < ' T~1ee T~ 4 “eze0
0 .020 | ~-121 | T 240
11 |{0.428| 0,064 238 _ | 368 _ I
.428| ,051 182 T~ ~ <l
.428] ,040 ~lo 230 ~<
.428] .032 | T181 T~ _~860
.428! ,020 t | 229
- r
.643]| ,020 t ~~~228

14, EXPECTED ERRORS

Similarity measurements must be made over geometri-
cally similar regions, This requires that thes strains be
measured over geometrically similar gage lengths as well
as geometrically similar positions, Since the size of
the .electrical strain gasges used for strain measurements
was invariable, the strain areas covered by these gages
were proportionately larger for the small speclmen com-
pared to the large specimen. In regions where the varia-
tion 1in strain is large -~ that is, near the edge of the
central lightening hole - this deviation from similarity
nay be expected to introduce large variations in the
strains measured, To investigate the magnitude of such
variations, the following analysis was made.

Stresses in the radial and © directions near the
edge of the hole, due to shear, are first obtained by
superimposing uniform tension and compression, equations
for which are given by Timoshenko, (See refersnce 13,
Pe 77.)
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e = (1 +p) 1+ - - 4p - = strain concentration
r* T
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The strain concentratiom as a2 funetion of the radial
distance is plotted nondimensionally in figure 47, The
zosition and dimensions of the strain gages are shown in
figure 48. TFor each case, the center line of the tensile
gage was 0,34 inch from the edge of the hole. The strain
concentration for the various panels and the calculated
variations are given in table - IV. The analysis indicates
a possible strain variation of 39 percent, Variations of
this magnitude were Tfound only in one %est, However, it
should be remembered that in all tests the load was car-
ried well beyond the proportiongl limit; while the analysis
holds only below the proportional limit,

TABLE IV.- STRAIN CONCENTRATION FACTOR FROM FIGURE 47

D b Beg
= b r =5+ 0,34 = Ratio | Yariation
a . r S
(in,) (percent)
0.428 1.88 2.22 0.846 | 2.43 1,00 ~~~ccme
. 428 3.73 4,07 .218 | 3,04 1,25 25
<428 6,00 6.34 .947 } 3,37 1.39 39
« 643 2.81 3,15 .891 1} 2.81 1,00 ~-mmremnm
.« 643 5.60 - 5,94 .242 ] 3,31 1,18 18
« 643 9,00 9.34 963} 3,56 1,27 27

——pe

15. DISCUSSION OF TEST RESULTS

In the test curves (figs. 5 to 12), similarity in
the behavior of the specimens of different sizes is dem-
onstrated if the test points for the different specimens
fall on a single -curve. In several cases this occurs
very accurately. In several others there is considerable
scatter, raising the question whether this iz due t0 in-
correct expectations of similarity, to causes which
prevent satisfactions of similarity, or to errors of
measurements,
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The answer to this question cannot be made with any
assurance. NoO reason can be found for the alinement of
test points for one group of specimens and the scatter of
Points for the same measurements of another group. Eow-
ever, some possible causes for this lack of uniformity
can be listed as follows: .

1. Possible variation in the properties of the dif-
ferent sheets

2. Variation of sheet thicknesses

3, Sheets were cut and used without reference to the
direction of rolling

4, Olearance in the bolt holes, both in the sheets
and the frames, is approximately the same for
the three sizes of specimen, thereby being
Proportionately larger for small specimens
compared to the large specimens.

5., Exact duplication of similar positions for the
electrical strain gages was difficult to obtain.,

6., Size effect of slectrical strain gages (discussed
under errors)

7. Because of large differences in rangs of loads
between large and small specimens, it was nec-
essary to use two different sizes of hydraulic
Jacks for loading. The release load at the
end of each stroke ig different for different
Jacks.

8. The method of measuring lateral deflection of
sheets was not entirely satisfactory., A4 heavy
bar was placed across the frame and the dis-~
tance between it and the sheet was measured.
This method was found t0 be somewhat unreliable
in that the frame edges were not always free
from rotation,

9. Yielding of test Jjig is greater for larger spsci-
mens ané although the diagonal displacement
should be independent of gny small rotation of
the supporting wall, if such rotation produces
bending of the frame, it could result in errors
of the diagonal measurement,
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The average curves of figures 5 to 12 wers replotted
in figures 13 to 24 to show the variations resulting from
changes in t/a and D/a. The results appear reasonable
in that none of the curves crossed out of order from
their proper domain.

The results as a whole indicate a reassonable degree
of similarity attained in most specimens, An average of
the probable error of the various measurements was esti-
mated from the curves t0 be as follows:

(percent)
BT- 8
10

® o>
§

15

o<
!

Variations of at.least twice the average errors may be
expected in individual measurements, Improvement in the
technique of testing and measurement should result in
greater accuracy.

' 16, CONCLUDING REMARKS

The test program was carried out with the degree of
. accuracy usually met by aircraft industries, and no ef-
fort was made to go beyond this in refinements. Con-
sidering the difficulty of satisfyling accurately to every
detall the gimilarity conditions for thin~walled section,
the test results indicate a fair degree of sgimilarity
established, It is the authore! opinion that greater ac-
curacy c¢an be obtained with further refinements.
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APPENDIX TO PART II
SYMBOLS

thickness of sheets

inside dimensions of sheet (See fig. 3.)
diameter of hole (See fig. 3.)

load pounds €See fig., 2.)

displacement along diagonal (See fig. 2.)
€3 ©5 ¢4 strains

strain parallel to tension fold

ez * e,
bending strain 1 to tension fold (*——E——{>

e, - ©
compressive strain L %o tension fold <f3—§——3>

lateral displacement of sheet

College of Engineering,

Cornell University,
Ithaca, H. Y., January 26, 1944,


http://www.abbottaerospace.com/technical-library

L

NACA TN No,. 933 : - 37

X .

_10,

11,

12,

v 13,

REFERENCES

.Buckingham, E.:. Phys. Rev.. 4, 1914, p. 345; Trans.

A-n_Sci':.Eg, ‘V’Ol. 37’ 1915.

Bridgman, P.. ¥.: Dimensional Analysis. Yale Univ,
Press, 1%922,.

