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By Max M. Munk.

Summary.
The best distribution of the thrust over the length of the
prcepeller blade is invesbtigated, taking into account chiefly the

sllip stream loss and the friction between the blades and the air.

The energy losses of the propeller depend noticeably on the
distribution of the thrust over the length of the blades, and the
losses can be diminished by a favorable distribution. Thé& two in-
duced losses of smaller importance, the luss due to the finite
number of blades and the loss due to the rotation of the slip
stream, call for a gradual decrease of the thrust per unit of pro-
peller disc area towards the inner and outer end of the blades.
Near the center the thrust is naturally less dense, and hence the
loss from rotation is generally kept reasonably small without -
special effort of the designer and no further improvement is here
prossible., The breadth of the blades, however, is not always tap-
ered towards the tips as much-és would be desirable in order to

keep small the loss due to the finite number of blades. It is
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true, the actual thrust digtribulion is almost as faworable

in spite of iV and the deunsity of thrust always decreases proper-
1y, because i% ie physically impossible for a wing to produce a
finite density of 1lifs% qﬁite cloge to its end., Still the wing
works then under less favovable conditions and with smaller effi-
ciency, and the weight of the propeller and the centrifugal force
is unnecessarily great too. Now, the following investigation will
show that & gradual decrease of the density of thrust towards %ke
ends is also desirable for other reascns. It is sufficient there-
fore to keep in mind tha+t the wing tips have to be round, and to
consider in the following investigation only the two chief energy
losses, the energy absorbed by the air friction and the slip
stream loss.

A small variation of the distribution of the thrust hardly
changes noticeably the entire loss, especially if tre distribution
is already close to the best distribution. Hence the problem is
less the exact determination of the best distridbusion of thrust
than the derivation of a simple expression which gives Quickly an
idea as to how the thrust has %o be arranged.

The conditions are quite different from those for ordinary
wings. Tkere, thé inductive losses form a much greater part of
the entire losses, and the other part, that is the loss of fric-
tion, does not depend on the distribution of the 1ift at all.
Hence, with ordinary wirgs the distribution of the 1ift is deter-

mined by the consideration of the induced drag exclusively. With


http://www.abbottaerospace.com/technical-library

-3 -

the propeller, howevar, the friction is the dominant part, and
both, not only the slip stream loss but tﬁe loss of friction too,
depend on the distribution of the thrust, for the velocity of the
blade elements relative to the air is variable and greater at
greater dlstance from the axis. And whether the ratio lift/drag
be constant or not,-the ratio of the useful work done by the 1ift
to the eneigy absorbéd by the drag is quite different from it arnd
certainly not constant in general. The useful work is done in the
direction of the constant velocity of flight, but the friction is
multiplied by the relative velocity of the blade element and the
loss is the smaller the smaller the relative velocity is. There-
fore the consideration of +the friction alone calls for a great
density of the thrust near the center. The slip stream loss alone
however calls for constant density of the thrust. Hence the small-
est loss ocours at s compromiss, that is, that the thrust is nei-
ther concentrated near the center nor distrivuted uniformly, but
that the density of thrust decreases uniformly towards the outside.
A short calculation will be sufficient to give mumerical ir-
formation on the desirable decreass. Let GP denote the densisy
of the thrust per unit of the disc area divided by the dynamical

bressure of the velocity of flight, that is
dT
Cp = ——575—
P Ve 8 ar

where dT denotes the infinitesimal thrust acting on the small

area. df of the propeller disc. Cp may be assumsd to be small,
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say up to .50. Then the slip stmeam loss originated by thie
thrust is approximately 1/4 Co multiplied by the useful work
done by the same element of thrust. The denslty of drag measured
in the same way is Cp Op/Cp ~and the work absorbed by this drag
is Cp/C; v/V +times the useful work, where v denotes the veloc-
ity of the blade element relative to the air and V the veloclity
of flight. For siﬁplioity's sake, I will replace the velocity v
by the tangential velocity qf the blade element, which is somewhas
smaller but not so much that 1t will greatly injure the final re-
sult, .

The problem can now be stated in the following way. Let =
denote the radius of the blade element, that is, its distance from

the axis. The entire thrust is easily found to be

(1) -T=2anD/2GPrdr

©

The slip stream loss for the path of length 1 of the airplane

can be taken as

~D/2 :
(2) 3ma ujﬂ Cp = dr

o}

The energy absorbed by the friction during the same time is

D/3
(3) (——-1——01— f CD Cp 2 ar

The coefficient of thrust density Op variable along the length

of the blade, is to be determined in such & way that for a given
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thrust (1) the sum of the two losses [2) and (3) becomes a mini-
mun.

