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ABSTRACT: Conditions under which solution of a set of lintar sq.tiop. can be
effected by the square root method are given. While wch literature exists on
the technique of this method, we have been uable to find a discusuion of con-
dition =xder wich this technique succeeds. A method of decomposing a large
class of hermitian matrioes, (sometimes requiring quaternions), alto appears to
be new,
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This report contains the result of an investiption caried out In onction
with a problem In least squre fitting of a function which empmess cmqi
7av of a spin-stabUised projectile in tersm of distanoe do raug e. Ths
problem ws resolved Into a system of linear eqiations with ooazm coot-
ficients, the solution of which is discussed here. The work we cisriod out
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THE SQUARE R~OOT MMTOD

1. Introduction

Throughout this paper 8 a (sLj) WMl denote a triangular matrix,

(i.e., i > j implies j a 0), tA will denote the transpose of the matrix

A; R, C, Q will dsmote respectively the field of real numberas the .1ield of
eccalez mubers and the afield of quaternions with real coefficients. M(F)
will denote the ring of a matrices with elements in a afield F.

In the aquae r-t method cue solves the system of w-l- ativa

AX - G for X;

( L tF I mn own colt vector, 0 a given coli vector), in the

following marmer (of. ref. (a)):

Ome finds a matrix S such that tS. S - As sing A non-sizgular, it

feew sad ts are mon-sinpular so that

tS. 1 M 0 implies SX = X

vh[re = t-l. G. Because of the simple forma of S and 68, the calculation

of tS'l. G and of 3-l 9 is fairly simple. Por another discusiem of tkis
mothod and further references see reference (b).

2. The Theorem

In what followe we are given a afield F and an anti-autozorphismiof the

afield such that d = 1. If B (bij) f (F) and B =(bij) then

6 ItB =t*B. We shall sometimes interpret B # NO(F) as a linear transfomatio-
on the left n-diwasional vector space of n.sUqUes of F over F. To say B is
non-sin.ular means B has n inverse vhi h is equivalent to the requirement that
the in & of B be the whole space. This latter condition is easily seen to
equival . to the reqiremnt that the rows of the atrix B be left linearly
ind~p.ant.

a triagular matrix S X n(F) is non-singular if and only if

eii # 0, for ,.. , n.

(1) For a = 1, the les is trivial. Suppose 1T i - O , and n 7 .

We may asse inftctively that the matrix L.1

I
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,,22 8 3 ... s*,

0 833 ... s3n

a 0 * 0 * aSc

O O ... .0 o n

has left linearly independent row. If the row veetoresof 8 are dependent then
there exisL b F uh that b all a O. ,Since oo 0 O, bu a0 This imlies

the dependence, ot the rovs of the matrix I1 Weh camstriicte the Inductive

loveuppose TT sij a O. If ,. 0 for sm I 1 then by induction

the rows 4hi C1 are~ depsi.. and 4#n* m i v-u- IS 9 Zt

-nso0. The n vectors (62 S1 @in) 1 S I n. are depeundent since

they lie in an n4. dimensional space. if bjisfg,, see f sin) 0 0Othen
bi(olf. P12t --- si1n) I O.

If A 6 M=(F), then tor 1 '- k - n, Ak f I(F) denotes the matrix obtaind

fron A by deleting all rows and oolumns except rov and oolsm 1 t-hsugh k.

Suppose F comt ativ. Let A 6 n(F) be non-singuar. If there exists
S e )V(F) much that dtS. 8 a A then

%2j /Ao" 1 0, 1 0 1, - , n;O/AL/O denotes the determinant of Ai .

(b) d3'xj 2w k,/p! i lp 1-- f n has a solution in Fe

(c) 6 t ..

Sinoe / s/. / /A/andLin non-ingular, /S/ 0 and / /rS/ 0.

Sin,, ISI - TT ii, ali 1 0 and hence t(nii) 1 0. It follows that

/,' 0, 1 0, - , n - since , k. Sk = Ak. Thus (a) Is "atisfied.

