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ABSTRACT: Comditioms under which solution of a set of lineor ecuations can be
effected by the square root method are given. While wuch literature exists omn
the teshnique of this method, we have veen unable to find a discussion of con-

ditioms under which this technique succeeds. A method of decomposing a large
cless of hermitian matrioces, (sometimes requiring quaternions), alzo sppears to
be new,
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This report contains the result of an investigation carried out in connection

vith a problem in least aquare fitting of a function vhich expresses complex

sav of a spin-stabllised projectile in terms of distance dowm range. This

problem was resolved into a system of linear equations with complex coef-

ficients, the solution of vhich is discussed here, The work was carried out !
under the sponsorship of OMR project NR-044~003, Nwmerical Analysis and Bulrd
project NOL=Re3d-452-1-53, Fres-Flight Aercballistics of Spin-Stabilised Bodiss.

H. H. KURZWEG, Chief
Aeroballistic Research Department
By direction
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THE SQUARE ROOT METHOD

1., Introduotiom

Throughout this paper 3 = (lu) will denote a triangular matrix,
(L.6., 1 > § implies 855 = 0), YA vill denote the transpose of the matrix

2; B, C, Q will danote respectively the field of real numbers, the field of
coaplex mwmbers and the afield of quaternions with reel coefficients. Hn(l‘)
vill denote the rimg of nxn matrices with elsments in a sfield F,

Tn the aquars root method cns solves tha system of X1-im. =gvsticne
AX = G for X,

(aeM (), X on wmimowm column veotor, G & given colwm veotor), in the
fclloving marner (of. ref. (a)):

One finds a matrix S such that Ys, s =4, Assuming A non-singular, it
follows S and '3 are nop-singular so that

5.8% = G implies SX = K

vhere K = ¥S™1, G, Because of the simple forms of S and tS, the caloulaticn

of Y71, G and of 8} X 1s fairly simple. Por amother discussien of this
s0tkod and further references see reference (b).
2. The Theorems

In vhat follows we are given a sfield F and an anti-gutomorphiemiof the
sfield such that /= 1, IZB= (byy) ¢ W, (F) and B = (obyy) then

6§*B = ¢B, Wo shall sometimes interpret B ¢ M (F) as a linear tranafoimsticn
on the left n~dimeasional vector space of n- o8 of F over F, 7To sey B is
non-singuler means B has an inverse whizh is equivalent to the requirement that
the im 2 of B ba thie wvhole space., This latter condition is easily seen to
equival : to the requirement that the rows of the matrix B be left linearly
indepsudicnt.

Lowpa ® trianguler matrix S <M (F) is non-singular if and only if

311#0. 01‘1!1,..,3-

"
(1) For n =1, the lemms is trivial. Sappose T7 'sy; # 0, and n > i.
We may assume inductively that the matrix e

Youd
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'22 823 ese '2'1
0 533 soe .Jn

0 0 005.0 8

has left unearly jindependent rows, If the row veators. ct 8 are depemdent thex
there exists b € ¥ such that b 89; = O, 'Since @)y #0, =0, This dmplies

the dependence of the rows of the matrix [1] ﬁtch contrl.dicu the inductive
uamption.

L

Now suppoze TT 844 = 0. If 545 = 0 for soms 1 > 1 then by 1ndﬁctjon

=

- - - - Y ', . . :"" - .
the yows of L1] are dependent wnd hence tue wow & 8, IT T A them

83y = 0. The n vectors (8409 8y eve B3p ), 1€ 1 % n, are dependent since
thoy lie in an r-1 dimsnsional spece. If '}: bi(liz, ver s 8yp) 0 then
= by(ngy) 843 oo Byq) = 0.

If & ¢ M (F), then for 1% k< n, Ay € Hy(F) denotes the matrix obtainad
froe A by deleting all rows and columns except rows and columns 1 through k.

Ihsorem 1

Suppose F commuintive, Let A 6 U, (F) be non-singular. If there exists
S €My gzmohtlu,t §%8, S = A then

(a) /M  #0,1=1, — , n;%/Ay/" denotes the detormimant of Ay,
(b) oxy. x4 = /s;/, 1 =1, —~~ , n bas & solution in r.
() o%A - 2.
Ereas
Sinoe /o’tS/ /5/ = /A/ and L is non-sivgular, /S/ # 0 end /¢5s/ # 0.
Sinue [S/ = TI' 8145 844 # O and hence ¢{eg4) ¥ O. Tt follows tkat

/Ay # 0, v=1, wne ,n =1, since ¢ 8 - 8 = A . Thus (a) 1s satisfied,
Por n 2k - 1, we have

Op /A + Iy )/ = TT s 8y5.844/ Tl' CByg.8yq = fokk.ea.