The solution is extremely =sasy. It can be seen that by btrais
ferring an element of thrust from one place to another the enti-e
loss must not be changed, nor the entire thrust, and hence the
~atin of ta2 local change of loss to the change of tkrust rust te
ecual to a conmstant, say A. The eduation which determines the de-

gired function is therefore

5 (A1) +(2) +(3)) =0

where & méeans that the variation originated by any variation of

Cp as to form. That is the same condition as if

zan [zGP2r+2vn61§OPra+hGP_r]dr
4 ] .

is to be made a minimum. The variation is proportional to the in-

tegral over

3 QP T + 7 GL T2 + AT

which then has to be zero at every point r. Hence the solution

of the problem is

mn Cp
4 Cp = A -
() P 3 4 T G T

It showé, as was to be expected, that the thrust density has to be

constant only if the drag coefficient of friction Op = 0. But

if the friction is taken into account, it is not constant but has
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to decrease towsrds the outside. The simplifying assumptions make
it appear as a linear function of the radius, and that is just

what we Wantéd, and exactly enough. It rewains only to deterine

the value of the Constant from the condition that the entire
thrust has a particular value in order to obtain the final ex~
pression for the density of thrust, By substituting squation (4)

in equation (1) it appears that

T=23m q_d/ (2 N - 4man Sp r ) rdr
v Gy,
0
- D= fo Op .
ilu' T'— ks e —
c
_ T 4 C nmznD
Hence 3N _Daﬂq 5 Or, 7
4
and finally, ] c
op = —L +.%_gnl;n_12_g_32 mon . 3T
Dz_z_q 3 C, v Cy, v

At a radius 2/3 of the greatest radius, the thrust has the rean

densitv, the same that it had to have without frioction. At the

blade tips, the density has to be

T _2 Sp nnpDd
(5) < - 2 UE

This expression can become negative. Bu’ taen one essential

assumption for the proceeding is no longsr valid: Cp/Cp Zs =o
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longer constant but changes 1ts sign. For this reason a negatlve
thrust appears uneconomical in accordance with what everybody ex-
pects. Equation (5) becoming negative rather indicates .that tke
diameter has reacned its most economical value. This appears,

then, to be
C

<

D® = =~

£
n g e

5
g I

Let us see now by means of an example, what the derived for-
rulas give for usual conditions. They will give different re-
sulte for the same propeller under different conditions of Ilight
& reason more why to confine the calculation to a moderate exact—
ness convenlently to obitain.

Illustration:

Diameter 9 f+., that is, disc area 863.F =3, ft.
n 35 revolutions per second, trat is, n D = 708 fiseo.

Thrust 400 lbs.

v 100 ni/Aar.
oL/Cp 22
a 35 1bs/sq.ft dynamical pressure of flight.
5° _ 400 . 100 . 1.47 . 33.6 _ 1380 £t
25 « 35 m*
D = 10.6 ft.

That is pretty near to the actual diameter. However, the
conditions of great veliocilty are favorable for a small economical

diameter. Suppose on the other hand the velocity of the same pro-
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peller to be 80 mi/hr on.y and the thrust to be 575 1lbs. The dy~

nanlcal pressure d may be 10 lba/edq.ft.

NoW, = _ 575 . 60 « 1.47 . 33.8

10 « 25 u®

= 2700 1%

D = 14 ft.

Even in this case, the dilamelher results 6n1y 14 ©%., wnich iﬁdi—
cates that the improvement theoretically possible cannot be ex~
ceedingly gresat.

In-xhelfirst case the mean valus of GP appeérs . 2353 and
"and Op at the blade tip has to be .108. The mean value agrees
with the desired value at 2/3 of the radius as alweys., That is
a rather great variability, which corresponds to the fact that
the diameter is only slightly émaller than the most economical
diameter. In the second example, the mean valus of GP is .90.
This is comparatively high and ;n consequence of it the develcped
formulas give too large a diameter, for the fastor .25 for the
induced loss is too high for.large values of GP. Paying no at-
tention to this, the coefficient at the blade tips appears .658.
The density is much more constant now, according to the greater
predominahcg of the slip stream loss.

The results obtained are only approximate. The formula for
the diameter is not to be considered as a literal prescription.
The welght of the propeller is not considered nor the resulting

tip velooity, which cannot be increased without limit. Besides,
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the diameter is more oIften de‘be:bmined by the general lay-ous of
the airplane. The f_prmula. is only to show whetner an increase of
the diamster means an improvement at all, and to give an indica-

+tion how much.
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