Karpov, &..V., and Templin, R. D.: Nodel of Calderwppd; 
Arch Dam.. Trans. Ax; T See. (e, Eam. , vol.- 100, 1935,

p. 185,. ‘~—*\~J “““““ L &4*““
R e ot e
Biot, M.h. qur. Appl.-ﬁech.,.1935 - A-41

Theodorsen, T.: Propeller- Vlbrations and the Effect
of the Centrifugal Force, NACA TN No,- 516, 1935,

Downie-Smith, J. F.: Rubber Springs ~ Shear Loading,
Jour. = Appl. lech,, Dec. 1933, p. A~159; Rubber
khountinge, -Jour, s Appl. Mech.y March 1938, p, A-13,

Dalby, W. E.: Strength and Structure of Steel and
Other Meétals, 19233, p. 72,

Peterson, R, B.: MHodel Testing as Applied to Strength
of llaterials. Paper APM~55~11, TPrans. A,S.H.E,,
1933,

Timoshenko, S.! Theory of Elastic Stability. McGraw-- .
HEill Book Ce., Inc., 1936, p., 58.
' Fu Amstcfine WwrneR oh o alighll, e ear.
Marguerre, K.: D1e Durchschlagskraft eines schwach
gekrimmten Balkens, . Sitzungsberischte der Berliner
Hathemgtischen Gesellschaft, vol, 37, 1938, p«.zzn-f

von Kdrmén, qﬁ, Dunn, Touis G,, and Tsien, Hsue-Shen:
The Influence of Curvature on the Buckling Charac-
teristics of Structures. dJour, o Aero. Sei,, vol,
7, no, 7, May 1940, pp. 276-289,

b8 -t r‘ i

Saunders and Windenburg: The Use of Models in Deter-
mining the Strength of Thin-Walled Structures.
Paper APH*54-25 Trans., A.S.H.E.,. 1932.- s et

n e r\

.Timoshenka, S.%¥ TPheory of Elastlcity. MeGraw-Hill

Book Co,, Inec.,. 1934,


http://www.abbottaerospace.com/technical-library

ag

+ = 095 -3-360116’5 t = 05k }-368:10"5
=BT - =170
2 D
D=0 a=0 2=0 i=0
? § % 3 g 7 .
g [wd w3 | 203 | 20 1nch § 1 °3 % ’
o 0 0 o o o ' 103 | 103 1073 1673 snoh
1 | B e - | .o 0 0 0 0 0
1350 L3 1.%9 - 2:12 ﬂg 110 2000 20 268 - .629 210
%% - | 65 2.10 - 367 | L.97 +130 Y000 ‘l;&g T ke | .65
3300 % 2.5 -h6n | 2,52 .1 6000 1.15 2,20 | 1.18 203
ggao 11 5.5 = 5.50 .96 .1 8000 12 1.57 2,9 1.76
70 17 a-sz - 7.00 3.75 179 10000 1.39 _-}‘.so 2,31
AR A - A e | [dm | 2B (R |
ceE0 | 22 et | oase | 2 : .28 16000 | 220 | 3.38 A .08 .39
6260 26e 7.80 ~13.1 5.5 230
Plew | & I
: o e, &
RS 4%- Oy % % E - ° .
wE | w3lws | wd | 103 10-3
106 103 | 1073 10°3 103 w3
0 ) 0 0 0
0 0 0 0 0 0 gg 1,15 29 - 2 2
.89 1.9 .58 - E .80 1, 247 73 - 39 1.04
1.68 2,86 E; - 1.2 10.% 1.89 3.9 | L5 « W0l 1.69 1.7
2.3 h69 | 1. - &5 2.07 12.6 2.51 5.712 | L57 - .60 2,36
22 1.3 | 2,20 -8 | e 1h.9 3.1k 7.30 | L “.T 3406
.10 11,0 2.75 «l.06 E.ss 15.9 T8 9.05 | 2. - 89 .69 1814
L,88 12,7 3.25 w127 .23 17.6 40 1,0 | 2.88 =109 7
5.56 15.% 3:93 wl.6 5438 20,2 5.03 12,6 3.5 -1.%8 5.6 2.4
5 19.5 P -2, 6.5% 3.5
6,83 22.0 5. SE P54 7.2;(! N ]
Tog 25-5 6- -3-03 8. 25.1"
7.80 29.9 7.80 =3.08 9,3 26.3

¢4 'ON NI YOVR



http://www.abbottaerospace.com/technical-library

HACA TN No. 933 39

- | §| ° 2883y R3ER
w | SRERERYELRY o s e yorw
&5 ° i Ny el 1 ° wRddn ey
< FALRKEYZRAER Ao M
Je el B o A A ARS e | | oRRERIRAI RS
o | omz.,.w.qu.my.hmw.m.v.ﬂmu
© .m NEERE __.__..u._|..1
T dRD2NEY % AT B~ F o= A X A RN e b
U A - § B e b ¥ Ely | NRAEHEARSSS
B
mmw 0 | oo o e o | cRRETE R e rany
- wa |“iS BHESTYENIRITR | folel B R R E R
M
of g al 1% REREE2LRR2 ]
~ | =| ~REREIIREFRRBRG| | [ | THATNNSIERASREE
~{8le & ® § §
w .m,.b...n.ﬂuﬁ.m T R KR w M~ = o <
¥ W 00.... &1.;31.(&_‘55 his W ° o =] g
FERRFIBRNIEBS
s ol .LL&LL&&&&.,..&M,M & D] oonesrsnnARges
Al% 113013020088} =1 ‘H ol AT OB e
| o I SRS ROFARERRDR o |D | o HERITREIRSLINTE IS
& W 0...LLLLL&I!.(&%...M” * w__. O.a-_._-_-mdddnudd
g | oERARBES g RNGEER F 0 [ oRREASRS2BEBHRNE
=t = 0J Q1O MV S D -t e i i L K Raataat oF - T8N -]
.w.mn. LB QL3
iy P O B2 u 'y on.-_.ﬂ--oo-an‘-!“’.OaJ'r‘r
S ah |G| oRRRESBYIRERERSH| el b ] ddisfirddddd gy
o
m|wlo88888 g R LT b f 1
mwmm..ﬂmmmmmmmllﬁ. & = L11222l33h..u.h.