For n k w 1, we har-e

0 ' /Al-- / " . I -'S/U a'j" " (s'eii•e i/1 "l i ' "

2
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For k m I ve have 6dst- a I NinU Aslainu rzxxo /A-/ Us hsve
e'xXC* 6'kk- ek -( akz k ) .i NPI& /A/I (b) Is dewstratood.
To dem strate (a)$

.L% 7 bea field, Lot Qdomwtthe set Of 2 -.-h that -fx =X-
Suppse for everyg & fGther exit z 900h Qat ex. X=g. OiTM
a norm-singular uctrix A N& M(?a If

(b) t dA a A (i. e.p taij U J'

Tbm there eaists S c- 116M1 suh that. '*d.. w A.

We observe firsti the existence of such an S is equivalent to the existeonce
Of Sj YpF 1 5 so S ,such that

.4=

For a n 1 the theorm Is triuial. We note that ocaditions (a) and (b) hold
for A,1 i (with (&.I) replacing a). We as~ Inductively the dadtece of

s 01 :5 1 1 < a Such that [ 2] is Satisfied. We soek nov a., I n~

For I <, ure aecA solve a linear equation the coefficient of the unknown of
ivioh Is 'oj. Oinoe AnI is an-singular the im tells us ai # nds

Lsa C-0 It remain1s onIjr to find Sa Mti sfyiag

We obiserve that i(((m * 84) -. 0-2 a) a " m am

3
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Threfore(d6s r *sn)G. Since qj& , i ramn - o *nLha

G. 00 ne sees easily that fl is an abm'"Jaf group vo tbat

an- :Ed ru arn 'a in

and the result follow.e

3. The Special Came

ggMj%,j J'Let A e,%C be non-singular and sysmtric. A necessary and

sufficieunt condition that there exist S L1 s(Cah that t'S. 8 a A is that

j -19. ~n - 1, be non-sero.

LetF FC and dol.*

kr3lpX2 Let A I MD(Q) be non-singular. Suppose %'A n A where
L r' l + S2J = l + s2J? (gsU + b'P z2 w a + di).

A necessary and sufficient condition that there exist S 6 K4(Q) much that

t~fS.S a A is that Ail i n 1, . n - 1 be non-singular.

One sees readily eis an anti-automorphim of Q. 0 consists tf the
eleaent of the formsb + sawith breul. For b.sfied we seek sland 52
such that (51 + s2J)(sl + '2 J) -b 4-Z J. If z- 09 thio is easy. A =P
z # 0.sls mst be non-sero and must satisfy zl'l 5'22 w b and 21132

This is equivalent to 22 - n and zi - (s54si 1i) -b. The latter in

equialet to4as,)2 - 4~bsls 2-ss = 0 which always has a solution,

and Lf o , chooses the diagonal element. of 3 properly, (identifying s + 0 a with
z)p S coi: -in& elements of a particularly simple form, If wo call z + 0 a a

cqU~a gAIS~ggand 0 + S 3 a gWI aglaing theim every element of 8 is
either complex or chaste. Indeed the sj~ my alwys be chosen still mr. simply
as either a positive real naber or a positive real number times 3.Thea'.
remrks my be'verified using the eqaatioua
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S(al " ri "rA for I > 1

'(ei
4 D'32j'i'l

sad t! factsS the inverse of a oQhk.t. qgtW9eS if chstep the pNAUot of a
cmpleE and asts quatersiin is c€IIane, rsriA • , is oo .s xAmbther ari is
oc4104e0r ewaste.

Cerallory 2 aw4 3 Unmwe that a positive UACtit real!~i
a positive defInite hervitia matrix are d"c=posable In the etmple an"A qrt-orrio
dewja respectively. ovever in. these oss the doi 14an Is possible in the
reti aeA ocepl"i Gomair ran~ctiyely. Thr- la baca o~ zl (positive r"e! wtbr)

it i;*1rtiz In the ;eael a8 oes (a e .; (positive real nmber). For

an iatoresting dinewsion of heroLtian matrioes see reference 3.

Utilising teorna 2 and The Principle of the frrelevmiue of Algebralo
Isequalitie, ( rf. 4, p. 4), one ea prove that the mecessa-y7 oonditions
earmacted In theorem 1 for the existence of a deo epositie of a non-siugalar
matrix, (in the case of a oomstative F), #s indeed nufioient. The r.en.t, of
the abceve paragraph are tbem obtainable direetly from this theorem.
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