(al
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Fork-].wohu‘o a8y "11“‘11' Ascsdng rxnzo-/xl__l/v-tmo
CXgeXge O Oyke ﬂgk"f(xo 033) . xorn-/lb/; (b) 1s demonstratad,
To demonstrate (c):
A3 =/q
“CA = t((r‘rs"s): r( S.o’S):: f3.S

Ihesrem 2

1et ¥ be a sfiecld., Let G demote the otofxer‘mhtht x = x,
Snypoaoforavorygecwonntaxt such that ¢ x. x =g, CGiven
& nos-singular utruul,(r). Ir

(a) AL, 1=1, y00 ynis non-singular,

(b) td/‘ = A (10.0’ “13 = "1)0

Thea thore exists 8 € N, (F) swch that "¢ 3.8 = A,

Ereof

We observe firsi the existence of rach an 8 is qniulont to the existence
of 844 ¢eP, 131 =j =n, such that

[2] .

2(:,1. Spy ™ ‘11’ J 2 1 since

(Zf.n. 'rj - 4 (3,’0 'r1= ‘r.i’-.'j

=y

For n = 1 the thoorsm is trivisl. We note that conditioms (a) and (b) hold
for A, 4 (vith (»-1) replacing n). Ve ascume induotively the uxistence of

VIR € § < n such that [2] is satisfiod, We scek mov s, i=1, ..., n
satisfying
4

b3 o8y 'mu‘in.'

Amy

For 1 < n, ve necd solve a linear equstion the coefficient of the mnkmown of

which 1s ~a44. 8ince A 3 is mon-singular the lemsa tells us sy ¥ 0 and so
amyy 0. It remains only to find s, satisfying

™8

2,0t o ™ o

Wa observe that (a8, * lm) = (de, « 070p) = SO, .8 .
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Therefore ( o’l . ) ¢ G, uince ’bij 8y S8y = Byg %0 that

e ¢ G uﬂ' neoa enaily thnt ‘a an abteliean gronp %0 ‘ohat

n/ "
& - Eo’lm.amiein(}

=/

and the result follows.
3. The Special Cases

Soroldory ). Let & € M (C) be non-aingulu' and symmetric. A4 necessary and
suffiolent condition that there axist S € M (C) such that %S, 8 = A 1s that
/&y/, 1 =1, 4o » B =1, be non-zero,

£reof
let P =Cand 921,

Gorollory 2. Let A ¢ M (Q) be non-singular. Suppose “s'A = A where
0’(514-;23)-;1-0-;23, (:1-n+b1, sz-o+d1).

A nocessary and sufficient condition that there exist S ¢ %(Q) such that
‘5.5 m A ie that A, £ » 1, ..o 5 0 = 1 be non-singular.

Proof

One sees readily ¢ is an anti-sutomorphiam of Q, G oonsiste cf the
elements of the form b + s5j with b real. For b, s fixed we seek m and 3,

such that (s; + 3,])(s) + 5,§) = b + 3 J. Itz-o, thic is easy. Assume
t £ 0. 57, 5, must be non-uro and must satisfy s;%; - 853, = b and 28,3, =
This is equivalent to 32 l'ii and 11:1 - (u/l.slsl) = b, The latter is
equivalent to l.(:lsl) - 4""1'1'" = 0 vhich always has a solution,

s, n)3 =3 (b+ 12 + 53) >o0.

We supplement corollory 2 with the remark that if A ¢ )&(Q) is hermitien,

and 1f or . chooses the diagonal eisments of 8 properly, (identifying s + 3 j with
t), S con An- elements of & particularly simple form, If wocall s +0 J s

and O + 3 J a ghaikte gveternion them every element of 8 is
oithor complex or chaste. Indeed the s;; may alweys be chosen still more simply
as either a positive real mumber or a positive real number times j. Thesa
remarks may be verified using the eqaatioma
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(1 4
“11“(‘11' Z""x‘i'.ﬂ) for 4 > 1

Amy
¥ (‘“ - (2/('11{ . pg)/agy (3>1>12)
Nwi

4
byy ™ (a31) ) 81y = ayy/eyy

and th> factss the inverse of a ohv.tf.o quatoratem is chaste, the produst of a

oﬁi;\lﬁ ::d .:2:::: quaternion 1s chante, ¢ 8.y + 8,4 is oomplex whether s, is

Corvllory 2 spd 3 inmsvre that & positive dafimite wesl symc'mis matwlm &l
a positive definite hermitian matrix are dscozposstle in the exzplex apd guaternien
demcins respectively. Hovever im these cases the deecmposiiisn 4s possible in the
recl and cowpléx Gomains rospociively. This 42 bacause gy4° = (positive real mmbar)

bes % galution in the reals es does ¢sss . 0,, ™ (positive real mmber). For
st inioresting dimcussion of hermitian matrices see reference 3.

Utilising theorwm 2 and "The Principle of the Irrelevencs of Algebtraic
Insqualities,” { Tef. 4, P. 4), ome can prove that the necessary oconditions
exvmeisted in theorem 1 for the existence of a decomposition of a non-singular
matrix, (im the case of a commmtative F), is indeed sufficiemtc. The resultis of
the abcws paragraph are them obtaimable directly from this theore=s,
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