http://www.abbottaerospace.com/technical-library

oY

) t -
t = ,06h 2 a2302207 _ t=iﬁ ;-13&:105
n = -
2= 28' 4 .“E -0 D=0 -2 =z O
D=0 i
i § | 5 K v ® § ° " o r
3 > =3 3 tnch
$ w3 | w 103 1073 inch ¥ 10" 10 10 10
o o 0 0 0 0 % o % 0
0 1 . - 52| .
llmﬂ 25 -u?— - .Bh |37 a(ﬁ} eO% -58 - ‘ce .)_‘_h
m 57 agh -1-57 079 .25 . .9‘;‘ - liﬁ'T .73
12000 | 100 154 -2,10 | 1.00 .297 goco L3 | et | o ap
16000 148 1.76 -2.4 1.1\;.1 328 5000 1.76 ~oin | 128 ~203
20000 192 2.20 ~1, 1.4 07 2000 210 - 2.6 | 149
24000 232 2.65 -E.TE 1.78 J438 7000 2,46 - 377 1.97 250
%Dm 250 3-20 .'51 2:20 -u% sOm 2.% 2.33
32000 322 3!75 50 0 2062 l5 m 3-% - 2-:‘;‘: Eogg 'E?f
o 10000 . = 6.5 2, .
11000 E.Gh -7.5 | 3.5 .33
12000 5.80 | w 9.9 g;ﬁ 27
0 7.02 ~11.8 .
i&&)o E-h’G -1315 S-hs .h('ﬁ
15000 0.4 ~15.5 5.61 Je2
P S a f, 8y X s
/Gan F- a Plazﬁ -_s— QT ec Gb E
106 103 | 10 103 103 w03 a
w06 | w3 | w3 w3 | 103 103
ﬁ % 32 o 21 202 ) o o 0
- l% ] -y » -
9‘? 2,04 .94 - .39 1.18 8.5 g}. .26 - ’23 %g
1.3 3.62 1,34 ~ B 1.55 10.6 . d’; 9: - o8
1n 5-30 1076 Lol 1-80 11-7 . . - -ET 1.“‘8 9 a
2.z 6.85 2,20 - .80 2,21 1,5 1.26 1.39 ~ Mg 148 11'?
3 [an |38 | wB | 3E | i A AN
3.38 10.0 1.20 w1,05 3.25 17.8 %.69 2.10 .62 2.87 Job
3,87 11,5 .78 “l.3 3,90 19.5 E.gg 2 - . .
' 2.2 3.% L2 1,10 16.2
3.1 .06 -l, h.86 17,1
3.46 ?1.6& =2.07 5.82 1£.0
LT 5.60 3,69 1.27 2.5
.08 7.02 } -3.33 B.UT
440 B.U6 ~4.01 9.19 2{.3
h, 72 10.%0 wlt. 95 10.56 24,2

‘ON NI YOVH

gze



http://www.abbottaerospace.com/technical-library

t = 051 . ‘%-182::10"5

226 "ON HI YOVH

t = 001 2 o2 2209
‘= 3 ) , B
= - n o . "= 17.h N D
b=0 : D=0 2=9°
s | % o ‘x v Foo§ 0 % % 4
w3 | w3 | w3 | I Anch # w3 w03 I T inch
os 0 0236 0 1030 g -0 &5 21 0
nl .1 - . . - . »
.31 . ~ K 2000 31 31?2 - 1,39 a .110
- 3 .hss - g -215 m $ 1!52 Lol 2-20 - -156 )
‘y lm "1- #2 2o1° - 2-30 1.13
1.21 .918 =1, 312 5000 1ok 2,64 - 3548 149 172
L.y 1.10 2,02 6000 1% 3.2 -1 1.78 2219
1.78 1.26 -2.56 I 7000 1 .85 ~ 5,2 2,18
E-w llhh‘ "2- 5 Gmﬂ 2(2 s - 6-16 E.? -31
a.% i.[jrg -g.;g 315 1& 266 g'Jio - lgg 2, og
2. . ”Ja ’ wlle .
a.g& 1,94 - gg J20 10500 3-,?? 10.5 =11, 95 3195 5
. 2.5 .
A RE:
3, . . 6
i % * E : 1’,‘25 'é" % o &y f
w3 | 03 | w3 | w3 W w3 wd w3 w? 109
0 0 0 0 o 1011 039 l:2 ?m 0
.15 - -(5 1B . » [} -, 3 .
.?. - .11 .a v?{ 2'36 -* -t -II'E 087 6.3
+b3 ~,21 . 1.8 . 3.13 1.52 = .6 1.57 9.0
32 - .30 1,08 1,26 .72 210 .. 1.97
1.21 - g% 1,30 1.1 157 5.9 2,64  -l,03 25 .9.2
1.7 -, 1.66 1.89 T-Eg A =1,20 2.98 12,
1-78 L H -2 g 12.3 2.20 9- -ﬁ -1'53 -n
E.m -y 2.- 2.51 u-G -EZ "‘1-92 -25 16-2
a.ﬁ; - .76 gg 13.4 §.5 ;gg g.-m -2.23 g.aﬁ 1.9
2; -, - -53 » » . e I - »
2-80 bl .'g ?-.& 15.0 1 3.30 5-1 - 10.5 jaue 7‘
% | e | 3
?,Zrm -1.15 §Zu 17,0

iv



http://www.abbottaerospace.com/technical-library

t =032 ‘-‘;-nnuxzo“'j b w2 o6y £=ﬁ5-,_1°—5

ey

a = 28,0 )
D 8 = 17.W :
D~0 -&—0 {0.7,115! %:.ﬁaa
s °1 .3 °|t y P _§ 01 ﬂa OIW q‘ ¥
w3 | w0l w3 | 103 tnch # | w3 | w03 1073 1073 1073 1ok
0 0 o ] 4] 0 0 0
£ | & e |0 w0 | 2 | 2R | 26| 3] o
27 R - G655 | .17 2000 28 +J08 681 | ~ 1,13 «603 <0715
37 .63 - 855 zggg by 1.21 .20 | ~2.91 1.0
55 1.05 -1,15 LORE 62 L8 1.8% n 2,75 2.02 .30
i 147 ~1.55 . 3000 R 2. % 2,38 | ~3.Mn 2.62
% 1.91 -1,91 2% 6000 2.9 2.9 | -%09 a.22 27
us | 2.3 2,31 oo | gh g;{? 8- L, 98 +06
b3 2.83 ~2.R2 3% 8000 107 . .76 - 5.57 b, 90 5
. |1 S5 LR R | | e
212 -5 -7 . d = G - .
2“"0 énsg "‘lg: 0153 1m lga 9'65 9‘7‘-’ '-10-2 9.CD
R .58 el I U e e I B 524
T 1 b7
15000 299
_ 16000 353
§ | = oy " H P | & | = * % Z
100 w3 | w3 | wd | w3 103 1070 103 | 103 1073 103 10~3
gh 05 gl 0 0 069 026 gs 0 0
a ) L) - - -l re, .13
[3’6 . 42 F.7 _ I,;'l 1.6L 9 ~.26 .87 b1
[ 9 J--}a 063 s 2-52 1.2 --3D 1-61
.7; 10? 1-% 8.9 1.26 3156 lnﬂ' ﬂ-ﬁ 2.39 10-9
.9 2.67 | LUT 1,57 .19 238 - 3.02
21 a.;s 1.92 10,6 1,89 L,.g2 2.99 i3 .66 15.7
hs 021 2-33 2'20 .ho 5 -.‘46 -? b
10 5.0 | 2.83 13.4 2,52 8.15 .5 w48 5,39 19.8
91" 6.60 3-28 2.8 6.72 5.87 -o? 5.39
06 7.55 | 3.59 3. 7.@ 7.h8 =55 1.81 eh,6
18 8,55 a.ss 16.2 3.h6 9. 9.1 | -.60 9.60
30 10.10 52 .17 11.0 12,10 =60 11.3 30,1
- 0% 12.8
h.h‘o 1“‘.2 35!6
b7 17.2
5.03 20.3

££8 "ON NI VOVM



http://www.abbottaerospace.com/technical-library

=005

£28 ‘o N1 VOYN

- %- %0 x 10_5 b = ,020
=g, =
; _ }E -.]! - 'm a=ET
D= 3.75
s LY 'g & LY X ;
w3 | w3 [ w3 | w3 | w3 At ¥ 8 ° &
. 13 0 %5 o 0 % 0 i w3 | wi | w3
1- ] 1- - 1-
g 2. 2.20 ﬁ:ﬂ - 3.22 K113 o 4 ¢ 0
3% | 36 © | -5 -260 ho | B e P
n 03 5.52 6.37 w T.05 2ok 800 25 1 1.
:2 10.3 9.90 £.77 - 9.60 .276 1200 14 3.28 17
wr | e | om | |me |4 | R | SR
2 el |52 | B | (2l e | S|
25 . koo | 154 2.9 | B3a
292 igh
& .
r .! ‘c o 'E
103 w3 ur3 13 10r3
[ [ 0 o o
1.7 9 | ~15 | Le i & * °
23 2, -23 2.36 13.3 — 2
T.20 g.g =28 b.ee % 3 100 w3 | 103 | 1Y
e | 101 -ﬁ 9.19 3,1.;j o . 0 o 0
0 juz | 5 |27 £ 137 | » | =3
2.2 ?\5 <50 '.gz
& u]i.u 1.00 2o 1-73 -,
”.3 ”.G Lo 5.9 3.2 il
. 1. &.80 5-"2 - lg
3. 2. 12-0 8‘.9 - 093
2.% W4 1.9 | =100
2.9 17.6 13,0 | «1.09

ey



http://www.abbottaerospace.com/technical-library

t = 0% eomr0?
a = 17,0
D -
D = 7.‘5‘ E Iles
F 8 ! ° By o
# w> | w03 107 1073 fnch
0 0 0 0 0 0
1060 7 183 . ~ .7
2000 gz 107 1.3 -1, .125
i% 2,07 2,23 -2,67
sow- | 108 o5 |30 | 3% e
6000 126 6:27 3:53 -5:03
7000 155 2.0 [543 [ 5.2
8000 197 12,1 6.2% -6.73 656
9000 2l T.16 ~T.68
P/a% -g" o1 i ® E
196 w03 | 103 1073 1073 1073
0 0 0 0 0 ]
031 .llG nlg ‘-.11" -&
ob 1.55 1,97 =20 1.56 T.2
. <10 2.07 -2 2,15
1.26 .28 38 a1 3430 19.8
157 6.20 53 ~.23 g.sh
1.8 7-8L 27 w25 '6(5
2.20 9,48 9.0 -.ig 5
2.52 1.3 12,1 ) 6.49 3.7
2,83 13.8 =25 T.%2

t = .06h ~";= 228 ¢ 1077
A= 28 04 Da 1oy
L= ]-200 a
P .3 e ) EJ ey J
¥ 1073 | 103 1073 1073 w3 fnch
1000 4 %5 | - n °
. - Ll } "o, 1
EWO 12 -2 .3""0 - nggj n3h’1
i;uoo 20 .99 1.05 ~1.26 B12
1000 k1! 1,36 147 ~1,62 1,18 281
6000 51 - - ~2,12 1.75
8020 70 —~ e ~2,52 2.26 JN
10000 £9 h.62 h80 | -2,91 2,65
14000 132 6.24 6.47 j.sh 3.51
16000 156 1465 7.9L »06 Z+93 -T20
18000 183 9.25 9,57 -4 .43 fi. %
20000 217 11.7 .0 -2, B8 %90 «T98
P/azl {- € o % E
100 1073 | 103 w3 1073 1073
[+ 0 0 0 0 ]
.12 18 M9 wall -l
.Eh‘ .1}3 -m H-EG 460
-g 072 1.& =22 1-d|'
» 1-11 Ln‘a -.22 1.1"0 10.0
I3 1.2 - =18 l.gh
.97 2,50 - =13 2,39 13.9
1.2 3.18 h.zl =13 2.78
145 96 5.69 =09 3.13 201
L7 ] 6,36 ~.07 3.58
Lg% 5.57 T.78 =07 .99 5.7
2,18 6.54 9.h0 ", »39
2.l 1.5 11.9 +,01 k.89 2E.5

v

‘ON NI YOYK

ETE



http://www.abbottaerospace.com/technical-library

ges °OR K1 YOVK

&= 0515 famzw? b=, S 5209
s =170 D noE a=2 D= g
. & - a *
D= 1015. . D=1
¥ § | =2 2 o . 7 ? § ! ) ) 7
| w3 |wd [ w? | w3 103 tnch s | w2 | w3 | w3 | w3 ook
o | o 0 0 c 0 0 ) 0 0 0 0 0
1000 a .91 1"'9 »588 - 1'“ 1000 22 -31"‘ - .“6 -“’2
2000 E-g 2.12 1.8 - 2,30 - 266 2000 0565 «l, 18 1-% ozﬁ
ﬁ 103 i"' Je2 2,5 - 3.05 359 m :G?. 1,49 »l,81 1.
129 €0 0 | 3.a - E‘B 2,10 | -2.23 | 2.18
z% 161 6. 6.0 10 « i, 515 5000 ™ 252 | =249 | 2.6
19 10, 10,3 ¥.20 -5.3¢ 6000 90 o | -5 | 2.7 »H85
7000 | B60 /.02 | 17.0 5.15 - 6.32 <703 g000 | 122 _1(2 3.2 | 3.e2
£000 % 6.58 w2l | 10000 | 158 Be 3.75 «T0 640
9000 Te55 w 8,23 «920 12000 206 Tog’ . .22 20
10000 g 8.50 « 9.0 Moo0 | M6 10. 58 | hSE 513
21500 950 =10,1% 16000 302
= 18000 ﬂg
20000
P [}
£ |l | % | ™ 2 s | & | - S i
* — 196 w3 | 103 1043 103 103
w3 | w3 w3 16" 103
° o 0 o o 2 ° ° " S °
.1! .u 'Y "y [
. 10% 1 lla ‘IEG .58 ‘Hlv - .% -.& 1. ‘.h
3,90 2.5 - 2,04 15. . 1.32 1.9 I, - .79
5.& o -g 2,8 20, . 218 | 210 | =0 2,21
T' m b a:u., .61 2.“ 2.? "‘.& 201‘8
9‘25 60 "'28 3‘ 29.5 .n ?‘.21 -m‘ "tw 2-7"‘ 1703
1.3 10, 29 B <97 . A7 1 =R 3.24
W9 | 6.5 ~29 6 %0.3 1.21 5y 576 | w02 3 22.8
15,7 " 32 6,90 1,45 To36 7.91 wa0L 2
2%.7 - T-89 52,5 L7 B.80 | 10s 0 k.58 29.0
29.3 =30 5,80 1.9 10.8
3.9 =30 9,88 2,18 12.2
2. %2 0

a¥



http://www.abbottaerospace.com/technical-library

t = .0h0 §=2}0x1¢‘5 t = 06k -}-228_:10"5_..
R x 17."‘ Da 6t axee D
p= 11.29 : . 3 p= 15 ; L ,9}3
8 *1 3 % 7 B . § Y oz o y
10-3 1043 103 10~3 inch ¥ W3 103 1073 103 inch
|| | wl 3l H| 2] %] °
. L - ICIJO 11 » 3 Lt 3
1.57 w 1,9 1.3 .2he 2000 27 1.5& 86 - g
a. 1 - 3,12 | 2,83 hooo | 57 2.70 1.62 -1, «NGE
g -h.20 | 3.85 38 6000 ag €.59 2,15 w210
8, -~ 548 | 5.06 B000 | A2 08 2.67 2,56 687
12,0 - 3“:_ g.gg 592 10000 | 154 s.gg 3.21 -3.0111 "
L - - 12000 ! 9- -17 - -5 L 3
-10.3 9,62 183 1h000 égg 3.59 j.19
16000 | /312 5.&; 5,03 1,090
12000 38 6. 5.9
a . ® I
a /.2 g_ o . LY E
3 3 3 3
i Wl B il 0we | w03 | w3 | w3 | wd | 203
0 0 0 0
58 el 93 ] 0 0 0 0 D
1.57 15 1.78 13.9 2 .39 L7 =06 X0
z. 1 =15 2,9 4 97 | 186 .03 R 63
,&g ...;.g gg% .2 . 17;9 z.ﬁ a.;g :82 ;..1 16.7
s- oy . . - - [ -
].2.0 -.2-6 ;6.56 - ?‘no .9% a-:ﬁ 3-98 +l a- ﬂ'us
-.33 5-19 . 1-21 5-50 6#78 +‘09 3'12
~+30 10.01 45.0 ] 1.5 £.90 | 9.60 +. 12 2.6 30.1
1,70 B.80 +,16 ]
1,9% 112 +.17 5.20 79,0
2,15 n,2 +25 |. 6,20

O ML YN



http://www.abbottaerospace.com/technical-library

NACA T¥ No, 933 &7
£t = ,020 % - 228 x 1078
a
a = 8,754
D
= 1 -— =
D= 5.62 = = .643
3 ) 8, ez e e, ¥
¢ 1073 10732 107° 1073 1072 inch
0 o 0 ) 0 0 0
95 3 . 340 .21 -. 445 , 445
203 4 . 603 .445] -,813 .786
284 11 .865 ,708] -1.18 1.11 . 028
410 16 1,23 1.06 | -1,57 1,47 , 055
590 26 1.81 1.80 | -2.15 1,99 .105
870 42 2,67 2,44 | -2,91 2.67 ,1568
1410 79 5,28 | 5,13 | -4,58 2,23 . 240
1690 104 775 7,68 | -5,686 5.22 .290
1840 123 9,78 9,67 | -8.35 5.85 .310
1910 134 11.10 | 11,10 | -6.72 6.24 ., 338
P/ 2 8 : P
/e. iH Py erp e ey a
1078 10”3 1078 10”2 1073 107%
) 0 ) 0 ) o)
.12 .34 « 26 0 L, 44
.25 .80 .52 | -.01 .80
.35 1.26 ,79 | -.02 1,16 3,2
.51 1.83 1.14 | -.05 1.52 6.3
74 2,97 1,760 { -.08 2.07 12.0
1.08 4,58 2,66 | ~-.14 2,79 18.1
1,34 5.95 3,34 | -.1l4 3,34 21.5
1.76 9.04 5.18 ""18 4‘40 27.4
2,10 11.9 7.72 | -,22 5,44 33,1
2.29 14,1 9,73 | -,25 6,10 35,4
2,28 15.3 11,10 | =.24 6,48 38,6
2.56 18.1 ~-.30 7,14 J



http://www.abbottaerospace.com/technical-library

933

NACA TN Yo.

Figs. 3,3

3 w2
2 Ha n
g m.n B I\
SR ve—— === I
24
w £” X,
4
p 1Ol o e o o )
NIV NN NN NIRRT RNNRN
//M_a SONONNNCOONOONNN SN IINNONNANNN Y
i .

-4 &W m _ .
|
|
TJ_ A ; 3
+ +
+. ) ) ) +
+ +
+ +
4 + \e
+ 4\\ T
Y
+ + ||+
+ +
~
t %
—— -
1O + + ]
L _

Figure 3.~ Frame constructlon,


http://www.abbottaerospace.com/technical-library

NACA TN No. 933 ' Plg, 4

Durmmy . . \\\VZ%7 Strain

gage 7 gage
L7

Figure 4.- Electrical strain gage circuit,


http://www.abbottaerospace.com/technical-library

RACA q._ﬁ. He. 233 Tig. B

1T T " TILT T 1 nu = ==
H : =
T =
] ; 5= i
+ - H T 1T
: T T R
: T :
T T I s
! ! I =
=
HH r 5 H H
L
T ¥
HEHH T -
¥ 1
! = it
T T
+ T
i : F
B B
5 T :
T T
T : H L
in T .
: b : H
H H
T H
1 T ¥ Il +
T
1 ¥ a ¥ ia
T I + + L
4 -
T T H b H £
1 T
E T
HH 2 isqass f
HE P : p
= T
H X -
5 HH
= - - = T
] N 2 3
b :
- T T T -
T it T ; f
H T T :
i1 : T H
¥ b 25
H s + T
- T
i Fan e
;
0 -
3 o
} H T
1 -
IIr T ¥
. i
. L
= = 2 ek o == =2 H
L o = < it = ki
T HY
Al 1 -
i . 1 +
it
)= TIT T '
" b



http://www.abbottaerospace.com/technical-library

HAOA TH No. 833 Plg. 6

- aret 3 T enmmma:
u HH
T : :
¥ T
e :
A ¥ T
T : t ¥
Y t
AHH ¥ :
1y ra T
HHHH i
T T T iF
I = I
e - TT ¥ »a
: ama s o T
mar T
B ¥ 1T T s .
T 1
THH e mms Tt
H T It
ikl -
H H
HLH T
T H :
+ 7 ¥ T
- = e .
daan ¥ ¥ B H
1 1. . -
s
3 H T L HHT
: I
HY t H = ¥
17 1 ottt -
I EEH ]
. = oz 5 REEEH
- 1
!
H t] : ¥
saiian H ! H
: i
H aw 14 & +
il ¥ :
H o T
T
i ot HRH
HPr T e !
- |
i
t
e :
T
;
¥
B aimzs
z
I 2. ¥
: T o
H 3 H H
: : = : H
T HH H ¥
H 1
B
2 FH
:
FHEH i
HHEEE HHE
HH HH
H o
FHH s T
H ¥ ul
T
T
P . =
T i - T HTH H
Tt H Hr tH H
e : 14 H
T T
1t } I
H }
T — H
H THHT ¥
! 5
5 E
[



http://www.abbottaerospace.com/technical-library

FACA TX Ho. 233

o
T T B 3
: e Tririty mamxamae: : r
:; o in ¥ o > T SRR “
Bt : T : : = ;
i - - . 1 Tt
T S T
T
T T T = T
i T = 1 T b
T Py -
I
T F T
f ? T .
: e
¢
t e i T
+ T ;
¥ - T T 1
T T H T s
it T ¥ FrHEFT man
T o] T H TP ¥ : H
T b : :
T IT “ T T " .
.y | T n T
} P P f ¥
oo ¥ HHT
-t
T t T
T T T T
: £ t ) :
R g }
r - T TH T t
T ¥
TH {1
t 3 T !
i T
7 H
1 H
. :
= 3
T I
H I :
T v T
; T : oY
I = H
¥ ! ani 1
hul T
F T 1 H
e 21t ; 3 =
i :
= E -
: }
T } " ?
; F : ]
f e : T :
.
TR L i T T T T : T
HH 3 X aan it s HH T FHT H
: : ; o Hoh T ; T
t T e . £ ]
1 L “ = LI By e by I 11 I
; T T
7 L
Py = . T
1 T = f
1 ¥
: T T T
! T e H } ;
T
: T T
1 . 2
: =TT H T T
¥ B T T
T
T
? E } T
T T T T + T
T T T S TEaT : A TesEman
I HH T T t H ¥
t HHH T i :
; T X
+ X
i Po¥rorrhn T
2 5 } :
T T T T. =
H ¥ Taniazal 21, - =
o T
¥ o
> F T P H
T 5 x . = et it
: R T T t i
I - X
T T T 1= T
¥ T I + nmm
= !
o
; e
T e + T
7 - : H T
a 3 et
H = : T ~ s
T } FoH
HH f T : e
e 1 : s
B 3 T . aal e
H H : ] T i
H T = H
= T Tt =
T : T
i HHH - T Y ¥
! T E
o t THHT ¥
t =as T
o T T =
HH i - H
T T T . 5 -
H T T T T T
H : : :
ranilis i e i FEHFH H
Hi ma t T T T 1 t i u
i H f F }
I Etaeiaws t T t raas - P
EE zE2s = = = SELIEEES
= T t ! T :
¥ HHT H FC T T T T :
izt S - T 2 i 1
HER T ran =
T .= 1 it o
F H T H
: 7 T T .
t e I T T
t T FRTHT s o :
¥ £ ! : T - ¥
: 4 H jesdaea; I
H THH ik T
F T H- 1 T 1T T - T I
i ! HEHHHET T
’



http://www.abbottaerospace.com/technical-library

HAO4 T¥ No. 933 : Fig. 8

i
} : T
:
:
I
}
7
1 7
] E B
5 ; ; : =
! ; i
T T T =H
Y T T
: : 2221
: } Fee
i _ TG
nES n
H
S T H 3 .
et 1 L L
- :
: I
7
T
PR
52 5 =
} H
T T 3
? H
T F r
T : T
Y
r.N
:
T 1
; }
T
HHH Y
5
Ht X
F e
H 7 : H
. HHH H
1 T : i
o . T 1
T T -
¥ :
Sznlinases
FH e P R e e e e e e O o P = :
7
!
T
> T H
I H
T
¥
— Tonnns : :
1 = = T r
i
f
f HE
f T H H
T— it STy x



http://www.abbottaerospace.com/technical-library

¥AOA TN Ro. 933 Flg. ©

¥ 1 m I T
1 e
it S Eiee:
_ i
- T
i
=
]
T 1 il T I
r i I (K el .o I I
Tt # T : ;
. I T TR :
- ' I -
T i :
x L1 L1 T T
T I " ¥ 1 T 3
o) T I T T
! o
; : _ : ; :
T L s 10T R 4 -
- 5
¥ =
;
1 & T Tl T i T
: el HHr 1 z T
T : : ;
' T ¥ T
Tt : P
et i = H
T T t T ey - W
TR ; N : T T b tepar e seen _ ==
T T -t T T T mma . m
T T T = . & T T 1
e FFEE R 1 e i I H
i 1 LLL1T L) - ad
[ XN
EE : o =ET
! T Hy S
imannnn: I
=
H T
e = _
f T _
- + L HTHT T T
3 TR ;
i = ? i : =
i :
i I T ;
I - : R _ : TR
i :
F Tin L ; T : ]
i ; : HEH
- I T T = -
;
I I T
s D T T ! T i T
Ht T
Hi : TrHI ;
:
+ +- 5 X T
it =F = H HHHH
; WorHHny e :
H L = L8 s mm
L I T | ~+
? it
T = T : :
T T
: ¥ ; i
I T - H
L : = i il ;
TN s isE T
if RS R f R
P H T :
: ! FEHH i
T T T ' - +



http://www.abbottaerospace.com/technical-library

RACA TH Fo.

933

TP 32 : : :
t 2l EEEE :
: HE ; F
: T H
1T + 1T ’n
: 2 .
E :
! F
: : :
t
: ¥ : it
: 3 z:
T :
1 nu
T E . E T = F
;
: H R 2 t
=T HE : = Frr
T T e H \
: T
: T : £ T
T 2 T
T T :
e T :
: e i f i
- : ; f
: i ;
T T
: a1 e s
T
t = T
: = :
: TH=HEER, £ T
: T
5 B :
T - = L T
T = L
TP 3 : .
M - I )
i :
fpEsst H
£ ; 2
ox L ¥
T ¥ :
e + : : :
. g T T -
e : t ¥ ¥
2 F :
: : :
; HY T
I : 2
: :
: :
:
T
i
:
i ; T
AT
THH 7 1 T
T ; : e 2
T P 1
THE : T Tt f
DU Kl =
.
T " w8 I T i I T =
i T T inpm - T . T
; :
T X T F T T
I I -
s ; 2
: =
: THE
F ~rE :
- - i 7 3 T
= = ! 2
: A T
! i ; TR :
T : : : ; ; T
} s : :
T 1 T +
:
; T :
T T
=
T ;
T 1 I 4 - m
: :
¥
; :
f HEEH ;i
T } T H
i : - =
H a T
T +
’e mm + ¥ +
: s n T nas
T T 1 -
P ; oH
} T .z ¥ iu 1
: - 2
+ rs
;
! T 3
:
T I +
T H T
. T H
: ; T
T . : + nmm
~SSTAILIATTIC



http://www.abbottaerospace.com/technical-library

rig. 11

KAJOA TR Ro. 933
: =5 ! E: e f@ E
- - _
m _ iis
w % B ; HH
. = g e
:H .Hﬁ
i H ...... R T
: i
: i £ “
i
HHE ;3
........ e iRsRsisiciind
_ 3
k. i 4 - &
e :
.“.wnu.unm
H""%
. i
et HE =
i R
. = ¥
.w. I..Huﬂn"ﬂrﬂ- s



http://www.abbottaerospace.com/technical-library

NACA TY Ko.833 Fig. .._.m_.

. .
!
H
> =
I t
z T
e %
T . 1
T 1T T
T .-. T T T 1T
= _ _ e
i _
Bt TT T T T Il
e —n mmmmdam -
;
L ) -
..... : 5 I
...... L ;
}
= !
- _
: :
:
=
= = _ =
=
| =,
- 1 T I
} =
¥ T L X i
e
t EEIEEesines ey : : z
{
. T
t H
]
- T 1
;
7 :
e T
; 5
H L T
i o
HH
H
: ]
T - T
THE
:
i ]
5 S B 2
> ;
T
T SiEES I =T
: =
:
Hr
= :
81 Saams, HE
= ———
:
LSS £ :
T T "
hally



http://www.abbottaerospace.com/technical-library

HAOA TH No.B33 Fige. 13,14,16,18

TECE e T

vy
; 23 = =H
=
i ¥ = 5
— T T I
T Tt -
1 Hi
t — e
h-r e >
H ; esd
~fh T fas
Ft =
(T i + X .
E: A £ T — t
T ¥ =
= = £ T
- =3 =
: % =
eneadtes St Emes mya s ramaraiies
Y e T
it e bt
T rt ic < =
T ;
b R 2t
T i a4 =
== — 4l T e e i =
et = ; =
. > u [ T
Bt ety : =5
o= H
ook HH
e ¥
= S —
2= i i T
Fret [ » 1 -
: T =
munynyle L Ay o iagr imre
+ ™ T
T RjaaasalbqTas 3l = ¥
2 = ! = = s i
IT T =i T e
T — 1 T I - mpnyy
1 } o [ LT = - — =3
—_ = e =
Etrt e 7 = : : T
— H
— iny s m I
1 . o T S T T H
T T =1 T -
o £ : . H
— et er
T I T e (T ] e e A pam e e o e e e H
= 3 i == 1= T ;
T — — D=
N =" LT T L =T ] =T HHE T T
=i Tk S
5 13 T
1H rrEr (I3l = T x
} 1 T e oY, (B R i EH A o
: ’ T D=
i T T EH I 3= e = Tl e i T :
T R O
g ot
.
=1 =
s o g B s
o
555 i50s T
e
G I
T RS I
H T = :
Tt ¥
- I
H=
¥ T
E 23 ===
i, = i =
Hrad
X
e cehert
=
F
i
EHEE R B T
= i
= =
: T %
=y
HOEEEY X
z T 1 =
= TR e et ey :
; : e = 1
] T IR THT ¥
I T ina R
- iaaaasiiot e : :
T smmmmma sy TS L
—_ ——. -
4
AR S HHg :
i T -
2 T
= HEETRE
== T
- = T T
_.1 —_
T —HHHH
: T+
! =X
T
T
:
+ T T T T
; T
" 3 —HEr 1 P T 1 = T
F : T = - o= T ErHrh B
T innau 1 ve ¥4 myaa I rfl—umu_\- 1 1
Pt i NN R e N i b= = THE :
T T T I vy = I I .
= rErkr ) i 13 ;Lo 2=t
I H = :
Bt = 1 T T
Terhh T i Hm = T
TF HL - - T T s T L
: S TTimaaa
S ; : = e s e T e
et L T INN A 1 3 ra T
- T M



http://www.abbottaerospace.com/technical-library

NAOA TH Wo. £33 Figs.17,18,19,20

i HEEH S : 315
Mr H = T 23 2!
3 ] f
e i o =
= i e i :
T = ¥
H .t :
m-m ; T T T H
FEHFT Ht TR T
m ¥ ! H : = r e
=
H
i x
H X
T
T
x -t T
FEAEEY
a2 - e
:
T
Kt
T it i

-

STy Py Bl

e
|



http://www.abbottaerospace.com/technical-library

NACA TR No.S33 Figs. 31,33,33,34

: T FF T T T
T A ton T HE H
: T + : T 1 T
T T = T in
X T T . : t
H n T
= L T
= T T T T
v T T : = . T s
1 H H X T
HEH > L T THr u: .
ian T + e R a T
: T : T
Ht T oE TN T I
T : T = = T Tk T
T T s T i T T imen. mans T =
T T : t t F i mn t
: THEY T T =S i F in
Y : ot X
1 2
T T 1 T T T
=smaam: Frrr ¥
i T T mmas T
i e an avas T H
I in
1 I Tt
1 T inmy L maus T
T T
>, 1 e
il - T
T T e T T
t iam =] T T
T
T H -
H s T
T T = T
5 1 T
; : H %
X . X
T T
3 T : Y
oy i T
T
T X
ix T
= 1 T T :
» T + T
T T
T
H T I
T T +
1 $
X : . :
T T %
T ¥ X
H T HE X
L TH T
T m==n t t T H
an ¥ T T
i T
: T : T tit
i zaas t T T e
T :
¥ T T T
T Ot T F T
= i .
T T T T
T t T T T
T = iman T TH T
!!E’ﬂmm-gr-
T T
T t T
= T
T
T T
HT
23 H
. 1n in .
T t T T
s T v
HHY T X T
HY X T : '
+ T X
Eman
T F
¥ T :
+ 1 X HH
- - : £ T T =
'3 : T ias T
7 T T HhH AT T _
% : T
H T :
} T . ¥
caam X = =
T
ix
iaan t T
o, s
H 1 1 s
X
t
I
T
1 T
X i
T + N
a: T
T
H . a H T Lt
T
= H
T T T -
. : : a2
—H
T T T T T
T T T : :
2 - ¥ e T e i
in r T
: ¥ + ¥ = it T
/ [ ey



http://www.abbottaerospace.com/technical-library

a= 17.4" a = 28.0n
t = .03 t = 0320
D=290 D=0
t/a = 131 x 107D t/a = 114 x 1075
D/a = 0 D/a =0
Figure 37. Figure 28.

*ON NI VOVN

28

Laboratory set-up

17.41 frame o
0

&

W

3]

Ficure 3b. \.g

0

q



http://www.abbottaerospace.com/technical-library

.

= 17.4%
= 033"
=0

184
0

Ot Ot
~

PP

]

Figure 30.

laboratory set-up

38.00 frame

Figure 38.

*ON NI VOVHN

g6

ogtegtgg 8374


http://www.abbottaerospace.com/technical-library

i=s =
R
o

Figure 33.

B:= 38.0'

t = .0640

D=0

t/a = 338 x 1075
D/a = 0 ]

. Figure 33.

“ON NI VOVN

2e8

pepette -a31g



http://www.abbottaerospace.com/technical-library

A= 8075'
t = I0315'
D = 3.75¢

t/a = 380 x 10~5
D/a = .438

Filgure 38.

A= 17.4"
t = .0315%
D= 7.45n

t/a = 181 x 10~5
D/a. = o4‘38

Figure 35.

[

e

Lo o T

8= 17,.4%
t = 040"
D= 7,45»

t/a = 330 x 105
D/a = ,428

Figure 34,

£26 ‘ON NI vovx

92%getye <897y


http://www.abbottaerospace.com/technical-library

ORI RL
[} b

15 Bk i » oo

' !'.f..".l-#h*ﬂ“ '

& = 8,751 g = 17.40 a = 38.0"
% = .030¢ £ = .0400 t = .064"
D = 5.62¢ D = 11.2% D = 18.0°
" 4/a = 328 x 1075 t/a = 330 x 1072 t/a = 238 x 1070
. Figure 39. Figure 38. ' Figure 37.

*ON NI VOVH

2¢8

getgetso 8814



http://www.abbottaerospace.com/technical-library

wl

. NACOA TN No. 933

Figs. 40,41,43

Figure 42.

- Relative sizes of frames.
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Figure 48.~ Electrical strain gage poeltion.
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